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Preface 


This book arose from lectures and tutorials given by the author at Algiers 
University (U.S.T.H.B.) and at Université du Littoral (Calais). 

To the best of my knowledge, there is no book of exercises and problems 
in Galois Theory except the author’s books, published in French. The 
material contained in the present book is completely different from that 
which makes up the French one. 

This book is intended for several types of audiences: 

First, students who want to learn the material around the arithmetic 
of polynomials and field extensions. It can be used by beginners (3rd year 
students), but also more advanced students (e.g. Master or Ph. D. students 
working in the area). 

Second, teachers who want to work on problems with their students. 

Third, researchers can use it as a reference: the book contains some 
useful results generally known by specialists, but for which a detailed proof 
is not always in the literature. 

Besides Galois Theory, the book contains chapters devoted to fields 
which make use of this theory: Finite fields, Permutation polynomials and 
an introduction to Algebraic Number theory. This last field occupies the 
longest chapter of the book. 

In the solutions of the exercises or problems, when it is useful, I refer 
to Lang’s book (Algebra) if it concerns results in Galois theory, and to 
Marcus’s book (Number Rings) for results in Number theory. Occasionally 
references are made to other books cited in the bibliography. 

I am indebted to several colleagues who each read some chapters and 
suggested corrections on a preliminary draft of the book. In alphabetical 
order: B. Bensebaa, D. Bitouzé, R. Bouchenna, A. Bouhamidi, H. Chapde- 
laine, P. Débes, P. Feischman, O. Kihel, F. Recher and C. Woodcock. 
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I express my thanks to the following students of Brock University for 
reading parts of the book or for their help in the use of Latex: C. Asselin, 
Z. Schedler, J. Larone, B. Earp-Lynch and S. Earp-Lynch. 

The responsibility for any errors is solely mine and I thank in advance 
vigilant readers who will point out errors or will indicate alternative solu- 
tions. 

I learned a lot during the preparation of this work, which was going on 
for seventeen years. I hope that the readers will profit from its use. 


M. Ayad 
ayadmohamed502@yahoo.com 


Contents 


Preface v 
1. Polynomials, Fields, Generalities 1 
2. Algebraic extension, Algebraic closure 27 
3. Separability, Inseparability 71 
4. Normal extensions 83 
5. Galois extensions, Galois groups 91 
6. Finite fields 159 
7. Permutation polynomials 177 


8. Transcendental extensions, Linearly disjoint extensions, 


Luroth’s theorem 197 
9. Multivariate polynomials 243 
10. Integral elements, Algebraic number theory 279 
11. Derivations 411 
Notations 439 


Bibliography 443 


This page intentionally left blank 


Chapter 1 


Polynomials, Fields, Generalities 


Exercise 1.1. 
Let p be a prime number and s be a positive integer. Show that for any 
i€ {0,1,...,p°-1}, (? 5") = (-1)* (mod p). 


Solution 1.1. 
Let x be an indeterminate over Q, then 


2 ( "a : w= (L+a) "= (lta) /(L+2)=(1t+2)" > 0(-1)'2" 


i>0 


=(14+2?') So (-Dia! (mod p) 


i>0 

=) Glia Ae ted) 
i>0 i>0 
=S0(-1'2' + So (-1)7-?' 2? (mod p) 
i20 JZ2P* 

pe-1 
= )_(-1)’s" (mod p), 

1=0 


hence the result. 


Exercise 1.2. 
Let n be a positive integer. 


(1) Show that )7y_)(-1)*(Z) =0. 
(2) Show that for any k € {1,...,n}, k(Z) = Wires ye 
(3) Show that for any commutative ring R and any polynomial f(x) € R[z] 


of degree d < n, we have )>7p_9(—1)*(Z) f(k) = 0. 


1 
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(4) Show that the condition on d cannot be omitted. 
Solution 1.2. 


(1) The assertion follows immediately from the identity 


(2 —1)" = ey . grok 


k=0 
after substitution of 1 for x. 
(2) We have 


«(t) ~ K(k as D) =n(t a 


(3) We fix the ring R, the integer n and we prove the statement by induction 
ond. For d = 0, the result follows from (1). Suppose that the statement 
is true for all polynomials with coefficients in R of degree less than d. 
To prove it for polynomials of degree d it is sufficient to prove it for 
fe) =a". 
Using (2) and the inductive hypothesis, we obtain 


k=0 k=1 
Eat 
Sorta 
= 1S yK(", ‘) (k+1)44 


(4) For n = 1, the identity in (3) reads f(0) — f(1) = 0. Therefore any 
polynomial f(z) € R[x] such that f(0) 4 f(1) does not satisfy this 
identity. For instance f(x) = x7, with d> 1 is such a polynomial. 


Exercise 1.3. 
Let 0 < k < n be integers, n # O and let p be a prime number. Let 
ioe np and k = pee kp’ with 0 < kj,n; <p, n, #0 and k, < n,. 


(1) Show that (%) = [Tio a) (mod p), where (by definition) Ge 


k; > n,;. Compute the residue of es) modulo 35. 


) = 0if 
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(2) Show that (%) = 0 (mod p) if and only if there exists i € {1,...,r} 


(3 


nN 


a 


nN 


nN 


such that kj > nj. 

Show that the number of (1), 0 < k <n such that (7) 40 (mod p) is 
equal to [Jj_9(n; +1). Deduce that, reducing modulo 2, the coefficients 
in Pascal’s triangle, then on each row the number of one’s is a power 
of 2. 

Let p be a fixed prime number. Represent any non negative integer n 
in the form n = ngp* + ng_1p*-+ +++» +o, where n; € {0,...,p—1} 
fori = 0,...,k and nx, £ 0 if n 4 0. Denote this representation by 
n = [npnz—1 +++ No]. Define in N the following law of composition: 


[0] * [rxme—1 +++ Mo] = [NeMK-1-++ No], 
[2,NK-1 °° N09] * [0] = [n~NZ-1--+790] and 
[NeMe-1°** No] * [MrNn—-1 +++ Mo] = [NKENK-1°** NOMA +++ Mo]. 


We admit that (N,x) is a semigroup. Let G be the multiplicative semi- 
group, G = Z[a]/(a?~' — 1). Fix a generator & of (Z/pZ)* and let 
o:N-—-G be the map such that o(0) = 1 and 


a(n) =) ri(n)e! (Eq 1) 


if n #0, where r;(n) denotes the number of integers 1, 0 < 1 <n such 
that (7) = &' (mod p). Show that o is a morphism of semigroups. 
For any positive integer m let 


p—2 
Rm(a) = ri(m)a’. (Eq 2) 
i=0 
Show that 
p-l 
Ry(x) = II R;(x)#™ (mod x?! — 1), (Eq 3) 
j=l 


where t;(n) denotes the number of times the digit j appears in the 
p-ary expansion of n. 

Let m and n be positive integers. Suppose that any non zero digit 
j has the same number of apparitions in the p-ary expansions of m 
and of n. Show that reducing modulo p the m-th and the n-th line of 
Pascal’s triangle, any integer / € {1,...,p—1} has the same number of 
occurrences in both lines. 
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(7) Fix c and d in {1,...,p—1}. For any (i, 7) € {1,...,p—1}*, i <j let 
nij = cp’ + dp). Show that reducing modulo p the elements of Pascal’s 
triangle, the number of apparitions of 1 € {1,...,p— 1} in the line nj, 
does not depend on (i, J). 

(8) Let n = [ng--+no] with n, #0. Show that R,,(1) = T]*4(mi + 1). 


Solution 1.3. 


(1) We have (1+ 2)” =][Q+ az?) (mod p). Identifying, in both sides 
of this identity, the coefficient of x”, we obtain 
nr\ no Ny Np 
(= (a) ln) Ge) ema 
> lip'=k 
Since k has a unique representation in base p this sum (of products) 


reduces to one product and the proof of the first part of (1) is complete. 
We have 23 = 4.5+ 3 and 6 =1.5+4+ 1, hence 


a) = ({) @ (mod 5) =2 (mod 5). 


Similarly, we have 23 = 3.7 + 2 and 6 = 0.7+ 6, hence 


(3) = (5) (5) (mod 7) =0 (mod 7). 


Now Chinese remainder theorem shows that @) = 7 (mod 35). 


By (1), (%) =0 (mod p) if and only if there exists i € {0,...,r} such 
that Ge) = 0 (mod p). But it is clear that if k; < nj, then CG) #0 
(mod p), hence the result. 

We have (;') #0 (mod p) if and only if for any i € {0,...,r}, ki < ni, 
hence C4 4 0 (mod p) if and only if kg = 0,...,0, ky =0,...,m1,.-. 
and k, =0,...,n,. It follows that the number of ys 0<k<nsuc 
that (%) #0 (mod p) is equal to JJ;_,(n; + 1). 

We deduce that if p = 2, then the number of coefficients congruent to 1 
modulo 2 in the n-th row of the Pascal’s triangle is equal to [[(n; +1). 
Since n; = 0 or n; = 1, then [](n; + 1) = 2° with e > 1. 

For fixed n, we extend the definition of r;(n) for any 7 > 0 as follows. 
We write 7 in the form i = (p— 1)q; + ui; with uj <_p—1. We set 


{ 0 <i <n such that (1) =— (mod p— i)} 


— 
i) 
San 


— 
w 
Ww 


or 
ey 
ane 


ri(n) = 


{! 0 <1 <n such that (1) =€" (mod p— iy} 


=1y,(n). 
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Let 
m1 = [ap--+ ao], M2 = [bp - ++ bo] andn = m1 * Mo. 


We may write any integer g < n in one and only one way in the form 
9 = 91. * G2 with g, = [a,--- a9] and go = [b,---bo’]. Here some first 
digits a, of g; may be equal to 0. The same remark applies for go. 
We have 


o(m, * m2) = = ri(my * ma)" 
3 {ss ) e (od »)} zt 
“Zl =6 cate} 
-¥ (Ello (n) =e mmo} fo () 


= De rj (m1)ri—j (m2) x 


i=0 \j=0 
p-2p-2 

= S- (r3(m1)2").(rp-144—j(me)a?-*t*-F) (mod 2?7* — 1) 
i=0 j=0 

=o(m)o(m2) (mod x?~' — 1). 


(5) Set n = [nx-++no]. Since Ro(a) = 1, then by (4) we have 


= o({nz])o([ne—1]) «++ ([no]) (mod x?~! — 1) 
= Rn, (t)Rng_s(@)+*+Rng(@) (mod 2°? — 1) 


p-l 
=|] Rj(x)*™ (mod 2?! — 1). 


j=1 


6 Galois Theory and Applications: Solved Exercises and Problems 


(6) Our assumption on the apparition of the digit 7 means that t(j) = 
tn(j). Since this equality is true for any j € {1,...,p— 1}, then 


=T )4™ (mod «P=! — 1) 


= Rn(z) (mod 2?~*— 1). 


Since the polynomials R,,(a) and R,,(x) have their degrees less than 
p—1, then R,(x) = Ry(x). It follows that for any i = 0,...,p — 2, 
ri(n) =ri(m), that is 


{re {0,...,n}; (") = ¢ {nod ») 
= {re {0,...,m}: @ = ¢ {od p) 


Since for any digit 7 4 0, there exists i € {0,...,p—2} such that 7 =a’ 
(mod p), then 


{ee fo.....m (7) 24 (nod) b 
= [fren (*) a9 wan) 


(7) Let ni,;, = cp’! + dp” and ni,;. = cp’? + dp’?, then 


By (6), the number of apparitions of / € {1,...,p—1} in the line n,,;, is 
the same as in the line nj.5,. 
(8) The definition of R,(x) (see (Eq 2)), implies that 


R,(1) = EO) = { € {0,...,p—1} such that (") #0 (mod » 


By (3), we get R,(1) = Tio (n +1). 
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Exercise 1.4. 


(1) For any non negative integers n and k define the binomial coefficient 
(;7) by (,°) = land (5") = Guee aa n—(K-)) for n > 0. Show 
that 


n(n+1)---(n+k-—1) 


k! 
_ antl): (n+k—2) peg 
(k—1)! ec Tle 
— (n+1)---(n+k) 
= zi : 


Deduce that (1+ 2)~” = ipso (|")2*. 
(2) Let p be a prime number, r, s, a, b be rational integers such that r > 1, 
s > 0 and a = b (mod p"*’). Show that (*) = (2) (mod p*+?) for 
any integer m such that 1 <m < p’. 


Solution 1.4. 


(1) We proceed by induction on k. If k = 1, then 4+1l=n4+1= “4, 


hence the proof in this case. Suppose that the result holds for k — 1, 
that is 

n(n+1)++-(n+k—2) | n Equa ii lp (ised) 
(k— 1! oe at ee (k—1)! 


then 


n(n+1)---(n+k-—1) 
k! 
n(n+1)---(n+k—-2) n 
(k—1)! eT 
n(n+1)---(n+k-1) 
k! 
(n+1)---(n+k-1) 
(k — 1)! 
(n+1)---(n+k—-1) 
= (kD! (1+ n/k) 
(n+1)---(n+k) 
k! ; 
We prove the second part of (1). Notice that if n = 1, then (aa) = 
(—1)*. We have 


(1+2)-*=1/+.X) = 5 (-1)*2* = 5° ee 


k>0 k>0 
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so that the formula holds for n = 1. Suppose that it holds for the 
integer n, then 


(+a) "t= 57 (;") zt S(-1)Fa 
= y (xen?) xt 


Let One = op4r-4(—1)*(5"), then by the first part of (1), 

7 p{mecr(ntk—-1) | ne (n+k—2) noc ilt 
one = (—) ( kil (gaa ee 
(n+1)---(n+k) 

k! 


= (-1)* 

— (-n- 1 

_ i 
hence the result. 


(2) Let c € Z such that a=b+c. Since (1+ 2)* = (1+ 2)°(1+2)°, then 
from (1), we have 


(eae) 


for any non negative integer m, in particular for 1 <m < p". We have 
C= oa) Since c= a—b=0 (mod p’t*) and 1 < m < p’, then 
= =0 (mod p)°+4, thus ((*) = (2) (mod p**) 


Exercise 1.5. 

Let di,...,dn be rational integers and d = gcd(dj,...,d,). Recall that 
there always exist integers k1,...,kn, € Z such that d = pe k,d;. Show 
that gced(k1,...,kn) =1. 


Solution 1.5. 
Let x = gced(ki,..., kn), then xd | kjd; for i = 1,...,n, hence ad | d and 
therefore x = 1. 


Exercise 1.6. 

Let f(a) and g(x) € Za] be coprime. Let u(x),u(x) € Z[a] and m € N 
such that u(x) f(x) + v(a)g(a) =m. Let d be the greatest positive divisor 
of m such that there exists an integer xp such that gcd(f (ao), g(%o)) = d. 
Let a be an integer such that 0 < a < d and 2g =a (mod d). Set 


fle) =5flde +a), g(x) = Golde +a), 


u(x) =u(de+a) and w(x) = v(dx +a). 
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Show that w(x) fi (x) + v1(x) gi (a i m/d, fi(x), g1(x) € Z[a] and that for 
any integer x, gcd(fi(x), g1(x)) = 


Solution 1.6. 

Replacing x by dx + a in the Bezout’s Identity relating f(a) and g(x) and 
dividing by d, we obtain wi(x)fi(a) + v1(x)gi(x) = m/d. We show that 
fi(x) € Z[a] (the same argument applies for the polynomial gi(z)). We 
have 


peice (O) Ge n f(a) 
FAC f(a) + dx 1! - (dz) nl 
f@ _ f@ iota t (a) 
Se qe oe 


and since d| f(a), then f(a) € Z[a]. Suppose by contradiction that there 
exist an integer 2; and an integer 6 > 1 such that gcd(fi(#1), g1(#1)) = 6. 
Then 6 | m/d, hence dé | m, which contradicts the definition of d. 


Exercise 1.7. 

Let K be a field, f(x,y) and g(x,y) be relatively prime polynomials with 
coefficients in K, m = deg, f and n = deg,g. Let 21,...,2%,% be new 
variables, A(a1,...,2,) and B(a1,...,2,%) be relatively prime polynomials 
with coefficients in K such that A/B ¢ K. Show that B™f(A/B,y) and 
B"g(A/B,y) are coprime in K[x1,...,2x,y}. 


Solution 1.7. 

By Bezout’s identity applied in k(x)[y], there exist uo, vp € k(x)[y] such 
that uo f + vog = 1. Multiplying this identity by the common denominator 
of ug and vo, we obtain the following new identity uf + vg = w, where 
u,v € K[x,y] and w € K[a]. Substituting A/B for x and multiplying by a 
power of B, say B®, we obtain: 


u(a,y)B™ f(A/B,y) + 6(x, y)B"g(A/B, y) = Bew(A/B), 


where & and 6 € K[z,y]. Any common divisor D(x,...,¢%,y) of 
B” f(A/B, y) and B"g(A/B, y) must divide B°w(A/B), hence it belongs to 
K[x1,...,2x], that is free from y. It follows that expressing B™ f(A/B,y) 
and B"g(A/b, y) as polynomials in y, then all their coefficients are divisible 
by D. Set 


= 2D Sih x)y! and g(x,y) = do gila)y", 
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then 


B” f(A/B,y) =I Bh (A/B)y’ and B"g(A/B,y) Sop 9i(A/B)y’ 
j=0 i=0 

Since f(a,y) and g(x,y) are relatively prime, then so are the polynomials 
fi(x),---, fo(x), gi(@),---, 90(a). Writing a Bezout’s identity relating these 
polynomials, substituting A/B for x and multiplying by some power of 
B, we obtain a new identity, which shows that D divides a power of B. 
Since m = deg, f, there exists 7 € {0,...,t} such that deg f; = m. Set 
fj(v) = ame™ +--+ +012 + a9, then 

B™ f;(A/B) = amA™ +++» +a, AB™ + + a9B™. 
Let p be a prime factor of D. Then p divides B and the left hand side, 
hence also A. This contradiction shows that D = 1. 


Exercise 1.8. 
Let K be a field of characteristic 0, f(X) be a polynomial of degree n and 
m >n be an integer. Show that 

= n_-i{m\ (m—gj-1 ‘ 

fm) = y-ar4(™) (71) 969, 

=a j n—j 

j 
Solution 1.8. 
Using Lagrange’s interpolation formula, [Bourbaki (1950), Application: 


Formule d’interpollation de Lagrange, Chap. 4.2] or [Ayad (1997), Exer- 
cice 1.14] we obtain: 


ix ys We “ ; 
We deduce that 
f(m) = LOT Gay = 
ys GOTO NGG SO 
2 > ge 
Earn, 0 


and the proof is complete. 
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Exercise 1.9. 

Let K bea field, ao,...,@, be distinct elements of K, bo,..., bn be elements 
of K, distinct or not. Let f(x) € K[a] such that deg f <n and f(a;) = 6; 
for i =0,...,n. Let g(x) and h(x) € K[x], both of degree at most n — 1 
and satisfying the conditions g(a;) = b; and h(a;) = b; fori =0,...,n—1 
and j = 1,...,n. Show that 


(u — do)h(x) — (t = an)g (x) 


an — a0 


f(x) = 


Solution 1.9. 

Let F(x) = (ea a0) Ma) ~~ an) ole) | One verifies easily that F(a;) = f(a;) for 
i = 0,...,n. We also have deg f and deg F’ < n, hence F(x) = f(x) by 
Lagrange’s interpolation theorem [Bourbaki (1950), Application: Formule 


d’interpollation de Lagrange, Chap. 4.2] or [Ayad (1997), Exercice 1.14]. 


Exercise 1.10. 

Let A be a factorial ring, K be its fraction field. Let g(x), h(x) € K[2] 
and f(x) = g(x)h(x). Let a and b be coefficients of g and h respectively. 
Suppose that f(x) € Ala]. Prove that ab € A. 


Solution 1.10. 
We have a = a’ cont(g) and b = b’ cont(h) where a’ and 0’ are elements of 
A. Then 


ab = cont(g) cont(h)a’b! = cont(f)a’b! € A. 


Exercise 1.11. 

Let K be a field, n, m be positive integers, ao,...,@n,bo,...,)m be alge- 
braically independent variables over K. Let f(a) = anu" +--+ + ao and 
g(x) = byxv™ +.-+++ bo be polynomials with coefficients in K(ao,..., 0m) 
and R(ao,..-,@n,b0,---,0m) = Rese(f(x), g(x)). Show that R is homoge- 
neous of weight nm under either of the following assignments of weights, 
w(a;) and w(b;) for the a; and the b,. 


(1) w(a;) =i fori =0,...,n and w(b;) = 7 for 7 =0,...,m. 
(2) w(a;) =n—i fori=0,...,n and w(b;) =m—j for 7 =0,...,m. 


Solution 1.11. 
(1) Let t a new variable, we must show that 


R(ao, tar, see tan, bo, thr, see jt bm) = t?™ R(ao, o . Qn, bo, oe igOig)s 
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Let ay,...,Qp (resp. 61,..., 28m) be the roots of f(x) (rep. g(x)) in an 
algebraic closure of K(t,ao,..-,@n,bo,.--,;0m), then we have 


R(ao, tar,...,t" Gn, bo, thi,...,t' bm) = Resz(f (tx), g(tx)) 
= (tan) ™(E"bm)” [| (as/t — 8;/t) 
(4,9) 
=emarer, |] (a — 6) 
(4,9) 
= 0"™ Res, (f(x), 9(x))) 
=z t”™ R(ao, +++5Qn; bo, see yy): 
(2) Here we must show that 
R(t" ao, iia +++5Qn; t"™ bo, ae Te seey bm) 
= t”™ R(ao, eae » An, bo, saey bm). 
We have 
R(t" ao, ae -++5Qn, t"™ bo, Eby, seey bm) 
= Rese (t" f(a/t), t" g(a/t)) 
= (dn) (Om)” [[ Ga 2 tB;) 
(4,9) 
=emarer, | [ (ai — 6s) 
(4,9) 
= 0" Res, (f(x), 9(x))) 
= t™ Rao, oes An; bo, eetey bm); 
hence the result. 
Exercise 1.12. 
Let K be a field, f(x) = apa" +--+ +a, and g(x) = box™ + --- +b be 
polynomials with coefficients in K of degree n and m respectively. Recall 
that the resultant of f(x) and g(x) is the determinant of the (m+n) x (m+n) 


matrix: 


ao ay «. An, 0 os 0 
OU GOs ae ARS Ae “Ae 0 
0 we 0 ao ves vi Gn 
S — 
bo = oy bm 0 0 |’ 
bo On-1 bm, 0 
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where the first m rows are devoted to the coefficients of f(x) and the 
remaining ones to the coefficients of g(x). Let D(x) = gcd(f(x), g(x)) 
and d = deg D. Let Km-_i[z] (resp. Kn—1[2], Km+n—1i[x]) be the K-vector 
space constituted by the polynomials with coefficients in K of degree at 
most m—1 (resp. n—1,m+n—1). Let @: Km—1[2] x Kn—1[t] 9 Kmin—i([2] 
be the map such that ¢(A(x), B(x)) = A(x) f(x) + B(x)g(a). 


(1) Show that ¢ is linear. Let fi(x) = f(x)/D(a) and gi(x) = g(x)/D(a). 
Show that 


B={(a(2),—file)), (ea(z),-efi(2)),-.., (2 1(@),-a*"fi(a)) } 


is a basis of Ker @ over K. 
(2) Deduce that rank(S) =m-+n-—d. 


Solution 1.12. 


(1) Obviously, ¢ is linear over K. Let (A(x), B(x)) € Km_i[z] x Kn—1[x : 
Suppose that (A(x), B(x)) € Ker@, then A(x) f(x) + B(a)g(x) = 
hence A(x) fi (x) = —B(x)gi(x). It follows that gi(a)|A(x). Set A(x) = 
gi(a)h(a) where degh = deg A — degg, < m—1-—(m-—d)=d-1, 


then gi(x)h(x) fi(a) = —B(x)gi(x), hence B(x) = —fi(x)h(x). Set 
h(x) =hot+hyx+-:-+hq_124~', where h; € K fori =0,...,d. Then 
(A(x), B(x)) = ((ho + haw +... + ha 0 ale) 
—(hothiet.. .+ Ag iat file ) 
= ho(gi(@), —fi(@)) + hi (gi (@), —af(x)) + 
+ ha-i(a*"ga-1(2) - #1 fas (2)) 
hence Ker ¢ is contained in the vector space generated by B. Obviously 
the elements of B belong to Ker ¢. We conclude that Ker ¢ is generated 
by B. Obviously the elements of B are linearly independent over K. 


Therefore B is a basis of Ker @ over K. 
(2) Let 


A= {(1,0); (80),---5 (#40), (0,1); (0,2),---5 0.2" )}. 


It it easy to see that A is a basis of Ky,,_1[x2] x Kp_1[x]. Moreover one 
verifies that the matrix of ¢ relatively to A and the canonical basis of 
Km4n—1[x] over K is equal to the transpose of S. Therefore 


rank(S) = rank(S7) =m+n-—Dimg Kerd =m+n-—d. 
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Exercise 1.13. 
Let F and F be two fields of characteristic 4 2. Suppose that there exists 
amapo: EF — F satisfying the following conditions. 


(1) For any z,y € FE, o(x + y) = o0(x) + a(y). 
(2) For any z € E, o(x?) = (o(2))?. 


Show that o = 0 or a is a field homomorphism. 


Solution 1.13. 
Let x and y € E, then o((a + y)?) = (o(a + y))?, hence 


a(x?) + o(y*) + 20(xy) = (o(x)))? + (a(y))? + 20(a)o(y). 


Since the characteristic is different from 2, then the result follows. 


Exercise 1.14. 
Let K be a field and p be a prime number. Show that the following propo- 
sitions are equivalent. 


(i) p is at least equal to the characteristic of K. 
(ii) For any f(x) € K[a], f(a) = 0, where f(x) denotes the p-th 
derivative of f(z). 


Solution 1.14. 


(1) (i) > (ii). It is sufficient to show that for any integer k > 0, (2*)®) = 0. 
If k < p, then (x*)™ = k!, hence the result in this case. If k > p, then 


(ak) = k(k—1)---(k- (p— ah”. 


Clearly one of the integers k,k —1,...,k — (p — 1) is divisible by the 
characteristic of kK, hence the result. 

(2) (ii) = (i). Let I be the characteristic of K. Suppose that p < / and let 
f(x) =2?, then f(x) =p! 40. 


Exercise 1.15. 

Let f(x) = ana” + Gn_1x"1 + +++ + a9 be a polynomial with integral 

coefficients. Suppose that there exists a prime number p|ao such that p > 

To" lal) 22F-3. 

(1) Show that any root a of f(x) satisfies the condition |a| > ||. 

(2) Deduce that if f(z) is primitive then it is irreducible in Z[z]. 

(3) Show that the preceding result applies for the polynomial f(a) = 2? + 
€,@ + 3€2, where €; and eg € {—1, 1}. 
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Solution 1.15. 


(1) Suppose that |a| <|S>|, then 


1 


|ao| = |@na@” + an—10a"” ~ +--+ + a,a 
Salle 
i=1 v 
Aes colt 
=I lel 
Pilger Pp 


< Qo, 


hence a contradiction. We conclude that |a| > |4>|. 
(2) Suppose that f(a) is reducible in Z[az] and let 


f (2) = (bma™ fee Hf bo) (cya” fates at Co) 


be a factorization in this ring with m and k > 1. Since boco = ao, then 
p|bo or pico. We may suppose that plbo. Let ai,...,a,% be the roots of 
the second factor, then [hs a; = (—1)*™. Hence by (1), 

= A; 


k 
i=1 


which is a contradiction, thus f(x) is irreducible over Z. 
(3) Here p = 3 and |ay| + |a2||| = 2. 


k 
ao 


Pp 


bo Co 


Ck 


= |co| = 


b 


ao 
Pp 


Exercise 1.16. 
Let n > 2 be an integer, p > 5 be a prime number and f(x) = «”—x"~1—2p. 


(1) Suppose that f(x) = g(x)h(x) in Z[a], where g(x) and h(a) are monic 
of degree at least 1. Show that deg g = 1 or degh = 1. 

(2) Show that f(a) is irreducible over Z. 

(3) Show that the condition p > 5 is necessary. 


Solution 1.16. 
(1) We have 
f(x) =a"~"(@—1) (mod p) = g(x)h(x) (mod p). 
We may suppose that 
g(x) =2"(a—1) (mod p) and h(x) =<" (mod p), 


where r and s are nonnegative integers, s > 1 andr+s =n-—1. 
Suppose that r > 1, then g(0) = 0 (mod p) and h(0) = 0 (mod p), 
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hence f(0) = 0 (mod p?), which contradicts the relation f(o) = —2p. 
We deduce that r = 0, g(x) = x—1 (mod p) and h(x) = x”~! (mod p). 
Therefore, there exists a € Z, a= 1 (mod p) such that g(x) = x — a. 
Suppose that f(x) is reducible over Z and let f(x) = g(x)h(x) be a 
nontrivial factorization, then g and h are monic and we may suppose 
that g(x) = x —a, with a =1 (mod p) and h(x) = x”~! (mod p). It 
follows that f(a) = 0 = a” — a”~! — 2p, hence a”~1(a — 1) = 2p. We 
deduce that ake = 2. This implies that a — 1 = ep with e = +1 
and |a| = 2. These conditions are incompatible with the assumption 
p> 5. Therefore f(x) is irreducible over Z. 

(3) Let p = 3, n =2 and f(x) =a? —x2—6, then f(z) is reducible over Z, 

since f(x) = (+ 2)(x — 3). 


— 
i) 
ane 


Exercise 1.17. 
Determine the set of the couples (a,b) € Z? such that the polynomial 
f(x) = 2° — ax — b is reducible over Q. 


Solution 1.17. 

Let (a,b) be a couple of integers such that the polynomial f(a) is reducible, 
then it has a root d € Z. Moreover d = 0 or d | b. In the first case we 
conclude that b = 0. Conversely if b = 0, then f(x) is reducible. In the 
second case, set b = de, then d? — ad — de = 0, hence d?-a—e = 0. It 
follows that a = d? — e and b = de for some d,e € Z. Conversely it is easy 
to verify that for these values of a and b, f(a) is reducible over Q. 


Exercise 1.18. 

Let p be a prime number, f(x) € Z[a] be monic and non constant. Denote 
by u(x), the reduction modulo p of the polynomial u(a). Suppose that f(a) 
may be written in the form f(x) = (g(x))° +ph(a), where g(x) and h(a) € 
Zz], g(x) is monic, irreducible over F,, degh < deg f and g(x) { h(a). Show 
that f(x) is irreducible over Q. Show that the condition deg h < deg f could 


not be omitted. 


Solution 1.18. 
Suppose that f(z) = f(x) fo(x) in Z[a], where f; and fg are monic and 
ge 


non constant, then f(x) = fi (x) fo(x) = g(x) hence fi(a) = g(x) and 
fa(z) = (2) °. It follows that 


(x)*! + phi(a) and 
(x)? + pha(a), 
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where hi(x) and he(x) € Zz] and e,e2 are positive integers such that 
e€; + eg =e. Therefore 


f(x) = g(a)* + p (ho(x) g(a) + hi (x) g(a)? + p*hi(x)ho(a)) , 
and 


h(a) = he(x)g(a)? + hi(w)g(w)™ + phi (a)ho(a), 


which shows that g() | h(x), hence a contradiction. 

Through the following example it is seen that the condition on the degree 
of h(x) is necessary. Let p = 2, f(x) = (a7+2)(2a+1) = x742(23+2r+1), 
g(x) = x, and A(x) = v3 + 2x +1, then f(x) is reducible in Z[z] and 
g(x) { h(x). 

Exercise 1.19. 
Let f(x) = 24+ 32+ 7x +4. Factorize this polynomial into its irreducible 
factors in Z/2Z[a] and in Z/11Z|a]. Show that f(x) is irreducible in Z[z]. 


Solution 1.19. 
We have 


f(z) =2(23+2+1) (mod 2) and 
f(x) = (2? + 5a —1)(a? —52—4) (mod 11). 


In these factorizations, the factors over F2 (resp. F11) are irreducible. Sup- 
pose that f(x) = fi(a) fo(x), where fi; and f2 are monic polynomials with 
integral coefficients and 1 < deg f; < deg fo < 3, then f(x) = x (mod 2) 
and f2(a) = 23+2+1 (mod 2), so that deg f; = 1 and deg fo = 3. We also 
have f(z) = 2? +52 —1 (mod 11) and fo(x) = 2? — 5a — 4 (mod 11) or 
conversely. In any case deg f; = 2. Therefore we realized a contradiction. 
It follows that f(x) is irreducible over Z. 


Exercise 1.20. 

Let p be a prime number, f(X,Y) € ZX, Y] be a homogeneous polynomial 
of degree n > 1. Suppose that f is primitive and that for any (a,b) € Z?, 
p| f(a,6). Show that p <n. 


Solution 1.20. 


(1) First proof. We have f = Y"f(X/Y) with f(X) = f(X,1) and where 
f induces the zero function on F,. It follows that X? —X | f(X), hence 
Y?(XP/Y-X/Y) | f(X,Y), thus X°—XY?-1 | f(X,Y). By symmetry 
the same holds with X,Y swapped, hence XY (X?~! — Y?~) divides 
F(X, Y), son> p+. 
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(2) Second proof. We first show that if g(X,Y) € F,[X, Y] induces the 
zero function over F,, then XY(X?~! — Y?~1) | g(X,Y) in F,[X, Y]. 
Let c € F,. Application of the Euclidean algorithm yields: 


g(X,Y) = (X -—cVY)Q(X,Y) +d, 


where Q(X,Y) € F,[X,Y] and d ¢ F,. Putting Y = 1,X = c in this 
identity leads to d = 0, hence X — cY | g(X,Y). Using the same argu- 
ment, we obtain Y | g(X,Y). Therefore XY(X?~1! — yP) | g(X,Y). 
Denote by f(X,Y) the polynomial obtained from f by reducing its co- 
efficients modulo p. Since f is primitive, then f 4 0. According to 
what has been proved, we conclude that XY(X?~' — Y?~+) divides 
f(X,Y), hence p+1 < deg f < deg f =n and the proof is complete. 


Exercise 1.21. 

Let N,(n) be the number of monic irreducible polynomials over F,. Recall 
that N,(n) = a luis u(n/d)q*, where p is the Mobius function. If q. < q 
show that Ng, (n) < Ng, (n). 


Solution 1.21. 

We fix n and we consider N,(n) as a polynomial function of g. We show 
that this function is strictly increasing for g > 2. Let m = |n/2], then we 
have 


(Ny(n))! = = So w(n/d)dg* 
d\n 


1 
=g™t4- 


S> p(n/d)aq’ 


d|n,dAén 


n-1 1 . d-1 
Can! i A S> dq 
d=1 


m 
n-1 1m d-1 
24q eos. 


a (q” —1)/(q-1) 
nr 
n-1 m m 
PEGS OS TO 
n 
1 
= m—-1_ ~~ n-1 
=4q 5 
1 1 
=-q"->0. 
54 
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Exercise 1.22. 

Let s and n be positive integers, K be a field, Po, Pi,...,P,; be s+1 
distinct points in kK”. Show that there exists a polynomial of degree s, 
f(@1,.--,2n) € K[x1,...,2,] having the form 


nm 
f(@1,...,2 =|[' (a,x; + b;)° 
i=1 


where a;,b; € K,a; 40,0<e; <s fori =1,...,n and e;+e2+---+en = 5 
such that f(P;) =0 fori =1,...,s and f(Po) =1. 


Solution 1.22. 

For i = 0,1,...,8, set P; = (cj,...,¢%,), where ci € K for any (i,j). Fix 
he {1,...,s}. Since Py # P,, then there rats. gj € {1,...,n} such that 
ch x c}. Therefore we may determine a, and b, € K site that a, 4 0, 
anc} + b, = 1 and apc + bp, = 0, that is the polynomial f;,(x1,...,%n) = 
apnx; + bp, satisfies the condition f,(P>) = 1 and f,(P,) = 0. That ap, and 
by, could be determined may be easily verified since the determinant of the 
system of equations is equal to c} - er hence nonzero. Now the polynomial 


flees tn) = II fn(21,.--;2n) 
h=1 


satisfies the stated assertions. 


Exercise 1.23. 

Let K be a field, E be an extension of K, I be an ideal of K[21,..., 2] and 
I be the ideal of E[x1,..., 2] generated by I. Show that INK[x1,...,2n] = 
I. 


Solution 1.23. 
Let (ejjes be a basis of EF over K. We may suppose that e;, = 1. We 
have 


Elay,...,¢n] = GOK [a1,..., tne; = K[21,..., 22] PB Kl tipaeta he. 
jet JEI\ {ej} 

hence 
[=1-E(a,...,%)=I1Q) @ Ie;. 


JES\ {e569 


Thus [9 K[z1,...,2n] =. 
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Exercise 1.24. 
Let K be a field, f(a) € K[a] be non constant and let a € K. 


(1) Let Ag = {u(x)/v(x) € K(x), u(a) 4 0 and ged(u, v) = 1}. Show that 
Ag is a local ring. Describe explicitly its maximal ideal /. Show that 
Ag/M ~ K. 

(2) Let ma be the unique nonnegative integer such that f(x) = (a — 
a)™e g(x), where g(x) € Ka] and g(a) 4 0. Show that Ag/fAa is 
a vector space over K of dimension mq. 


Solution 1.24. 


(1) Let S = {v(x) € kia], v(a) F O}, then S' is a multiplicative subset of 
K [az] containing 0 and 1 and clearly Ag = S~'K [2]. We first determine 
the units of Ag. Let u(x)/v(x) € A*, then there exists a(x)/b(a) € Ag 
such that Mees = 1. We deduce that ea = ae. hence u(a) 4 0. 
Conversely if u(a) # 0, then u(x)/v(a) € AX. We conclude that 


Nar 


A® = {u(x)/v(x) € k(x), gced(u,v) =1,v(a) #0 and u(a) £ O}. 


To show that A, is local it is sufficient to prove that the complementary 
set M of A® in Ag is an ideal. We have 


M = {u(2)/v(a2) € K(x), gcd(u,v) =1,v(a) #0 and u(a) = 0} 


and we omit the proof that this set is an ideal of A,. Let ¢: Ay, — K 
be the map defined for any u(x)/v(x) € Ag by o(u/v) = u(a)/v(a). 
Clearly ¢ is a morphism of rings. For any c € K, we have c € A, and 
o(c) = c, hence ¢ is surjective. Let u(x)/v(x) € Ag, then d(u/v) = 0 if 
and only if u(a) = 0, that is if and only if u(x)/v(@) € M. Therefore 
Ker 6 = M and then, the first isomorphism theorem implies A,/M ~ 
K. 

Substituting y for « — a if necessary, we may suppose that a = 0, so 
that we have f(x) = x”g(a#) where g(x) € K [az], g(0) £0 and m > 0. 
Since g(a) is a unit in Ag, then 


— 
iw) 
NS 


f(a)Ao = x™ Ao and Ao/ f Ao = Ao/x™ Ao. 


Obviously Ao is a vector space over K and 2™ Ag is a subspace, hence 
Ao/x™ Apo is a vector space over K. We show that {1,7,...,2~1} is 
a basis of Ag/a™ Ap over k. Let u(x)/v(a) € Ao, then v(0) 4 0. We 
divide u(x) by u(x) according to the ascending powers of x at the order 
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m. We obtain: u(x) = v(x)q(x) +2™r(ax), where q(x) and r(a) € K [a], 
hence 


= q(z) +2” 


q(x) (mod x” Ao), 


so that {1,Z,...,2~!} generates 2A over K. Suppose that 
agl + a,E+++-+4m-12"-! = 0, 


with ag,@1,-..,@m—1 € K. Then ap +. aya +--+ +4 p12"! € Ao, 
hence 


- u(x 
ao + aya +-++ + Om—ya™ | = a2™ (x) 


where u(x),v(a) € K[az], gced(u,v) = 1 ond v(0) #4 0. We deduce 
that x™ divides ag + aya +--+ +@m—12™~ + in K[z]. Therefore ag = 
a, =... = @m_1 = 0, which implies that {1,%,...,2~1} is a basis of 
Ag/x™ Ao over K. 


Exercise 1.25. 

Let n be a positive integer, K be a field, E’ be an extension of K and 
A € M,(K). Show that the characteristic polynomials (resp. minimal 
polynomials) of A over K and EF are equal. 


Solution 1.25. 

The proof of the assertion on the characteristic polynomials is obvious and 
will be omitted. Let f(x) and g(x) be the minimal polynomials of A over 
K and E respectively. It is clear that g(x) | f(z) in E[a]. Let B be a basis 
of E over kK. We may suppose that 1 € B. Set 


g(x) =eo tera +--+ 4+ enya tb +a 


where m < deg f and e; € E fori =0,...,m—1. There is a finite set C C B 
say C = {1,wi,..., wx} such that each e;, for i = 0,...,m—1, is a linear 
combination of the elements of C. Set wo = 1 and e; = ae Aijw; for 
i =0,...,m—1. The identity g(A) = 0 takes the form: 4 Buy, where 
B; is the nx n matrix with coefficients in K given by B; = 07"5 * Nig A? for 
jie and Bos SG ‘io’ + A™. We ceducethd B; ay eee = 

.,k. This implies that f(a) | 75" Air’ +2™ and f(x) ban * dag? 
for 7 = 1,...,k. Since m < deg f and f(x) is monic, then m = aot 
f(x) = so Ape te? and Ay; = 0 fori =0,...,m—landj =1,...,k. 
We conclude that g(x) = f(a). 
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Exercise 1.26. 

Let E be a finite dimensional vector space over K, 0: E > E be a linear 
map. Let m,(x) and y,(#) be the minimal polynomial and characteristic 
polynomial of o respectively. 


(1) Let a € E and let J = {f(x) € K[z], f(o)(a) = 0}. Show that I is a 
principal ideal of K [x] generated by some monic polynomial. Denote 
this polynomial by mg,q)(«). Show that mz,q)(#) divide m,(x) and 
Xo(2). 

(2) Let {a1,...,Qn} be a basis of EF of K. Show that 


Mo(x) = lcm M(e,a)(x) = lem More) (a). 


Solution 1.26. 


(1) Let 6: K[x] — E be the map such that for any f(x) € K[a], é(f(x)) = 
f(c)(@). Then obviously ¢ is a K-linear map. Since I 4 Ker(d¢), then 
TI is an additive subgroup of K[z]. Let f(x) € I and g(x) € K[a], then 


hence g(x) f(a) € I. Therefore I is an ideal of AK [a]. Thus, I is prin- 
cipal. Since m,(x) € I, then I # (0) and I is generated by a monic 
polynomial. Clearly mo.) (x) | Mo(#) | €6(«). 

Since for any a € E, M¢,q)(@) | Mo(x), then lem m(o,.)(x) | Mo(x). On 
the other hand, let g(x) = lcm a Mo, q)(x), then for any 6 € EF, we have 


g(a)(8) = 0, hence g(a) = “0. Therefore m,(x) | g(x). We conclude 
that mo(x) = g(x) = lem M(o,0)(v). In the same way, we may prove 


— 
i) 
Rubs 


that m,(x) = lem m(o,0;)(2). 


Exercise 1.27. 


(1) Show that the number of monomials x'y? with 0 < i,7 <mandi+j < 
m is equal to (™}?). 

(2) Let K be a field, f(t), g(t) be polynomials with coefficients in K of 
degree r and s respectively. Show that for m large enough, the family 
of polynomials f(t)'g(t)? with i+ j < m is dependent over K. 

(3) Deduce that there exists F(x,y) € K[x,y]\{0} irreducible such that 


F(f(t), g(t) = 0. 


Polynomials, Fields, Generalities 23 


Solution 1.27. 


(1) We make a partition of the set of couples (7,7) with 7,7 > 0 andi+j < 
m by putting in the same class all the couples having the same first 
component. The number of couples whose first component equals 7 is 
equal to m —7i+ 1. Therefore the total number of couples is equal to 
(m+1)+m+..4+1=(m4+1)(m4 2)/2 = (2). 

If f(t)'g(t)? = f(t)"g(t)*, with i+ j < mand h+k < m, then the 
result is true. Therefore, we may suppose that the set 

{f(t)'g(t)? with i+ j <m} 
contains exactly (J?) polynomials with coefficients in K. We have: 
deg f(t)'g(t)? = ri+sj < (r+s)m. Therefore all the elements of the set 
belong to the K-vector space K,,,[t] whose elements are the polynomials 
h(t) € K[t] such that degh < (r+ s)m. The dimension over K of this 
space is equal to (r+ s)m-+1. Therefore if ("}!) > (r+s)m-+1, that 
is m > 2(r + s) — 3, then the family is linearly dependent over K. 
If m > 2(r +s) — 3 the family f(t)‘g(t)’ is linearly dependent over 
K, hence there exist a family (a;j)(;,;) with aj; € K not all 0 such 
that >> ai; f(t)'g(t)? = 0. Let G(z,y) = Vajez'y’, then clearly G # 
0 and G(f(t),g()) = 0. Let G(a,y) = Gi(ax,y)---G,(a,y) be the 
factorization into irreducible factors in K [x,y] of G(z,y). Then there 
exist 7 € {1,...,k} such that G;(f(t), g(t)) = 0. 


— 
i) 
YS 


— 
w 
Ww 


Exercise 1.28. 

Let K be a field, FE be an extension of K, x be an indeterminate over E 
and a1,...Q@, be elements of E, linearly independent over kK. Show that 
these elements are linearly independent over K(x). 


Solution 1.28. 

Suppose that there exist Ay(z),...,An(x) € K(x) such that 7", Ai(z)ai = 
0. We may suppose that A;(7) € Kx]. Substituting 0 for x leads to 
Ai(0) = --- = An(0) = 0. This shows that x | A;(a) for i = 1,...,n. 
Suppose that x* | A; (x), then 07", (Ai(x)/x*)a; = 0. Substituting again 0 
for x shows that x*++ | \;(a). It follows that all the polynomials ;(x) are 
0. 


Exercise 1.29. 

Let f(x) and g(x) be polynomials with integral coefficients. Show that 
g(x) | f(x) in Z[a] if and only if cont(g) | cont(f) and there exist infinitely 
many n € Z such that g(n) £0 and g(n) | f(n). 
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Solution 1.29. 
The necessity of the conditions is obvious. We prove the sufficiency of the 
conditions. 

First proof. Let (u,,) be a sequence of integers such that 


jim, [Un| = 0, g(Un) AO and g(un) | f(un). 
Using the Euclidean algorithm, we obtain f(x) = g(x)q(x) + r(x), where 


q(x), r(x) € Q[x] and degr < deg g. Suppose that r(x) 4 0 and let m be 
the lcm of all the denominators of the coefficients of g(a) and r(a). Then 


mf (ax)/g(a) — mq(x) = mr(a)/g(a). 
There exists a rank no such that for n > ng, r(un) A 0. For any of 
these n, we have mr(un)/g(tn) € Z and |mr(un)/g(un)| > 1. On the 
other hand since degr < degg, then limp |Mr(un)/g(un)| = 0 and we 
have reached a contradiction. Therefore r(x) = 0 and f(x) = g(x)q(z), 
hence cont(qg) = cont(f)/cont(g) € Z which shows that q(a) € Z[a] and 
g(x) | f(x) in Zla]. 
Second proof. Let D(x) = gced(f(x), g(x)) and let fi (x), gi(x) € Z[a] 

such that 

f(x) = D(a) fi(@) and g(x) = D(a) gi (a). 
Let r = Resz(fi(x), 91(x)), then r € Z and there exist u(x), v(x) € Z[2] 
such that u(2) fi(a) + v(a)gi(x) =r. By hypothesis the set 

A={m €Z,gi(m) # Vand gi(m) | fi(m)} 
is infinite. Define in A the relation R by nRY if gi(n) = gi(m). Clearly 
this relation is an equivalence relation. Let C be an equivalence class and 
m €C, then g,(m) = d, for some nonzero integer d dividing r, hence the 
number of classes is finite. If deg g,; > 1, then |C| < deg g,, which implies 
that A is finite, contradicting our assumption. It follows that there exists 
a divisor d of r such that g(a) = d. We have 


cont(f) = cont(D) cont(f1) and cont(g) = dcont(D) 


and by hypothesis the later of these integers divides the former, hence 
d | cont(f1). It follows that 


f(x) = fi(x)D(2) 
= (fi(x)/cont(f1)) cont(f:) D(x) 
= (fi (x)/cont(f;,)) (cont(f,)/d)dD(z) 
= (fi(x)/cont(f1)) (cont(f1)/d) 9(2), 
hence g(x) | f(a) in Z[a]. 
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Exercise 1.30. 

Let q1,.--,4n be positive integers such that gcd(q,q;) = 1 for i 7. Let 
gi(x),---;9n(x) be monic polynomials with integral coefficients all of degree 
m. Show that there exists a monic polynomial g(x) of degree m with 
integral coefficients such that g(x) = g;(x) (mod q;Z[a]), for i =1,...,n. 


Solution 1.30. 

First proof. For j fixed in {0,...,m — 1}, let a; € Z such that 
a; = c(x’,g;(x)) (mod q;) for i = 1,...,n, where c(2,g;(x)) denotes the 
coefficient of x7 in the polynomial g;(z). Such elements a; are determined 
by the Chinese remainder theorem. Let g(#) = 7” + we ajz), Then 
clearly g(x) = gi(x) (mod qZ[x]), for i =1,...,n. 

Second proof. We use again the Chinese remainder theorem but in a 
different way. For i = 1,...,n, let y; € Z such that y; = 1 (mod q;) and 
yi = 0 (mod JJ,4,9;). Let go(x) = Yj, yigi(x), then deg go(x) = m. Its 
leading coefficient c is given by c = )>j_, yi and we have c = 1 (mod q) 
for i =1,...,n. Now the polynomial g(x) = go(x)/c satisfies the required 
conditions. 


Exercise 1.31. 

Let f(x) = ana” +an_12"~!+-+++ a9 be a polynomial with integral coef- 
ficients, @1,...,Q be the roots of f(x) and let H(f) = max(|ap|,..-,|a@o|). 
Show that H(f) > B&=iu | 


Solution 1.31. 
We show that H(f) > a;/2 for any i € {1,...,n}. Let a be any of these 
a;. If a < 2, then the result is true since H(f) > 1. Suppose that a > 2, 
then 

la" < |ana”| 

— |ag + Slee — An_1a"—*| 

< |ao| + |aa|la| +--+ + [a@n—a]la|”~ 
< A(f)+ lal +---+]a/"™), 


hence 


as HH) (Tos +4 +1) 


< HN) (a bees 4 ; 1) 
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Exercise 2.1. 

Let f(x) = 24+ — 22? 4+2x+2 and a bea root of f(z) in C. Show that f(z) 
is irreducible over Q and express 3 = 1/(a? + a+ 1) as a polynomial in a 
with rational coefficients. 


Solution 2.1. 
The polynomial f(x) is irreducible over Q by application of Eisenstein’s 
irreducibility criterion [Lang (1965), Eisenstein Criterion, Chap. 5.7]. It 
follows that {1,a,a07,a°} is a basis of Q(a) = Qla] over Q. Therefore 
{6 may be expressed as a polynomial in a with rational coefficients. Let 
g(x) = x? +ax+1, then gcd(f(x), g(x)) = 1, hence there exist u(x) and v(x) 
in Q[z] such that u(x) f(x) + v(x)g(x) = 1. Substituting a for x in this 
identity, we obtain v(a)g(a) = 1. Thus 8 = 1/g(a) = v(a). We compute 
v(x) as follows. The Euclidean division of f(a) by g(x) leads to 
f(x) =g9(a)(2? —2 —2) +5244. 
Similarly, we have 
g(x) = (5a + 4)(a/5 + 1/25) + 21/25. 
It follows that 
21/25 = g(x) — (5a + 4)(a/5 + 1/25) 
gw) — (2/5 + 1/25) (f(w) — g(2)(2? - x - 2)) 


= g(x)(1 + (@? — w — 2)(w/5 + 1/25) — (w/5 + 1/25) f(x). 


Substituting a for 7, we obtain 


21 = aa) (25 + (a? — a —2)(5a+ )). 


27 
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We conclude that 


B = 1/g(a) 
_ 254+ (a? —a—2)(5a +1) 
7 21 
26; iit, * ey 2 


Exercise 2.2. 
Show that the following identities hold in the complex field. 


(1) V11+6V24 V/11—6y2 =6. 
(2) (10 + 6/3)1/3 + (10 — 6/3)1/3 = 2/3. 


Here the square roots are the positive ones and the cubic roots are the real 
ones. 


Solution 2.2. 
(1) We have 


11 + 6V2+ 11 —6v2 = (3+ v2)? + Va — v2? 
=34V24+3-V2=6. 


(2) Let 
a = (10+ 6V3)'/3,_ 6 = (10-6V3)/3_ and y=a+48. 
Then 
43 = a? + 6° + 3a8y = 12V3 + 6y. 


Hence 7? — 6y = 12\/3. Squaring both sides of this equality shows that 
y is a root of f(x) = x® — 12x4 + 36x? — 3.127. One may check that 
f(2V3) = 0. From the above calculations it is clear that 


1% Y,ja 7B, ja 7B, ja t+ 78, —j?a — 5B} 
is the set of the roots of f(a). One and only one element of this set is 
real and positive, namely y. Therefore y = 2/3. 


Exercise 2.3. 

Let f(x) and g(x) € Z[x] such that f(x) is monic and irreducible, a be a 
root of f(x) in C. Let p be a prime number and let f(a) and g(x) denote 
the reduced polynomials modulo p of f(a) and g(x) respectively. Show that 


g(a) = 0 (mod p) in Z[a] if and only if f(x) | g(x) in F,[z]. 


Algebraic extension, Algebraic closure 29 


Solution 2.3. 


We have 
g(a) =0 (mod p) in Zila] S g(a) = ph(a) with h(x) € Z[a] 
= f(x) | g(@)—ph(z) in Z[a] 
<= g(x) — ph(x) = f(x)q(x), with g(x) € Z[a] 
= f(x)|g@) in F,[x]. 


Exercise 2.4. 
Let K be a field of characteristic not equal to 2, a,b,d € K such that 
d ¢ K?. Show that the following statements are equivalent 


(i) There exist a1,...,@, € K such that 


Vatbvde K (Vd, Jai... Van). 


(ii) There exists s € K \ {0} such that \/s(a+bVd) € K(V/d). 
(iii) Va? — Pd € K. 


Solution 2.4. 
(i) = (it). The proof is by induction on n, n being the number of a;. If 
n = 0, then (27) holds with s = 1. Suppose that the implication is true for 
n—1 elements a;. Without loss of generality, we assume that \/a, ¢ E, 
where E = K(Vd, Ja1,---,./Gn—1). We may write Va + bd in the form 
Jatb/d=A+ B,/an, where A,B € E. Then 

a+bVd= A? + Ba, + 2AB/az. 


Since a + bV/d, A? + B?ay, € E, then AB = 0. 

Case 1. A=0. 

We have Va + bV/d = B\/ay, hence /a,(a + bVd) = Ba, € E. There- 
fore by the Huns hypothesis, there exists s, € K \ {0} such that 
\/ 814n(a + bVd) € K(vVd). We conclude that (ii) holds for s = s1an. 

Case 2. B=0. 

We have a+ bVd = A € E, hence by the inductive hypothesis, there 
exists s € K \ {0} such that \/s(a + bVd) € K(Vd). 

(ii) > (iii). Let u,v € K such that s(a + b/d) = (u+vVd)?, then 
sa = u? + dv? and sb = 2uv. Ifv = 0, aie Va? —Pd=+ac kK 
and (ii) holds. If v # 0 then sa = <4 . Therefore we obtain the 
following equation satisfied by s: 2b — 4av?s + 4dv* = 0. Since s € K, 


30 Galois Theory and Applications: Solved Exercises and Problems 


it follows that the discriminant of this equation is a square in K, that is 
Va? —bWde K. 
(iti) = (i). Suppose that Va? — b2d := e 3 K and let a, = 2(a+e). If 
a, = 0, then a = —e = —Va? — b?d, hence a? = a? — db?, whence b = 0. 
Therefore Va + bVd = a € K(Vd, a ie Suppose that a; #0. We have 


(2 rs may a? + 4db? + darbVd 


D/oi a 4a 
_ A(a +e)? +4(a? — €?) + 8(a + e)Vadb 
= 8(a + e) 


=a+bvd, 


oxoias™ tt ek Rada 


hence 


Exercise 2.5. 

Let K be a field, E be an algebraic extension of K of degree n and B = 
{w1,...,; Wn} bea basis of FE over K. Let a € FE and 8 = u(a), where u(x) € 
Kx]. Let M be the matrix relative to the base 6 of the K-endomorphism 
Ma, of E defined by m,(y) = ay. Show that the matrix in the same basis 
of the K-endomorphism multiplication by 6 is equal to u(M). 


Solution 2.5. 

Let mg be the endomorphism of F representing the multiplication by 8. To 
get the result it is equivalent to prove that mq) = u(ma). It is sufficient 
to prove this identity, when u(x) is a monomial, say u(x) = ax*. In this 
case for any 7 € E, we have 


al(me)* (7) = a(ma)*~ (ay) = aay = Maat (7) = Mu(ay (1); 
hence the result. 


Exercise 2.6. 
Let p be a prime number. Show that the series f(x) = 7°, x?” is algebraic 
over F,,(a). 


Solution 2.6. 
Since 


f(x) =a+ fa?) =2+ fla), 
then f(z) is a root of the polynomial g(y) = y? — y+ which is nonzero 
and has its coefficients in F,(x), hence f(x) is algebraic over F,(2). 
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Exercise 2.7. 
Let f(x) = 2? — x? — 2x — 8, 0 be a root of f(x) and K = Q(6). 


(1) Show that f(z) is irreducible over Q. 

(2) Let a = (6? — @)/2. Show that a is a primitive element of K over Q. 

(3) Set 6 = bo + bia + bea”, where bo, b1, b2 € Q. By solving a linear 
system of equations, compute bg, b1, be. 

(4) Compute the minimal polynomial g(x) of a and the dual basis 
{wo,w1,we2} of {1,a,a7}. Using this basis, compute again bo, b1, be. 


Solution 2.7. 


(1) The polynomial f(z) is irreducible in F3[z], hence irreducible over Q. 
(2) Since Q(a) C Q(O), then [Q(a) : Q] | 3, hence [Q(a) : Q| = 1 or 
[(Q(a) : Q| = 3. In the first case, we conclude that a € Q, which 
implies @ is a root of a monic polynomial of degree 2 with rational 
coefficients. This statement is false, hence [(Q(a) : Q] = 3 and then a 
generates K over Q. 

Replacing a by its expression in terms of 6, leads to 


— 
w 
we 


:) 1 1 1 
6 = bo + ba + boa” = (bp — 2b2) 4 Ez sb) + (Sb+ 5%) 6°, 


hence bp — 2b2 = 0, 3b2 — by = 2 and bg + by = 0. Therefore by = 1/2, 
b; = —1/2, bb) = 1 and @=1-a/2+4+ 47/2. 
(4) We have 


1 1 
a= 50 — 56, a0 =6+4 and af? =67 +40. 


We conclude that (97,4, 1) is a nonzero solution of the following linear 
system of equations 


1/2x —1/2y-—az =0, (l—a)y+ 4z =0, (l-a)a+4y =0. 


It follows that the determinant of this system is 0. We thus obtain 


1/2 1/2 = 
0 (1—a) 4| =0. 
(1-a) 4 0 


Therefore the minimal polynomial of a over Q is given by g(x) = x3 — 


2x? + 3a — 10. 
Performing the Euclidean division of g(a) by x — a, we obtain 


g(x) = (x — a))(x? + (a — 2)a + a” — 2a 4+ 3). 
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Therefore the dual basis {wo,w1,w2} of {1,a,a7} is given by 


wo = (a? — 2a + 3)/(3a? — 4a + 3), 
w1 = (a — 2)/(3a? — 4a + 3) and 
wz = 1/(3a” — 4a + 3), 


see [Lang (1965), Prop. 1, Chap. 8.6]. It follows that b; = Trx/@(@u%) 
for 7 = 0,1,2. We have 


1/(3a? — 4a + 3) = (5a? + 32a — 18)/(2.503), 
hence 


by => TrK/Q(Ow2) 


6(5a2 + 320 — 18) 
= Tx/9 ( 2.503 ) 


“oe 0)2/4 + 32(02 — 0) /2 “| 


=i 
*K/Q 2.503 


eae =; Trx/q(406? + 360 + 592). 
Since Trx/9(@) = 1 and Trx (6?) = 5, then 
74.3 


i) 
bo => =, TrK/o(@? y+ 503. 


503 


Similarly, we have 


Trx/o(@) + == = 1/2. 


9 
2.503 


bo => TrK/Q(Awo) 
a? — 2a+3 
—w b 0———___—— 
ae ( ieces) 
Tt 6(a? — 2a + 3)(5a? + 32a — 18) 
Soe 2.503 


1 
= 55g NK/O (0(—1807 + 86a + 266)) 


apes Trx/q (0(—18(0? — 0)”)/4 + 86(6° — 0)/2 + 266) 


2.503 
ae 2 | 
= S509 Trxjo(—366? + 3700 + 272) 

—36 70 3.272 
ee re (een, ee 

3503 K/O(F) + ae03 TK /0(9) + a 593 
_ -5.36 , 370 , 816 _ 
~ 2.503 ° 2.503 ° 2.503 
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By the same method, we compute b,. We have 
by = TrK/q(Ow1) 


_- 9 a—2 
~ KIO \ "3a? — 4a +3 


6(a — 2)(5a2 + 32a — 18) 
Q 2.503 


= Trx/9 (0(3207 — 97a + 86)) 


2.503 mi 
ETT - Trxo (0(32(6? — 0)?)/4 — 97(6? — 0)/2 + 86) 
cytes 1286? — 860 — 520 

~ 2503  */2 2 


128 86 3.520 
= Th ao(0 > oo 

1503 1/009) — F593 Tel) — Fag 
5.64 433.260 
~ 2.503 2.503 2.503 


1/2. 


Exercise 2.8. 

Let K be a field, a be algebraic of degree n over K. Let r and s be non 
negative integers such that r+s = n-—1. Show that any 6 € K(a) may be 
written in the form 6 = u(a)/v(a), where u(x) and v(x) are polynomials 
with coefficients in K satisfying the conditions degu < r and degu < s. 
Moreover if we suppose that the polynomials u and v are coprime, then 
this representation is unique (up to a multiplication of u and v by a same 
nonzero constant). 


Solution 2.8. 

If 6 = 0, the result is clear. Suppose next that 6 #0. Let A and B be the 
linear spaces generated by {1,a,...,a"} and {8, Ga,..., Ba*} respectively. 
The dimensions of the spaces A and B over K are equal to r+ 1 and s+1 
respectively. Since the family {1,a,...,a7, 6, Ba,...,Ga*} contains n + 1 
elements, then this family is not free. It follows that AN B 4 {0}. Let 7 
be a non zero element of this intersection, then 


Y= a9 +--+ +40" = boB +--+ + Bas 


and the result follows. 
Suppose that some @ has two representations 


B= ui(a@)/v1 (a) = u2(a@)/ve(a), 
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the degrees. Then u1(@)v2(@) — u2(a)vi(a) = 0, hence 
uy (x)ve(a) — ue(x)o1 (x) = 


) 
We deduce that u,(x) | vi(a) and v1(a) | ui(a). It follows that v, (x) = 
cu,(a) and v2(x) = cu2(x) with c € K*. 


Exercise 2.9. 


(1) Let K be a field of characteristic p > 0, u(a#) be a non constant poly- 
nomial with coefficients in K such that u(0) = 0, f(a) € K[[a]] satis- 
fying the identity f(u(x)) = f(x) — v(x) for some non zero polynomial 
v(x) with coefficients in K with degu < degu. Show that f(x) is 
transcendental over K(x) or p > 0, f(x) is algebraic over K(x) and 
p|[K(e, flx)) : K(2)) 

Suppose that K is of characteristic 0 and let d > 2 be an integer. Show 
that f(z) = do s9 x” is transcendental over K(a). 


(2 


WN 


Solution 2.9. 
(1) Suppose that f(a) is algebraic over K(x) and let 


(x,y) =y" + an-r(x)y"* +++ + a0(2) € K(x) ly] 


be its minimal polynomial over K(x). From the following identity 
(f(x))" + an—1(x)(f(2))"* +++ + ao(x) = 0 
and the property of f(a), we obtain 
(f(x) — v(x))” + an—1(u(2)) (f(x) — v(a))"* +--+ + ao(u(a)) = 0. 
We deduce that 
dn—1(a) = dy—1(u(z)) — nv(2). (Eq 1) 


Set dn—1(a) = a(x) /b(x), where a(x) and b(x) € K[z]. We may suppose 
that b(a) is monic and gcd(a(x), b(a)) = 1. We have 


a(a)b(u(x)) = a(u(x))b(a) — nv(a)b(x)b(u(x)), 


hence b(u(x)) | b(x). It follows that b(x) = 1 and a(x) = a(u(x)) — 
nvu(a). The assumption on the degrees of u and v implies that a(x) € K 
and then by (Eq 1), we conclude that n = 0 ifp =O and p|nifp>0. 
Here, we have f(x“) = f(x) — x, so that (1) applies with u(x) = «4 
and v(x”) = x. 


— 
iw) 
Rae, 
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Exercise 2.10. 

Find the gap in the following reasoning. Let K be a field. Let @ be a root 
of the polynomial f(a, y) = y? — 2? in an algebraic closure of K(x). f(x,y) 
is irreducible over K(x), hence [K(x,a) : K(a#)]| = 3. The element x is 
algebraic over K(x?) since it is a root of the polynomial g(x,y) = y? — 2? 
irreducible over K(x”), hence [K(x) : K(x?)] = 2. Considering the chain 
of fields K(x?) C K(x) C K(x,a), we can conclude that the degree of the 
minimal polynomial of a over K(x?) is equal to 6. But a is a root of f(x,y), 
irreducible over K(x). Therefore we have reached a contradiction. 


Solution 2.10. 

The gap in the proof lies in the fact that @ is not a primitive element of 
K(ax,a) over K(x”), that is K(x,a) 4 K(x?,a). To better understand the 
situation look at the following diagram of fields. 


x, a) 


K( 
K(x?,a) K(x) 
K (ax?) 


( 


Exercise 2.11. 

Let f(x) be a monic irreducible polynomial of degree n with coefficients 
in Z and let p be a prime number. Let aj,...,a@,, be the roots of f and 
g(x) = (v—a)-+-(z— a). Show that p” | Res, (g(x), f(2)). 


Solution 2.11. 
Let h(x) = f(a?) — (f(x))”, then h(x) = pu(x)) with u(x) € Z[x]. We have 


hence the result. 
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Exercise 2.12. 
Let m be a positive integer. Show that the polynomial with integral coef- 
ficients f(x) = (2? + 2)™ — 2™ sx is irreducible over Q. 


Solution 2.12. 

Let a be a root of fm(x) and let 6 = (a? + 2)/2. Since a = 8", then 
Q(a) = Q(B). Easy computations show that 6?" — 28 +2 = 0, hence 8 
is a root of the polynomial g(x) = x?" — 2x + 2 which is irreducible over 
Q by Eisenstein’s criterion. We deduce that [Q(8) : Q| = 2m and then 
[(Q(a) : Q) = 2m. We conclude that f,,(a) is irreducible over Q. 


Exercise 2.13. 
Let f(x) and g(x) be monic polynomials with integral coefficients such that 


gcd( f(x), g(x)) = 1. 


(1) Show that there exist c € Z \ {0}, u(a) and v(x) € Zz] with degu < 
deg g, degv < deg f such that u(x) f(x) + u(x)g(a) =e. 

(2) Let 
I={cé€Z, there exist u(x) and v(x) € Z[a]; u(x) f(x)+v(a) g(x) = c}. 
Show that J is an ideal of Z and that Res,(f(x), g(a)) € I. 

(3) Let co be a positive integer such that I = coZ and let p be a prime 
factor of Res, (f(x), g(a)). Show that p | co. 

(4) Show that we may have co < | Res, (f(z), g(x))|. 

(5) Recall that if we set f(z) = ))y_9aiz”* and g(r) = oy 9 dja, 
then Res,(fx), g(x) is the following (m+n) x (m+n) determinant, 
where the first m-th rows are devoted to the coefficients of f(a) and 
the remaining one’s to the coefficients of g(x), 


ao a... An 0 “ie 0 

0 Gig. heb. VR GR Bot 0 

0 0 wie 0 do «+. An 
R = 

bo by wee bm OV 222. 0 

0 bo bm—-1 Om 0 

0 0 0 bo bm 


and that 


Res, (f(x), g(x)) = (Ao + Ara +--+ Am—12™71) f (a) 
+ (Bo + Biz +++ Bye"? 
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where A; (resp. B;) is the cofactor of the coefficient appearing in the 
first column at the i+ 1 (resp. m+ j+1)-th row. Show that co = 
| Res. (f(x), g(a))|/d, where d = gcd(Ao,..., Am—1, Bo,.--, Bn-1)- 


Solution 2.13. 


(1) Since f(a) and g(x) are relatively prime in Q[z], then by Bezout’s 
Identity, there exist u(x) and v1(x) € Q[a] with degu, < degg, 
degv; < deg f such that ui(x) f(x) + vi(x)g(x) = 1. If we multiply 
the two sides of this identity by the common denominator, say c, of all 
the coefficients of ui (x) and v1 (x), then we obtain the required identity. 
Rasy. 

For any polynomial h(x), with integral coefficients, denote by h(x) the 
reduction modulo p of h(a). Since p | Res, (f(x), g(«)), then f(x) and 
g(a) have a common root in an algebraic closure of F,. Let uo(x) and 
vo(x) € Zia] such that uo(x) f(a) + vo(x) g(x) = co. Reducing modulo 
p the two sides of this identity shows that = 0, hence p | co. 

Let f(z) = 27 +1 and g(x) = x? + 3, then 


Res-(f(x), 9(x)) =(V—1_ +3) = 


On the other hand, we have 2 = (x? +3) — (a? +1) so that co | 2. Since 

the polynomials f(x) and g(x) have a common root, then co 4 1, hence 

co = 2. 

It is clear that Resz,(f (x), g(x))/d € I, thus co | Resz(f(x), g(x))/d. 

Let \ € Z such that Res, (f(x), g(x))/d = Aco. Write co in the form 
)f 


(x)+(Bot+Byr+---+Bh_i2"~")g(a), 


oP 
wr 
Sy 


— 
ey 
i} 


— 
ol 
<a 


co = (AptAjat:: -+Ai, 2™t 


where the coefficients Aj, B; are integers. Multiply this identity by dA 
and subtract it from the following identity 


Resz (f(x), 9(x)) = (Ao + Ara + +++ + Am—12™~*) f (x) 


+ (Bo + Bia +--+ + Bn-i2”"~*)g(a). 
We obtain 
m—1 n—-1 
0= (Suu — d\Al)a rw) fl )+ | $2 (Bj - dB) )a? | (2). 
i=0 j=0 
Since f(a) and g(x) are coprime, then 


n-1 


m—-1 
x) | $°(B; — d\B%)a) and g(x) | S> (Ai — dA Aja 
j=0 i=0 
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It follows that A; = d\A; for 7 = 1,...,m—1 and B; = d\B% for 
j =1,...,n—1. According to the definition of d, we conclude that 
A = +1, so that | Res, (f(x), g(x))|/d = co. 


Exercise 2.14. 

Let K be a field of characteristic 0, f(x) =a" +-+-+ a ,%+ ao and g(x) = 
x” +---+b,2+ bo € K(x]. Let y a new variable and R(y) = Res; (a#” + 
+++ +a,2 + y,g9(x)). Let e be the exact number of roots 6 of g(a), each of 
them counted with its multiplicity, such that f(G) = 0. Show that e is the 
multiplicity of ap as a root of R(y). 


Solution 2.14. 
Let ({1,..., Gm be the roots (distinct or not) of g(x) in an algebraic closure 
of K and let 
F(z,y) = f(x) -ag+y =a" +--+ ae+y. 
Let P(x,y) = |], (« — F(8;,y)), then P(x,y) has the form: 
P(a,y) = 2™ — Am—1(y)e™* + + (1) Ar (ye + (-I)™ Ady), 


where A;(y) = Dens yes F(85,y); for i=0,...,m-—1. We have 
Ao(y) = [[ F(6).y) = Rese(g(x), F(a, y)) = R(y). 
j=l 
Since £F(6;,y) = 1, then 


R'(y) = DOT FUG.) = 41). 
i=1 j fi 

By induction we may prove that R™)(y) = A,(y) for k = 0,...,m—1. 
This preparation being done, let e’ be the multiplicity of ag as a root of 
R(y). We have R(a) = R’(a9) =--- = R&@'~) (ag) = 0 and R@? (ag) 4 0, 
hence Ag(ao) = Ai (ao) = ++: = Aer_1(@o) = 0 and A, (ag) £ 0. It follows 
that 0 is a root of P(x,aq) of order e’. But the roots of P(x,ag) are 
F(61,a9),---,(G8m,ao). Since F(G;,a9) = f(G;) for i = 1,...,m, then 
there are exactly e’ elements among (4,..., 2m such that f(G;) = 0, hence 
e=e'. 
Exercise 2.15. 
Let K be a field, 11, 72,73 be the roots of P(X) = X3— 8, X?7+s2X —s3 € 
K[X] in an algebraic closure of K. Let D(s1, $2, 53) be the discriminant of 
P(X). Recall that 


D(s1, 82,83) = —4s?s3 + 8783 + 18818283 — 2783 — 483. 
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Let 
2 2 2 2 2 2 
A= ox, +0305 +4103 and B= 2125+ 9434+ x32}. 


(1) Show that A+ B = 5182 — 383 and AB = 9s2 + s3 — 6515283 + s}s3. 
(2) Show that A = B if and only if D(s1, s2, 53) =0. 


Solution 2.15. 


(1) We first compute a; = yj a! for j = 2 and j = 3. We have o2 = 
s? — 250, 
3 


03 = So (sia? — 89%, + 83) 
i=l 


= 8102 — 8182 +383 
= s? — 35182 + 383. 
We have 
A+ B= 8109 — 03 = 8182 — 383 and 
AB= S- rer jtp + S- ao + 383. 
i,j,k distinct i<j 
It is clear that 


y Lia Lh = $303 = 8383 — 3818283 + Saks 
1,j,k distinct 


We have 


S > a}a? = So (sia7 — sox, + 83) (8125 — 89%; + 83). 
i<j i<j 
(2) We have A = B if and only if (A + B)? — 4AB = 0, if and only if 
—4s$s3+3s753+18815983—2782—4s3 = 0, if and only if D(s1, s2, 83) = 0. 


Exercise 2.16. 

Let K be a field, a and £ be algebraic elements over K of degree m and 
n respectively. Suppose that the elements a’8) for i = 0...,m—1 and 
j =0,...,n—1 are ordered (for some given order). Denote these elements 
by w1,.--,@mn- Let w= a+ 8. Show that for any h € {1,...,mn}, pwp, 
may be written in the form pw, = )>;""| aj,wi, where aj, € K. Deduce that 
it is possible to use a determinant in order to compute a monic polynomial 
f(x) € K[a] of degree mn such that f(z) = 0. Compute this polynomial 
when K =Q, a= V2 and 6 = V3. 
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Solution 2.16. 
We have 


pwn = (a+ B)wn = (a + B)a™) BI) = giM+1 BI) 4 Qilh) Bih)+1 
where i(h) € {0,...,m—1} and j(h) € {0,...,n—1}. If i(h) < m—-1, 
then a‘(”)+185(%) is equal to some wy,. If i(h) =m — 1, then 


m-1 
qith)+1 git) — (- S- va) path) 
i=0 


which is a linear combination of the w;. The same argument applies for 
the second term of ~uw;,. Consider the set of all the expressions of pw, for 


h=1,...,mn as linear combinations of the u;, 

LW, = aw Shea iin, h=1,...,mn, 
where al € K for 7 =1,...,mn 

We may write these equations in the form: 
alu +--+ (ab — pwn +---+a",,Wmn = 0, h=1,...,mn. 

We may view this system as an homogeneous linear system of equations 
with a non trivial solution (w1,...,wWn). Hence its determinant vanishes. 
We thus obtain 

(ay = Lt) ay Ciriys 

2 1 
ay (a3 o~ i) mn) — 9 
ay” ayn we. (Ginn — 1) 


This shows that ps is a root of a monic polynomial of degree mn with 
coefficients in K. When K = Q, a = V2, 8 = V3 and p = a+ B, we 
have wy, = 1, w2 = V3, ws = V2 and w, = V6. We obtain the following 
relations: 

Hwy = We +W3, pW, = 3w, +4, 

pws = 2w, +uw, and pw, = 2we + 3w3. 
It follows that 1,w1,w2,w3,w4 is a non trivial solution of the following 
homogeneous, linear system of equations: 


— pW, + We +w3 =0 


3W1 — Wwe +w4 = 0 


2w1 — pw3 +w4 = 0 
2W2 + 38w3 — pws = 0. 


Equating to 0, the determinant of this system, we get the equation p+ — 
10u? +1=0. 
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Exercise 2.17. 
Let K be a field of characteristic 0, f(a) be a non constant polynomial with 
coefficients in K. Suppose that f(0) = 0 and that f’(z) | (f(z))*. Show 


that there exist c € K and a positive integer d such that f(x) = cx’. 


Solution 2.17. 
Let f(x) = eT (# —a;)” be the factorization of f(x) into irreducible 
factors over an algebraic closure of Kk. We have 


k 
f'(x) = eg(a) [](@ — ai)", 
i=1 
where g(a) = eae di |] ,4;(@—-a,). Clearly, for any i = 1,...,k, g(ai) #0. 
Since g(x) | (f(x))?, then g(x) is a constant. Since deg g(x) = k — 1, then 
k = 1. The hypothesis f(0) = 0 implies the result. 


Exercise 2.18. 

Let (a;,b;) for « = 1,...,& be distinct couples of non negative integers 
such that 0 < a; < b;. We say that this set of couples is a disjoint covering 
system if for any non negative integer n, there exists a unique 7 € {1,...,k} 
such that n = a; (mod b;). 


(1) Let 6 = lem*_, (b;). Show that (a;,b;), i= 1,...,k is a disjoint covering 
system if and only if for any integer n, 0 < n < b—1, there exists a 
unique 7 such that n = a; (mod 0;). 

Show that (a;,0;),7=1,...,k is a disjoint covering system if and only 
if 


(2 


New 


Kl gti 1 
Dom =e 
(3) Let (a;,b;) fori =1,...,& be distinct couples of non negative integers 
such that 0 < a; < b;. Let m > 2 be an integer. Define the couples 
(a;,b5) by 
(i) U, = b; and aj = a; fori =1,...,k—1. 


(ii) b,4; = mb, and a,,; = ax + jbe for j =0,...,m—1. 
Show that (a;,0;),7=1,...,k is a disjoint covering system if and only 
if (a4, bi), 0 =1,...,k+m-—1 is a disjoint covering system. 


(4) If (ai,b;), 7 = 1,...,k is a disjoint covering system, show that there 
exists one and only one 7 such that a; = 0. 

(5) If (a;,b;), i =1,...,& is a disjoint covering system, show that for any 
i,j such that 7 4 j, we have gcd(b;,b;) £1. 
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(6) If (a;,b;), 7 = 1,...,k is a disjoint covering system, show that there 
exists one and only one 7 such that a; = b; — 1. 

(7) Show that (a;,b;), i =1,...,k is a disjoint covering system if and only 
if for any positive divisor d of some 6; and for any primitive d-th root 
of unity w, we have 


wd “43 ifd=1 


ia, 2 0 ifdAl. 


(8) For any divisor d > 2 of some b;, we denote by q(x), the d-th cyclo- 
tomic polynomial and we set wWa(x) = ysdlb, rae Show that (a;, b;), 
i =1,...,k is a disjoint covering system if and only if ye b;* =1 
and ¢q(«) | %a(a) for any divisor d > 1 of some 6;. By using this char- 
acterization of disjoint covering system, show that the couples (0,4), 
(2,4), (1,6), (3,6), (5,12), (11,12) form such a system. 

(9) If (a;,b;), @ = 1,...,k is a disjoint covering system, show that 
Dyer (4:/bi) = (& - 1)/2. 


Solution 2.18. 


(1) The necessity of the condition is trivial. We prove the sufficiency. Sup- 
pose that the integers in the range [0,6 — 1] are covered and let n be 
a non negative integer. Let gq and r be non negative integers such that 
n = bqt+r with r € {0,...,b—1}. By assumption, there exists a unique 
é such that r = a; (mod 6;). We deduce that n = r (mod b;) = a; 
(mod 6;). The uniqueness of i may be proved in a similar way. 

(2) We have the following equivalences. 


k 
(ai,0;) is a disjoint covering system <> > eo = S- s: grit thi 


n>0 i=1 t>0 
1 i t 
i ee) 
i=1 t>0 
1 ‘ aot 
oa Lae 2, L— bi 


(3) It is sufficient to prove that for any x € N, « = ax (mod 0,) if and only 
if there exists j € {0,...,m—1} such that x = a,4; (mod mb;,). This 
equivalence is true since a, + b,.Z = Chir (an4 5 + mb,Z). 

An alternative way to prove this result is to use the identity proved in 
(2). Actually, it is easy to prove that °*_ = yy * atk 


l-aok J=O 1—g7bx * 


(4) 


(5) 
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Suppose that (a;,b;), 7 = 1,...,k, is a disjoint covering system, then 
setting x = 0 in the identity proved in (2), we get }7,,-) 1 = 1, hence 
the conclusion of the proof. 

By contradiction, suppose that there exist i and 7 with 1 # j such 
that gcd(b;,b;) = 1. By the Chinese remainder theorem there exists 
a non negative n such that n = a; (mod b;) and n = a; (mod b,), 
which contradicts the uniqueness in the definition of a disjoint covering 
system. 

Replacing x by «w~*, in the identity proved in (2), we obtain 
yu oe =~. Putting x = 0 leads to eee Dh, 
hence the result. 


‘ : . : k a4 A 
Decomposing into partial fractions, we have )7;_, 7s; = owen a), 


1 


where 
Q={weC, there exists i such that w =1} 
and 
i (a — w)a% 
A(w) = > rae 
A eke 
=~ in 2 Tena 


Let i and d such that d | b; and let w be a root of 


gi(z)=2"—-1= J] (@-2). 


a,obi=1 
We have 
gw) = JT] wa) = bw) = byw? 
a,a°%t=lafxw 
Therefore A(w) = — Ds aay a These computations being made, 
we conclude, using (1), that (a;,b;), i =1,...,k is a disjoint covering 


system if and only if A(1) = —1 and A(w) = 0 if w # 1, thus by the 
preceding calculations, if and only if for any positive divisor d of some 
b;, we have 


ws [1 ifd=1 
ilo ifd4Al- 
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(8) The proof is a simple consequence of (7) and the observation that ¢a(x) 


is the minimal polynomial of w over Q. We verify that the given set of 
couples is a disjoint covering system. We have 


Sorter il. st 2 
ie soe ane tks; ee a al 
The set of all the divisors greater than 1 of some 6; is {2,3,4,6, 12}. 
The corresponding cyclotomic polynomials are given by: 


go(r) =a2+1, a(x) = 2? +241, dale) = 2? +1, 
do(x) =a? —2 +1, oio(x) = a*-— 27 +1. 


We compute the polynomials Wa(xz). We have 
wo(x) = 21/124 2°/124+ 29/64 27/44+2/6+1/4, 
w3(2) = 2"' /124+ 2° /124 23/6+2/6, 
wa(e) = 2" /12 4 @° /124 27/44+1/4, 
we(x) = v1" /124 2° /12 + 23/6 + 2/6, 
Wro(x) = 21/12 + 2° /12. 


Let i and 7 be the roots of ¢4(x) and ¢3(a) respectively. Then —j is 
a primitive 6-th root of unity and 27 is a primitive 12-th root of unity. 
We have 


2 | b2 > Y2(-1) =0 
63 | v3 > v3(j) = 0 
ba | Ys => Ya(i) = 0 
b6 | Ve > ve(—Jj) = 0 
p12 | Pi2 > Yie(ij) = 0. 
We omit the verifications that ¢q(x) | pa(x). 
Let 
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Since, by (7), limz+1(0(x)) = 0, then 
lim (B(x)) = 6 (1) 


rl 


On the other hand, using (2), we get B(w) = > +4. Dividing 
numerator and denominator of this fraction by 1 — x and letting x 
go to 1, we obtain lim,_,;(B(x)) = = Se s. Equating the limits 


obtained by the two ways, we get pes i= $(k—1). 


Exercise 2.19. 
Let n > 2 be an integer, € € C be a primitive n-root of unity and ®, (a) = 


TT ssizn-a (@- €'). 


gced(i,n)=1 


(1) Show that [25 (« — y’) = 2” —1 (mod &,, 
(2) Deduce that Tae y)=art+.---+2+4+1 (mod ©,(y)). 
(3) Suppose that n > 3. Show that n is prime if and only if 


n-1 
(27-+1)=1 (mod 2" —1). 
j=l 
Solution 2.19. 
(1) Let 
n-1 
j=0 
then F'(x,€) = 0. Since ®,(y) is the minimal polynomial of € over Q, 
then F(z, y) = 0 (mod ®,,(y)), thus 
n—-1 ; 
[[@-’) =2"-1 (mod &,(y)). (Eq 1) 
j=0 


(2) Easy. 


46 


Galois Theory and Applications: Solved Exercises and Problems 


(3) Notice that the congruence obtained in (2) is valid in Z[x, y], hence we 


may substitute integral values for x and y and obtain a congruence in 
Z. Suppose that n is prime and substituting —1 for x and 2 for y, we 
obtain 


I 27-1) =1-—1+---+(-1)""! (mod ©,,(2)). 


Since n is an odd prime and ®,(2) =1+2+---+2"71, then 

n—1 

(27-+1)=1 (mod 2" —1). 

j=l 
To prove the converse we suppose first that n is even, say n = 2m. Then 
clearly 2+1 | 1, which is impossible. So we may suppose that n is odd. 
By contradiction, suppose that n is composite and let p be the smallest 
prime divisor of n and d = n/p. We write any j € {0,...,n—1} in the 
form 7 = dqg+r, where0 <r<dand0<q< p-—1. Our hypothesis 
is equivalent to 


n-1 
[[@’° +1) =2 (mod 2"- 1), 
j=0 
that is 
p—l1d-1 
[[ [[@“7" +) =2 (mod 2” - 1). (Eq 2) 
q=0 r=0 
Since ®g(x) | «” — 1, then ®q(2) | 2” — 1. Therefore 
p—-l1d-1 
I] [[@“"" +) =2 (mod &4(2)). 
q=0 r=0 


We also have ®4(2) | 27— 1, hence 24 = 1 (mod ©,(2)). Notice that 
this implies that the order, say t of 2 in (Z/a(2))* divides d. Since d 
is odd, then using (1), we deduce that for any gq € {0,...,p — 1}, 


d-1 d-1 
[[@“" +) Je" +1) (mod &4(2)). 
r=0 r=0 


From (Eq 2), we get 


d-1 


[[@" +1 =2 (mod 64(2)). 


r=0 
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It follows that 2? = 2 (mod ©,(2)), hence 2?~' = 1 (mod ®,(2)). This 
implies that t divides p—1, thus t < p. Since t | d and p is the smallest 
prime divisor of d, then t = 1. Thus 2! = 2 = 1 (mod ¢q(2)). This 
is impossible unless ¢g(2) = +1. Suppose that ¢a(2) = +1, then 
[[(@2 — w) = £1, where the product runs over the primitive d-th roots 
of unity. Let 


Z={weC, w primitive d—th root of unity, Im(w > 0)}, 
then 


][ @-+)@-) = +1, 


hence |] <7 |2— |? =1. Set w =a + ib. Since |w| = 1, then 

|[2-—w|? = (2-4)? +6? =5 — 4a. 
Since |a| < 1, then 5 — 4a > 1, thus [],,¢7|2 — w|? > 1 which is a 
contradiction. 
Remark. We may exclude the possibility ¢4(2) = +1, by using Bang’s 
Theorem [Roitman (1997), Th. 3] which asserts that for any integer 
d>1,d+#6, there is a prime | (called primitive prime divisor) dividing 
2¢—1 but not 2° —1 for any k < d. Since in our situation d is odd then 
this theorem applies and we conclude that the prime / divides ¢4(2). 
It follows that q(2) 4 £1. 


Exercise 2.20. 
Let K be a field, a(x) and f(x,y) be polynomials with coefficients in K. 
Suppose that f(x,y) € K(a(x))[y]. Show that f(x,y) € K[a(x), y]. 


Solution 2.20. 
We may write f(x,y) in the form 
f(x,y) = (>: c(ate)' /d(a(x)), 
i=0 

where d(x) and «(2) € Kia] for i = 0,...,n and with 
gcd (co(z),-..,¢n(x),d(x)) = 1. We may suppose also that d(x) is monic. 

First proof. We make use of the contents of polynomials. We 
have cont(f) € Ka], hence d(a(x)) | ci(a(x)) for i = 0,...,n. Since 
gcd(co(x),..-,¢n(x),d(x)) = 1, then there exist uo(z),...,Un(x),v(x) € 
K [a] such that $7)", wi(x)ci(x) + v(ax)d(x) = 1. It follows that 


do ui(a(z))ei(a(z)) + v(a(a))d(a(z)) = 1. 
i=0 
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Therefore d(a(x)) = 1 and then 


= J ei(a(z))y' € K[a(z), 9. 


i=0 


Second proof. Suppose that d(x) is not constant. We have 


Let a and 8 € K such that a(a) = 6 and d(8) = 0, then 


n n 


So ci(a(a))y’ = S° ci(B)y’ = 0. 
i=0 i=0 
It follows that co(8) =,...,= en(8) = d(B) = 0 which is a contradiction to 


Ged (Go) se. sGenle ae)) hs 


Exercise 2.21. 

Let K be a field of characteristic p > 0, P(x) be a polynomial with coeffi- 
cients in K of degree n > 2. If p > 0, suppose that p{n. For any m > 1, 
define P,,(x) by Pi(x) = P(x) and for m > 2, Py(x) = Pm—i(P(x)). Let 
Q(x) € K[a]. For any pe integer m such that degQ < n™ and any 
z€ K, weset f,(Q) =n-™ Dp, (e=z O(€), where the sum runs over all the 
roots (distinct or not) of the polynomial Pm(x) — z in an algebraic closure 
of Kk. 


(1) Show that fp(Q) does not depend on z nor on m (satisfying n™ > 
deg Q). 

(2) Show that the map fp : K[z] — K which maps Q(z) onto f,(Q) is 
K-linear and surjective. 

(3) Show that K[z] = K @ Ker fp. Deduce that, given Q(x) € K[a], there 
exists one and only one A € K such that fp(Q— A) = 0. 


Solution 2.21. 


(1) Set Q(x) = apx* +a,_12*-!+---+a9 where ag, a1,...,a% € K, a, #0 
and k <n™. Let &,...,€nm be the roots of P,,(x) — z in an algebraic 


New 
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closure of kK, then 


gi 
er Rk 
=n 9 0 
j=1 i=0 
k n™ 
St DG 
i=0 j=l 
k 
=n S ai5:, 
i=0 


where S$; = a €.. For any h > 1, let op be the elementary sym- 
metric function of the €;. Using the formulas of Newton [Small (1991), 
Prop. 2.3, Chap. 2}: 
$1 -— O01, = 0, 

Sa —01S¢-1 + 09Sgq-2 -- ++ + (=1)9- 169-48) + (—1)%doa = 0, 
for 2<d <n, we see that Sq is a homogeneous polynomial in o1,...,0¢ 
of degree d if we attribute the weight h for o;,. Since k = degQ < n™, 
then fp(Q) is independent of o,m. Therefore fp(Q) is independent of 
z. We next show that fp(Q) is independent of m. For any | € N, we 
have: 


sa bh W@=45 EY eo 


Pi4m (§)=2 Pio Pm (€)=2 
1 1 1 
ee S- nm Q0) = Ss? fr(Q) 
Pi(E)=z Pm (§)=&' Pi(/)=z 
= fr(Q). 


Let Qi(x),Q2(x) € K[2], m be a positive integer such that n™” > 
Mazx(deg Qi, deg Qz2) and let &,...,2 nm be the roots of P,,(a), then 


fe(Qi + Q2) =n-™ dQ) + Q2(§;)) 


n™ 


=n™ S71 | Q1(&) + nS 7 Q2(63) 
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We also have for any \ € K 


fe(AQi) =n 3 dQ1(G) = AN~™™ S" Qi (E}) = AfP(Q). 
j=l 
We conclude that fp is a linear map. Obviously fp(A) = A for any 
A € K, hence fp is surjective. 


Let Q(x) € K [a], then fp(Q — fr(0)) = 0, hence 
Qi(x) := Q(x) — fre(0) € Ker fp. 


— 
w 
poe 


Therefore 


Q(x) = fp(Q) + Qi(x) € K + Ker fp. 


Since fp(A) = 2 for any \ € K, then K Ker fp = {0}. It follows that 
K [a] is the direct sum of K and Ker ¢. The last statement is therefore 
trivial. 


Exercise 2.22. 

Let K be a field, K be an algebraic closure of K, f(a) be a non constant 
polynomial with coefficients in AK. Suppose that there exist g(a) € K[z], 
1 < degg < deg f such that g(x) — cg(y) divides f(x) — f(y) in K[z, y]. 


(1) Show that c is a root of unity and there exists h(x) € K[x] such that 


f(a) = h(g(2)). / 
(2) Let d be the order of c in K*. Show that h(x) € K[x“). 


Solution 2.22. 


(1) Let n = deg f, m = degg and k = [|]. Let f(x) = 4, ai(x)g(x)* be 
the g-adic expansion of f(x) in K[a] [Lang (1965), Th. 9, Chap. 5.5]. 


We have 
= f(x)— f(y) (mod g(x) — ceg(y)) 
k k 
=S¢ai(x)g(z)' — So ai(y)g(y)' (mod g(x) — eg(y)) 
i=0 i=0 
k 
= )_a(y)'(c'ai(x) — ai(y)) (mod g(x) — eg(y)), 
i=0 
hence 
k k 
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where F(x,y) € K[x,y]. Since the degree in x of the polynomial ap- 
pearing in the left side of this identity is at most equal to m — 1, then 


F'(x,y) =0. We deduce that 
k k 


S“(ca(y))'ai(x) = $2 g(y)*aily). 

i=0 i=0 
Equating the degrees in y of the two sides of this equality, we obtain 
mk = mk + degax, hence deg az = 0, thus a, € K. It follows that 
f= 1, 
Let J be an integer such that 0 < 1 < k. We prove by induction that 
a, = 0 or q € K* and c! = 1. This claim is proved for 1 = k. Fix an 
integer / and suppose that the claim holds for all t such that 1 <t < k. 
Then the above equation reads: 

(cg(y))'ai(x) +--+ + eg(y)ar(x) = g(y)'ar(y) ++ + eg(y)ar(y). 
It follows that a;(y) = 0 or lm = lm + degaj;(y). In this last case, we 
have a)(y) € K* and c! = 1. We conclude that f(x) = h(g(x)), where 
h(a) = Ss ajx'. 
(2) We have seen in the preceding proof that if a; 4 0, then c’ = 1, hence 

d| j. It follows that h(x) € K[x“]. 


Exercise 2.23. 
Let K be a field not algebraically closed, n be a positive integer. For any 
subset S' of K[x1,...,%»] denote by V(S), the set 

V(S) = {(a1,..-,@n) € K",g(ai,...,@n) =0 forany g€ S}. 


(1) Show that there exists f € K[r1,...,2,] such that V(f) = {(0,...,0)}. 
Deduce that there exists f € K[#1,...,2n] irreducible such that V(f) = 
{(0,...,0)}. 

(2) Let m be a positive integer and let fi(21,...,@n),---; fm(@1,---,;2n) € 
K[a1,...,%p]. Show that there exists f(a1,...,@n) € K[ai,...,%n| 
such that V(fi,.--,; fm) =V(f). 


Solution 2.23. 


(1) We proceed by induction on n. If n = 1, the result is clear by taking 
f(z1) = 21. Suppose the result is true for n — 1 indeterminates. Let 
g(t) € K{t], degd > 1 such that ¢ has no root in K. Set ¢(t) = 
azt® +-+-+a,t+ a9 with ag,...,a, € K and a, £0. Let 

x 
b(a,y) = y* (2) 
= apz* + Apa ly Se acy! + agy”. 
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It is clear that V(w) = {(0,0)} (in K?). Let g(x1,...,2%n-1) € 
K[x1,..-,@n—1] such that V(g) = {0} (in K"~'). We show that the 
polynomial 

f(a, 24% ; Xn) = W(9(21, Pes 1 tn—1)s In) 


satisfies the required property. For any (a1,...,@n) € K”, we have 


f(ai,...,@n) =0 g(ai,..-,@n-1) =O and a,=0 


ay dare Qn-1 an 0, 


hence V(f) = {(0,...,0)} (in K”). We prove the existence of 
F € kia,...,@n] irreducible such that V(f) = {(0,...,0)}. Let 
f € K[x1,...,2%»] such that V(f) = {0} and let 


f(@1,---,¥n) = Fi(a1,...,@n)-+-++ Fe (a1,..-,2n) 

be the factorization of f into a product of irreducible factors over K. 
For any i = 1,...,k, V(Fi;) = 0 or V(F;) = {0,...,0} and at least 
for one index io, V(F;) = {0,...,0}. The conclusion follows by taking 
REP. 

By (1), let g(#1,...,%m) € K[ai,...,@%m] such that V(g) = (0,...,0) 
(in K™). Let 

Pigeas ta) = CiGiC anne alee malfives ea) 


then for any (a1,...,@n) € K” we have 


— 
i) 
cae 


f(ai1,.--,%n) =0 fil(ai,...,@n) =-++ = fm(@1,.--,2n) = 0 
 (1,...,2n) EV(fi,-.--;fm)- 


Question. Is the polynomial f in (2) unique? 


Exercise 2.24. 

Let K be a field, A be a subring of K[a,...,%] and F' be its fraction 
field. We say that A satisfies the property (P) if for any f(a1,...,2@,) and 
g(@1,---;Un) € K[x1,...,¢n], f-g © A> fe Aandg€A. If A satisfies 
(P), show that A is integrally closed in K[21,...,2,] and F is algebraically 
closed in K(21,...,2n). 


Solution 2.24. 
Let f € K[a1,...,%] such that f is integral over A, then there exist a 
positive integer m and ao,...,@y—1 € A such that 


f" +Om—1f") + +++ +9 =0. 
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This implies flag. Let h € K[a1,...,%] such that a9 = f-h, then f-h € A. 
Since A satisfies (P), then f € A and h € A. Therefore A is integrally 


closéd in..K |@1,...5%q).. Let 2 € HK (@ij, 025%), where.u,v € K [043.225 8q, 
ged(u,v) = 1. Suppose that * is algebraic over F’, then there exist a 
positive integer m and (ao, bo), (a1, 61),.--;(@m—1,0m—1) € A? such that 
gcd(a;,0;) = 1 fori =1,...,m—1 and 
U\ ™m Am-1 (“y" _ ao Bx 0 
(*) i bm—1 U ae bo : 


We deduce that there exist do,...,dm—1,dm € A such that 
dm” + dm—yu™ lu +++» +dov™ = 0. 


This implies vld,. Let v’ € K[x1,...,2%,] such that d,, = vv’. Since 
dm € A and A satisfies (P), we conclude that v € A and v’ € A. Similarly, 


we prove that u € A. Therefore “ ¢ F and F is algebraically closed in 
K( 2.0%) 2q): 


Exercise 2.25. 

Let K be a field, P(x) and A(z) be polynomials with coefficients in K such 

that P(a) is monic and non constant. Let $(4,p) be the K-endomorphism 

of K[a]/P(x)K [2] such that $(4,p)(f(x)) = A(x) f(x) for any f(x) € K[z]. 

(1) Show that Det ¢(4,p) = Resz (P(x), A(2)). 

(2) Let Q(x) € K[x] be monic. Suppose that P(x) and Q(z) are irreducible 
over kK. Let a and £ be roots of P(x) and Q(x) respectively in an 
algebraic closure of K. Suppose that K (8) C K(q) and let u(x) € K[a] 
such that 8 = u(a). 

(a) Show that for any A(x) € K[a], 
Res, (P(a), A(u(@)) = Resz(Q(«), A(w)”), 
where m = [K(a) : K(8)]. 
(b) Show that for any A(x) € K[z], there exists B(x) € K [az] such that 


Res, (P(z), A(x)) = Res, (Q(x), B(z)). 


Solution 2.25. 


(1) Suppose that the result is true for an algebraically closed field and 
let Q be an algebraic closure of K. Clearly the resultant has 
the same value when we consider P(x) and A(x) as polynomials 
with coefficients in AK or in 2. On the other hand let ~4,p) be 


the Q-endomorphism of Q[x]/P(x)Q(x) such that y4,p)(f(2)) = 
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A(x) f(x), then clearly $(4,p) and ¥(A, P) have the same matrix in 
the basis {1,%,...,2%1} of K[z]/P(x)k{a] over K and in the ba- 
sis {1,Z,...,¢71} of Q[a]/P(x)Q[a] over 2, where d = deg P hence 
Det ¢(4,p) = Det%(4,p). Therefore, we may suppose that K’ is alge- 
braically closed. For any A(x), Ao(x) € K[a], we have: 

Res, (P(x), A1(x)A2(a)) = Res; (P(x), Ai(x)) - Rese (P(x), Ao(x)) 


and 


Det QA, Ao,P) = Det P(A1,P) - Det ®(Ag,P)- 

Hence, it is sufficient to prove the formula when A(z) = a € K or 

A(z) =x—bwithbe K. 

e If A(x) = a, then Res,(P(z),a) = a?®”. The matrix of ¢(a,p) in 
the basis {1,%,...,2¢~-1}, where d = deg P is the diagonal matrix 
alg, hence Det ¢(a,p) = a? = a*°8P, The formula is proved in this 
case. 

e If A(x) =a —}, with be K, then 

Res; (P(x), x — b) = (—1)*8? Resz(a — b, P(x)) = (—1)9*8 ? P(b). 
On the other hand, let y = x — and consider the following diagram 


Q(A,P) 
K{z]/P(x)K[z] K[z]/P(x)K [2] 
0 g-1 
Kly]/Q(y) Ky] ua K{y]/Q(y)K [yl 


where 


Qy) =Py+), V(gy))=ygy) and 4(f(x)) = fy +), 
for any g(y) € K[y] and any f(x) € K[a]. Then obviously it is a 
commutative diagram of K-algebras. Moreover 6 is an isomorphism 
and 6" is its inverse. Since $(4,p) = 9~' o Wo, then Det ¢(4,p) = 
Det 7. Set P(x) = 244+ aq_12* 1+... + a0, then 

Qiy) = Py +4) 
= (y +b)? + aa-i(y +b)9* +++ + a0 
= yy? tegiy? +++ +00. 
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The matrix of w in the basis {1,9,...,y¢~!} of K[y]/Q(y)K[y] is 
given by 


0 0 —Co 
ut 0 = E], 
0 1 —C2 
0 0 —Cqd-1 


Therefore 
Det ¢4,p) = Det wy 

= ~co(—1)!4 

= (—1)%co 

= (-1)*8*Q(0) 

= (—1)%8? P(d). 
We conclude that the formula holds in this case also. 
Let & = [K (8): K] and m = [K(a) : K(6)], then 

BAU Bing h  OOP Nag eR ere ated et 

is a basis of K(a) over K. Let M be the matrix of the endo- 
morphism, multiplication by A(G) in K(() relatively to the basis 
{1,8,...,6*-1} and let N be the matrix of the endomorphism, mul- 
tiplication by A(3) in K(qa) relatively to the basis B, then N is a 


block matrix, where the blocks are filled by zeros except on the 
principal diagonal, where M is repeated. Now we have 


Resz(Q(a), A(w)") 
= Res,(Q(x), A(x))” 
= (Det WM)” 
= Det N 
= Det. of the endo. multiplication by A(@) in K(a) 
= Det. of the endo. multiplication by A(u(q@)) in K(a) 
= Res, (P(x), A(u(x))). 


(b) For any fields E, F' such that F Cc E and any y € E, we denote by 


mel the F-endomorphism of £ such that ms! (a) = ya for any 


a € E. Let B(x) € K[a] such that 
Nx(a)/k(s) (— A(a)) = B(8), 
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then 
Resz(P(x), A(x)) = Det ¢(4,P) 


= Det ay - 


= (-1)™* N(ay/K(A(Q)) 

= Nay/« ((-1)™ Nx(ay/K(8)(A(Q))) 
= Nxiay/K (Nx(a)/K(8)(—A(@))) 

= Nxi)/K (B(8)) 


= Det mE 


= Res, (Q(x), B(x). 
Exercise 2.26. 
Let K be a field, 9 be an algebraic closure of K, d be a positive integer 
and f(a) be a non constant polynomial with coefficients in K. 
(1) Show that the following conditions are equivalent. 


(i) y¢ — f(x) is absolutely irreducible. 
(ii) For any c € K*, y4 — cf(z) is absolutely irreducible. 
(iii) Let f(x) = a(x — a1)"--- (x — as)* be the factorization of f(z) 
in Q[2] into linear factors, then gcd(d,d,,...,d,) = 1. 
(2) Show that the above equivalent conditions hold if gcd(d, deg f) = 1. 


Solution 2.26. 


(1) © (¢) > (i). Suppose that (ii) does not hold and let c € K* such that 
y? — cf(zx) is reducible over Q, say y4 — cf(x) = A(x)B(x) where 
A(x), B(x) € Q[a] and deg A, deg B > 1. Then 

goi4 A(z) 
(sia) - f@) = Bl), 
hence z4 — f(x) is reducible over ©, contradicting (i). 

e (ti) = (itt). Suppose that (iti) does not hold and let e = 
gcd(d,d),...,ds),d’ =d/e and d, = “ for i=1,...,s. Thene > 2 
and 

uy? — f(a) = 9" — ale — a4)" +(e — 04) 
= (y#)° — [al/*(@ — a1)%...(e — as)®]°. 
Set g(x) = al/¢(a — a)" se (U— as)". Then 
y* — f(x) = (y* — g(x))((y* )* + (y* )? 7 g(a) +. + g(x) ?). 
Therefore y? — f(x) is reducible over 2 contradicting (ii). 
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e (iii) > (i). Suppose that y? — f(x) is reducible over 2 and let 77 be 
a primitive d-th root of unity in Q, and a be a root of y? — f(a) in 
an algebraic closure of K(«), then 

y* — f(x) = (y—a)(y—na)---(y—**a) 

and there exist non negative integers 71,...,i, with 1 <r < d such 
that Waily — ani) € Q[x,y]. It follows that a” ie ee ni € Qa], 
hence a” € Q{a]. Let 1 be the smallest positive integer such that 
a! € Q[z]. We show that for any positive integer m such that a” € 
Q[z], we have l|m. Let m be a such integer and let q,t € Z such 
that m = Ilq+t with 0 < t < 1. We have a” = a'4-a!, and 
since a™, a! € Q[z], then a! € Q[z], hence t = 0. We conclude, in 
particular, that I|d and I|r. Therefore | < d. Let g(x) € Q{a] such 
that a! = g(x). Then f(x) = at = (a!)%/! = g(x)%/". Therefore d/I 
divides d; for i = 1,...,s and then gcd(d, di, ...,ds) > 1, contradicting 
(iit). 

(2) Since deg f = di + do +---+ds, then if gcd(deg f,d) = 1, we have 

gcd(d, d,,...,ds) =1. Therefore (iii) holds. 


Exercise 2.27. 

Let K be an algebraically closed field of characteristic 0. A k-tuple 
(t0,%1,---,Up-1) € K*, with x; # x; for i # j is called a cycle of 
f(x) € Ka] if f(a;) = v4, for i = 0,...,k —2 and f(ap_1) = xp. The 
integer k is called the length of the cycle. 


(1) Let (@,21,...,%%-1) be a cycle of f(x) of length k. Show that k is 
smallest positive integer such that f;,(vo0) = Yo, where fx(x) is the k-th 
iterate of f(a). Show that for any positive integer n, fn(ao) = Xo if 
and only if k|n. 

(2) Let g(x) = ax +b with (a,b) € K? and a £0. Determine the possible 
lengths of the cycles of g(x). 

(3) Let h(a) = x? — x. Show that h(x) has no cycle of length 2. 

(4) Let f(x), g(x) € K [az] such that g(ax +b) = af(x)+b with (a,b) € K?, 
a #0 and let k > 2 be an integer. Show that f(a) has a cycle of length 
k if and only if g(a) has a cycle of the same length. 

(5) Let d = deg f and suppose that d > 2. 

(a) Show that f(a) has cycles of length 1. 

(b) Fix two integers n > k > 1. Suppose that f(a) has no cycle of 
length k nor n and let A(x)/B(x) be the irreducible form of the 
rational function F(x) = (fn(a) — x)/(fn—z (a) — x). 
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(i) Show that the number of solutions x € K, counting multiplic- 
ities, satisfying one of the equations F(x) = 0 or F(x) = 1 is 
equal to 2 deg A. 

(ii) Show that the number of distinct zeros of A(x)/B(a) is at 
most equal to od’. 


Un 
<n 
(iii) Show that the number of distinct zeros of the equation 


A(x)/B(x) = 1 does not exceed S> d"—*t*. 
tlk 
t<k 
(iv) Conclude from (ii), (iii) that the number of solutions x € 
K (counting multiplicities) satisfying one of the equation 
A(x)/B(x) = 0 or A(x)/B(x) = 1 is bounded by 


Sod + Sa + dep A dee B= 1, 
I]n t|k 
l<n t<k 
(v) Show that (i) and (iv) lead to a contradiction. Conclude that 
a polynomial of degree at least 2 has cycles of any length with 
possibly one exception. 


Solution 2.27. 


(1) Let k; be the smallest positive integer such that f;,,(%o) = vo and 
let n be a positive integer. If k, | n, then obviously fn(a%o) = Xo. 
Conversely, suppose that f,(xo) = xo. Let q and r be the quotient and 
the remainder respectively of the Euclidean division of n by ky. Then 


0= fn(Xo) = ferqtr(£o) = Fr( Fak: £0) = fr (£0), 


hence r = 0, thus k; | n. In particular ky | k, which implies ky < k. 
If ki <k, then x,, = fr, (@o) = Vo, contradicting the fact that the x;, 
i1=0,1,...,4—1, are distinct. Therefore k, = k. 

We have g,(z) = a"x + b(a"~! +---+a-+41) for every integer n > 1. 
Suppose first that a is not a root of unity and let x) € K such that 
9n(Xo) = Xo, then x(a” — 1) + b(21) = 0 hence xp = ;2.. Since 
g(b/(1 — a)) = b/(1 — a), then g(x) has no cycle of length k > 2. If 
a =1 then g,(«) = «+ nb. If moreover b £ 0 then g(x) has no cycle 
of length k for any k > 1. Ifa =1,b=0 then g(a) = a and g,(x) = x. 
Hence g(a) has one and only one cycle namely {0}. Suppose now that 
a is a root of unity of order m > 2. Obviously {b/(1 — a)} is a cycle 
of length 1. If moreover b £ 0 then {0,9(0),...,gm—1(0)} is a cycle of 


Fah) 
i) 
Nan 


nN 


a 
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length m. If b = 0 and a is a root of unity of order m > 2, then g(x) 
has one and only one cycle namely {0}. 

We have ho(x) = «+ — 2x? + x, hence he(xo) = xo if and only if 
xé(2o — 2) = 0, thus if and only if 29 = 0 or ap = 2. Since h(0) = 0 
and h(2) = 2, then {0} and {2} are cycles of length 1. Therefore there 
does not exist cycles of length 2 for h(x). 

Let L(x) = (a —6)/a and {2xo, g(@0),---,9x—1(%0)} be a cycle of length 
k of g(x), then {l(ao),l(g(xo)),---,l(gx—1(%0))} is a cycle of f(x) of 
the same length. Using L~1(x), we obtain that if f(a) has a cycle of 
length k, then so does g(a). Therefore f(x) and g(a) have the same set 
of length of cycles. 


(5)(a) Since f(z) is not constant and K is algebraically closed, then the 


equation f(2o) = Zo has at least one solution in K, hence f(a) has 
at least one cycle of length 1. 

(b) (i) Obviously the number of solutions of the equation A(x)/B(x) = 
0, counting multiplicities is equal to deg A. The equation 
A(x)/B(x) = 1 is equivalent to A(x) — B(x) = 0. Since 
deg B < deg A, the number of solutions, here also, is equal to 
deg A. Since there is no common solution to the two equations, 
the number of x € K satisfying one of them is equal to 2 deg A. 

(ii) Let ao € K, then zp is a zero of A(x)/B(x) = 0 if and only if 
fn(Zo) = Xo. Since there does not exists a cycle of length n for 
f(a), then this is equivalent to the existence of a positive integer 
i <n such that In and fi(%o) = vo. Therefore the number of 
such xo is at most equal to )>d!. 

Ae 

(iii) Let zo € K, then A(xo)/B(xo) — 1 = 0 is equivalent to f,(x0) = 
fn—k(Xo), that is fr(fn—k(@o)) = fn—z (20). Since f(x) has no 
cycle of length k, this is equivalent to the existence of a positive 
integer t < k such that t | k and fi(fn—z(20)) = fn—z (ao). Hence 
the number of such 29 does not exceed $> d"—*+*, 


tlk 
t<k 
(iv) Let F (resp. G) be the set of zeros of A(x)/B(a) (resp. ae —1), 


then FOG = ¢. Let H C FUG be the set of simple zeros of 
A(x)/B(a) or a, —1. For any zp € (FUG)\FH, let e(xo) be its 
multiplicity as a zero of one (and only one) of the above rational 
function, then x is a zero of (A(x)/B(x))’ with multiplicity 
equal to e(ao) — 1. Let g be the number of zeros of A(x)/B(z) 
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A(z) 


B@) 1 counted with their multiplicities, then 
v) 


g=|Hl+ So eco) 


or 


zo€(FUG)\H 
=|H|+\(FUG)\A|+ SO (exo) -1) 
zo€(FUG)\H 
=|FI+IGl+ >> (Go) -1). 
zo€(FUG)\H 


Using (ii) and (iii), we conclude that 
q< Sod + Scan + deg A+ deg B—1. 


Un tlk 
l<n t<k 


Let m = deg B, then deg A = d” —d”-* +m. From (i) and (iv), 
we conclude that 
2deg A < Sod’ +S oa"-*** + deg A+deg B-1, 


I]n t|n 
l<n t<n 
hence 
d” — qr-k rd Sa 4 DS ea —1. 
In t\|k 
l<n t<k 
We have 
Sod <d+@4---+a"% 
In 
l<n 
=d(l+d+---+d"“*) 
=d(d"-? —1)/(d-1) 
< d?-2 
and 


ye = (r—F+l 4 gn-kt2 4 4g gnoktk-2 
tlk 
t<k 


=d"*H(14+d+---+d*-4) 
23 Yama ae le _ 1)/(d a 1) 
_ (ao = ON Ed oe 1) 
A le 
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hence d” —d"—* < d"-24d"—!. Therefore d* —1 < d*¥-?+d*-!. 
Thus d*~?(d? — d—1) < 1, which is a contradiction except in 
the case k = 2 and d = 2. In this last case, we have 


gu = gn-2 & ae: +4 ae 
Un 


l<n 


hence 
D4 DF CF OP es ROM See, 
We deduce that 
ar<242?4---4 9% 1=2"-1 


and we reach a contradiction in this case also. We have shown 
that for a polynomial of degree d > 2, it is impossible that two 
positive and distinct integers may lie outside the set of lengths 
of the polynomial. Therefore this set is equal to N or N\{ko} for 
some positive integer kg, where N is the set of positive integers. 


Exercise 2.28. 

Let K be a field of characteristic p > 0. A recurrence sequence (uy) of 
elements of K is called linear and homogeneous if there exist a positive 
integer k and a,,...,a, € K such that a, #0 and 


Un = G{Un—1 + GoUn—2 +++: +apun—p for n>k. (Eq 1) 


The polynomial P(x) = x* — ayz*-! — ... — ay and the series F(x) = 


po Unx” are called the characteristic polynomial and the generating 
function of the sequence (uy). Let P(a) = (a — a1)*---(% — a,)*" be 
the complete factorization of P(x) in an algebraic closure of K. 


(1) Show that F(x) may be written in the form F(x) = g(x)/x* P(1/z), 
where g(x) is a polynomial with coefficients in kK of degree at most 
k-1. 

(2) Deduce that if p = 0 or p > maxe;, then, for any n > 0, uy, = o1(n)ap+ 
+++ +0,(n)a’, where o;(x) is a polynomial with coefficients in K of 
degree at most e; — 1. 

(3) Let S be the K-vector space consisting in sequences of elements of K 
and E be subspace whose elements are the sequences satisfying (Eq 1). 
Show that if kK is algebraically closed and the assumptions on p in 
(2) are satisfied, then E is generated by the sequences (u;,;,(n)) for 
i=1,...,r and j; =0,...,e; —1, where u;j,(n) = niia®. 


62 Galois Theory and Applications: Solved Exercises and Problems 


(4) Let t > 2 be an integer and 
Q(a) = (w— af)" ---(@— af) = a* — bya! — by, 


Let (vp) be the sequence defined by vp, = wen for n > 0. If the conditions 
on p in (2) are satisfied, show that (v,) is linear homogeneous that 
satisfies the following relation vp, — bjUn—1 —+ ++ — beUn—~ = 0 for n > k. 


Solution 2.28. 


(1) We have 2*P(1/r) =1-— air —--- — azx*, hence 
a* P(1/x)F(«) = (1 — a,x" —---— a,a*) x iy Di 
n=0 


For n > k, we compute the coefficient c, of x” in the right side of this 
identity and we show that it is 0. Since cp, = Un—@1Un—1—+* -—ApKUn—k, 
then cn, = 0. Set g(x) = x* P(1/x) F(z), then g(x) is a polynomial with 
coefficients in K, of degree at most k — 1 and F(x) = g(x)/x* P(1/z). 
Since P(a#) = (a — a1)*!--- (a —a,)*", then 


— 
i) 
~S 


a* P(1/2) = el = aya) coe (1 = Opt) ° , 
hence 
F(x) = g(x)/(1— ai1x)*---(1— aya). 


Since deg g < k — 1, then the partial fractions decomposition of F(x) 
takes the form: 


ps Ss c a a (1 a) ) 


i=l 


where A;; € K and Aj, # 0. The partial fraction ae is the 


ein} 
(j —1)-th derivative of the fraction ee which may be written 
DigeP ies, 2 aati io 
in the form 4%% an oi". Thus the coefficient of x” in — is 
Jaz Since 7 — 1 < e; —1 < p—1, then this 
coefficient has the form q,;(n)a?, where q;;(x) is a polynomial with 
coefficients in K such that q;;(~) = 0 or degq;;(~) = 7 — 1. Since 
Aie, #0, then deg gic, (x) = e; — 1. It follows that the coefficient of x” 
ae Pret Goan is equal to >), qij(n)a? := qi(n)a?, where 
qi(x) is a polynomial of degree e; — 1 with coefficients in K. Therefore, 


Un = an qg(njar. 


equal to 


in 
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(3) Thanks to (2), we only need to show that the sequence given by 
uij(n) = nia” satisfies (Eq 1). Here 1 <i<rand0<j<e;—1. Fix 
n > k and consider the sequence of polynomials 


Pola) = 2” P(e) S 2” — aye) —---— aga”, 


P,(x) = xP}(a) and in general P(x) = «Pi_,(x). Since a; # 0 and 
a; is a root of P(x), with multiplicity equal to e;, then it is a root of 
Po(x) with multiplicity equal to e;. It follows that a; is a root of P;(x) 
for j7 =1,...,e; —1. Thus 


nia? —a,(n— Ian! — +s ag(n— kan-k Za 


This implies that the sequence (nJa’) satisfies (Eq 1). 
(4) By (2), we have 


Un = (be, yn) ++ + boop te + (OE yn +++ + dp)ar, 
hence 
Unt = (be, 1 (nt) +--+ do )ay +++ + (bE (nt) ort +. +H )an". 


From (3), we conclude that the sequence v, = Unz satisfies the relation 
Un — b1Un—1 — +++ — OKUn—~ = 0, where 1,—5,,...,—b, represent the 
coefficients of Q(z). 


Exercise 2.29. 

Let K be a field of characteristic p > 0, m and n be positive integers. 
Consider the polynomial with coefficients in K, f(x) = 7 * aia?. Sup- 
pose that p{ mn in the case p 4 0. Show that the following assertions are 


equivalent. 


(i) a, =a, for any r, s such that r= s (mod m). 
(ii) The polynomial g(x) = 7") a” divides f(z). 
(iii) Let € be a primitive mn-th root of unity in an algebraic closure of K. 
Then €* is a root of f(a) for any integer s such that 0 << s<mn-1 
and s £0 (mod n). 


Solution 2.29. 


e (i) = (tz). By (i), we may write f(x) in the form 


f(z) = ao > x' +a, y 7 eee, ee » a’, 


i=0 (mod m) i=1 (mod m) i=m-—1 (mod m) 
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hence 
f(x) = ao be vitae ba ae 
i=0 (mod m) i=1 (mod m) 
ieee in ae gi-(m-1) 


i=m-—1 (mod m) 


n-1 
— (x o) (ao tayxter t+ Ge) 


and (ii) is proved. 
(it) = (z). Easy. 
(it) = (itt). Observe that 


and that, from the hypothesis on the characteristic of K, we may con- 
clude that the €*, for s satisfying the conditions 0 < s < mn— 1 and 
s £0 (mod n), are precisely the roots of g(a). The equivalence follows 
easily from these remarks. 


Exercise 2.30. 

Let f(t), g(t) and A(t) be non constant polynomials with coefficients in 
K. Let q(t) and r(t) be the quotient and the remainder respectively in the 
Euclidean division of f(t) by g(t) in K[t]. If f(t) © K[h(t)] and g(t) € 
K[h(t)], show that q(t) € K{[A(t)] and r(t) € K[A(t)]. Show that the 
converse does not hold. 


Solution 2.30. 
Let fi (¢) and gi(t) € K[t] such that f(t) = fi(A(t)) and g(t) = gi(h(t)) and 
let qi(t) and r1(t) be the quotient and the remainder respectively in the 
Euclidean division of fi(t) by gi(t) in K[é], then fi(t) = gi(t)qi(t) + ri(t) 
with degri(t) < deggi(t), hence by substitution of A(t) for t, we have 
f(t) = g(t)a(A(t)) + ri (A(t). Since 
deg rj (h(t)) = deg r; deg hi 

< deg gi deg h(t) 

= deg g, 
then 
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Second proof. The following proof is not really different in nature from 
the preceding one. Let 6: K[t] > K[t] be the unique K-morphism of rings 
such that 0(t) = h(t) and let u(t) € K[t] \ K. Suppose that O(u(t)) = 0, 
then u(h(t)) = 0. Let aj,...@, be the roots (distinct or not) of u(t) in an 
algebraic closure of K. Then (h(t)—a1)--- (A(t)—ay,) = 0, hence h(t) = a; 
for some i € {1,...,n}, which is a contradiction. 

Consider the polynomials f(t) = ¢t° and g(t) = t?. Then they are not 
polynomials in ¢?, while the quotient and the remainder of the Euclidean 
division of f(t) by g(t) are. 


Exercise 2.31. 
Let K be a field of characteristic 0. 


(1) Let k be a positive integer. Show that the series a(x) = )7 459 Ce 
is a root of the polynomial ¢(y) = y* — (1 +2) in an algebraic closure 
of K (a). 

Let f(a) be a polynomial with coefficients in K of degree n = km, with 
k and m > 2. Let a be the leading coefficient of f(a) and let p be a k-th 
root of unity in K. Show that the equation y* = f(x) has a solution y 
in K(p)((1/z)) of the form y = P,,(x) + 0,5) ai(1/z)’, where P,,(x) 
is a polynomial with coefficients in K(p), whose constant and leading 


coefficients are equal to 0 and p respectively. Call this polynomial a 
1/k 


(2 


nN 


polynomial part of the Laurent expansion at infinity of f(a) 


— 
w 
Rutt 


Let f(x) be a monic polynomial with coefficients in K of degree n = 
km with k and m > 2. Suppose that f;(0) = 0. Let Qm(a) be the 
polynomial part of the unique Laurent expansion at oo of f(a)!/* which 
is monic. Show that Q,,(x) is the unique monic polynomial R(x) € 
K[z] such that R(O) = 0 and fi(z) = R(x)’ + a"-™u(1/zx), where 
u(1/x) € K[[1/z]]. 

Suppose that fi(z) = gi(hi(x)), where gi(a) and hi(x) € K[a] of 
degree k and m respectively. Suppose that h(a) is monic and that 
hy(0) = 0. Show that hi(x) = Qm(2). 

Let f(a) as in (2) and let \ and yw € K such that if we set L(x) = 
Af (a) + , then the polynomial fi(z) = L(f(x)) is monic and has 
zero constant term. Suppose that f(x) = g(h(«)) with deg g = k and 
degh =m. Let P(x) be the polynomial part of a Laurent expansion 
at co of fix)!/*. Show that there exist y and 6 € K such that h(x) = 
Pm (a) + 6. 


eS 
oy 
wy 


— 
ol 
wa 
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(6) Show that f(a) = 32+ + 6x° + 5a? + 22 may be expressed in the form 


f(x) = g(h(a)), with g(x), h(x) € Q[a] and deg g = degh = 2. Deter- 
mine h(x) and g(x). 


Solution 2.31. 


(1) Let 6(x) be a root of d(y) in an algebraic closure of Q(x) such that 


nN 


nN 


B(0) = 0. We show that for any positive integer m, 8° (0) = a (0). 
This will imply that a(x) = B(x). Since B(x) = (1+ 2)'/*, then 


BO" (0) = (1/k)(L/k — 1) +++ (1/k — (m — 1)) = a (0). 


Now a(x) € Q(z) C F(a) is a root of ¢(y), hence a(x) is a root of o(y) 
in an algebraic closure of F(x). 

Obviously the roots of ¢(y) are given by a;(a) = pia(x), where p; is 
any k-th root of unity in F. 

Set f(r) = anz" + Gn_12"-1 +--+ +49, with a, =a. We have 


y = f(x)" 
= Gea? aaa” espa” 
ae 1\ ik 
=alltem (1 pe SOE ye. 0200 ) 
a x a xo” 
Putting z(x) = “+ 4+4...4 “+ and using(1), we obtain 


y= qilk z™(1 Zz a))/* 


bl 
oC (thane) 


1S (Maer (Maer 


a= jem J 


Since z(x) has the form z(x) = 4u(1/zx) with u(1/x) € K[1/z], then for 
any positive integer j, z(x)? = +u,(1/x), where u;(1/x) € K[1/a]. It 
follows that 2” z(x)? € K [1/2] for j > m. For j < m—1, 2™z(x)/ is the 
sum of polynomial in x of degree at most m — j and of a polynomial 
in 1/x, thus y has the form y = Pm(x) + 0,59 ai(1/z)', where the 
polynomial P,,(a) satisfies the conditions: its degree is equal to m, 
with leading coefficient equal to p and P,,,(0) = 0. 

We apply (2). Rn fi(x) is monic, then we may take p = 1 and 
then the equation y* = fi (x ) has a solution y in K((1/z)) of the form 
y = Qm(x) + Visob i(1/x)', where Q,,(x) is a monic polynomial of 
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degree m with coefficients in K and such that Q,,(0) = 0. It follows 
that 


k 
fle) =v = ( Qnla) + aC/2) 
k-1 . 
= (An(a))§ + (*) (Qm(x))* So bi(1/2 
;=0 i>0 


k-1 
= (Qn(z))* + > (*) (a™ + Gm—1e™1 +++ +.0)7 >> bi(1/2)' 
j=0 


i>0 


gm(k—-1) 


k-1 st, 
= (Oxley 4 gmk-1) S- (*) (2™ + dm—12 a eee a qo)! B(x) 
j=0 


= (Qn(2))* am (‘) — (1 Ep og peat tas a Be) 


a0 Hf) x Hl 
= (Qm(2))* +2" ™u(1/zx), 
where B(x) = 7, 0:(4)' and u(1/z) € K[[1/z]]. It follows that one 
solution of the equation fi(x) = R(x)’ + x"~™u(1/z) is satisfied by 
R(x) = Qm(a«). We now show that this equation has at most one 
solution R(x), where R(x) is a monic polynomial of degree m with 
coefficients in K such that R(0) = 0. Set 

R(x) =rmae™ + Pm-10" ee tre 


and 


fi(a) = ana” + Gna +e tae 


with ry, = dn = 1. We have 


k 
n m 


S- ait’ = S- rja) | +a™-™u(1/2) 
i=1 j=l 


= iri) rm) $0" ul fe), (Ea 1) 


where the sum runs over all the m-tuples (e1,...,@m) of non negative 
integers satisfying the condition 


ey +-:-+em =k. (Eq 2) 
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Identifying the coefficients of «*™-™*+*, for t = 1,...,m—1, we obtain 
k! a Z 
akm—=m+t = », Gleceeae * me (Eq 3) 
where the sum is over all (e€1,...,@m) with e; > 0, 
S- eq = k (Eq 4) 
i=1 
and 
So ie; = km —m+t. (Eq 5) 
i=1 


Using (Eq 4) and (Eq 5), we get the following equation 57>)", ie; = 
yi me; —m +t, that is 


(m—i)e; =m-—t. (Eq 6) 


(Eq 2) may be written in the form 
€m =k — (er +--+ + €m-1). (Eq 7) 


(Eq 6) implies that m—t > (m—i)e; fori =1,...,m. It follows that 
if7 < t, then e; = 0, thus ey = --- = e_,; = 0. Using the preceding 
inequality for 7 = t, we get e, = 0 or e, = 1. In the later case, by 
(Eq 6), we have e441 =--+ = €m—1 = 0. We deduce that 


k! 

k-1 : eCt+1 m 

akm—m+t = kritmn ; : ! Tid “ ‘Th ‘ (Eq 8) 
e411! “15 €m: 


where 7, = 1 and the sum runs over all tuples of non negative integers 
(€r41,--+,;@m) such that 


Crt tees bem = kand (t + Loerz1 +--+ + mem = km —m+t. 
In the particular case t = m— 1 the sum in (Eq 8) is empty, thus 
Qkm—1 = k’m—1- (Eq 9) 
In any case (Eq 8) has the form 
Qkm—ma+te = kr, + F(rtgi,---, 1m); (Eq 10) 


where F; is a polynomial with integral coefficients depending on k, t 
and m. (Eq 9) determines r,,_1. Using (Eq 10), it is seen that we 
may compute r; by induction for 7 = 1,...,m—1. 
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(4) Since f; and hy are monic then so is g:. Moreover g(0) = 0. Set 
g(x) = x + byp_yx*-14---+d:2, then 
fi(v) = h(a)* + bp_rh(a)*-! +--+ + by h(a) 


(k—1)m De-1h(a)*~* + +++ + bi h(x) 


=A(z)* +a Cai 


= h(x)* + 2"-™u(1/X), 


where u(1/a) € K[1/a]. Since h —1(a) is monic and has a its constant 
coefficient equal to 0, then by (3), we conclude that hi(2) = Qm(z). 

(5) Let a, 8, A, and p, be elements of K such that if we set [i(x) = 
ax + 8, Le(x) = Ax + yw, then the polynomials hi(2) = Li (h(a)) and 
fi(x) = L2(f(x)) are monic and they satisfy the conditions h10 = 0, 
and fi(2) =0. We have 


fi=Lg0f =Lgogoh=(Lg0goLz")oLjoh=(Lg0goLz')ohy. 


Let g1 = LzogoL{", then g; is monic, g:(0) = 0 and fi (2) = gi (hi(a)). 
Therefore we may apply (4); thus hi(x) = Qm(«x), where Q (a) is the 
polynomial part of the unique Laurent expansion at oo of f,(x)!/* 
which is monic. We deduce that h(x) = Ly‘ (h(x)) = Ly'(Qm(z)). 

(6) Let fi(x) = f(x)/3 = x* + 2x3 + 5/32? + 2/32, then 


fila)/? = w? (1+ 2/x + 5/(3x”) + 2/(3e*)) 


a (1 ¥ ee (2/x + 5/(3x2) + 2/(3e%)) 


1/2 


1 
+ ee (2/a +5/(3x”) + 2/(3x°))? + --- 


1/2 2 Got aks 
+( : ) fe +5730 ) + 2/(32*))7 + ) 
=2?+2+4u(1/2), 


hence Q(x) = 2? +2. Therefore, if f(a) has a right composition 
factor of degree 2, then Q,,(a) is one such right composition factor. 
The answer to this question is positive if and only if there exist d and 
e € K such that f(x) = d(x? +2)? + e(x? +2). Obviously this equation 
has one and only one solution, namely (d,e) = (3,2). It follows that 
f(®) = 9(Qm(2)) with g(x) = 30? + 2a. 
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Chapter 3 


Separability, Inseparability 


Exercise 3.1. 

Let K be a field of characteristic p > 0 and f(a) be a polynomial with 
coefficients in K of degree n > 1. In the case p > 0, we suppose that 
|K| > n and f(x) ¢ K[x?]. Show that there exists a € K such that 
f(a) — a is separable over K. 


Solution 3.1. 

Since f(x) ¢ K[x?], then f(x) 4 0. Let m = deg f(a) and ay,...,am 
be the distinct roots of f (2) in an algebraic closure of K, then m < n— 
1 < |K|. Therefore we may choose a € K such that f(a;) 4 a for any 
i = 1,...,m. For this element, we have gced(f(x) — a, f’(x)) = 1, hence 
f(x) — a is separable over K. 


Exercise 3.2. 

Let K bea field of characteristic p > 0, and a be a root of f(x) = (~—1)*—2 
in an algebraic closure of K. Show that K(qa) is a separable extension of 
K. 


Solution 3.2. 

Since f (a) = 4(a —1)8, then f(x) is separable over K if and only if p # 2. 
If p = 2, then f(x) = (a — 1)*, a= 1 and K(a) = K, hence the answer is 
positive in this case. Suppose that p 4 2. Since the minimal polynomial, 
say g(x), of a over K divides f(x) and this last polynomial is separable, 
then g(x) is separable over K. It follows that a and then K(a) is separable 
over K. 


Exercise 3.3. 


(1) Let K be a field, E be an extension of K and f,g,h € Elai,...,2n]. 
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Suppose that fg = h, h #4 0 and g,h € K[a1,...,a,]. Show that 
f € K[x1,..., 2p]. 

(2) Let L bea field, E be an extension of L. Let f,g,h € E[x1,...,2n] such 
that fg = h. Suppose that the coefficients of g and h are algebraic and 
separable over L. Show the coefficients of f are algebraic and separable 
over L. 


Solution 3.3. 


(1) e First method. For any i = 1,...,n, performing the Euclidean di- 
vision in K(a1,...,£i,---,@n)[xi] of h by g, we obtain the identity 
h = 9g +r, where. q,7- € K(21,.+., 84,5. 58n) [ay] and deg, r < 
deg,, g and where the hated variable inside the brackets is missed. 
We may consider this identity as a Euclidean division in the ring 
E(a1,...,#i,...,%n)[ai]. Since the identity h = gf is also an Eu- 
clidean division in the same ring, we conclude that r = 0. We now 
have f = h/g =4q, hence 


f ENR, K(a21,...,%5,.--;%n) |e] = K[ei,..., en]. 


e Second method. Let d = degf and let F = a eee 
Nii, TY +++ aim, where the \j,...;, are unknowns. We consider the 
equation Fg = h, which is sduivalent to a system of linear equations 
with coefficients in K. This system has one and only one solution, 
namely F = f. Let r be the number of unknowns, then the rank 
of the system is equal to r and all the characteristic determinants 


vanish. Choose r principal equations and solve the resulting Cramer 


system. We obtain j,...i,, = Bias , where Dj,...;,, and D are r x r 
determinants with eosthicients: in ere Therefore iyi, © K for any 
i,--+t, and then f € K[a,...,2p]- 


(2) Let A be the set of coefficients of g and of h and let K = L(A), then 
gh € K[xy,...,%,] and fg =h, hence f € K[a1,...,%n] by (1). Since 
K/L is algebraic and separable, the coefficients of f are algebraic and 
separable over L. 


Exercise 3.4. 

Let K be a field, f(a) and g(x) be polynomials with coefficients in K such 

that g(x) is separable and deg g < deg f. Let a be the leading coefficient of 

g(x) and a1,...,@p be the roots of g(x) in an algebraic closure of K. Let 
r(a) be the remainder in the Euclidean division of f(a) by g(a). Show that 


r(x) =a, £9 TT, ,(e — a4). 
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Solution 3.4. 

Since r(a;) = f(a;) and degr < n, then we may apply Lagrange’s interpo- 
lation formula [Bourbaki (1950), Application: Formule d’interpollation de 
Lagrange, Chap. 4.2] or [Ayad (1997), Exercice 1.14] and obtain 


r(x) = S~ f(aa) [][(@ — 95)/][ (ei — 45). 
i=1 j#i j#i 
Since 


Exercise 3.5. 
Let K be a field of characteristic p > 0 and 
f(z) =an2" + a,_12" | +--+ +a 


be a polynomial with coefficients in K. Suppose that f(a) is irreducible 
over Kk. 


(1) If K is perfect, show that for any positive integer , f (x?*) is reducible 
over K. 
(2) Suppose that K is not perfect. 
(a) If a, =1 and a; ¢ K” for some i € {0,1,...,n —1}, show that for 
any non negative integer A, f (x?*) is irreducible over K. 
(b) Give an example, where the conclusion of (a) does not hold if we 
omit the condition a, = 1. 


Solution 3.5. 


(1) Since K is perfect, then for any a € K, there exists b € K such that 
a = bP. By induction on A, it is seen that for any \ > 1, there exists 
by € K such that a = 0%. It follows that a; = b?”, with b; € K, for 
i=0,...,n. Therefore 


X 

fle?) = oP a” + bP DP 4... 4 oP 
oN 
= (bpt” + bp1z"-* +++» +bo)” , 


thus f(x is reducible over K. 
h P*) is reducibl K 


74 


Galois Theory and Applications: Solved Exercises and Problems 


(2)(a) The proof proceeds by induction on X. The result for A = 0 is true 


mH 


by assumption. Suppose that A > 1, f (xP**) is irreducible while 
f (x?”) is reducible over kK. Then f (x?*) has a factorization over K 
of the form 


f(a?) = g(x)*n(a), (Eq 1) 


where g(x) is irreducible, k > 1 h(x) is monic and gcd(g(x), h(x)) = 
1. Moreover, we may suppose that k > 2 or h(a) ¢ K. Differentiat- 
ing (Eq 1), we obtain 


kh(x)g (x) = —g(#)h (2). 


It follows that h(x) | h' (x), which implies that h(a) = hi(x)?, where 
hi(y) € Ky] and either k = pq or g (a) = 0. In any case, we have 
g(x)* = g(x”)! with gi(y) € Ky]. Now setting y = x?, (Eq 1) 
may be written in the form f(y” ') = gi(y)'hi(y). The inductive 
hypothesis shows that h(y) = 1 and1=1. Thus f(2?") = (g(x)!)?, 
which implies that each a; is a p-th power in K, contradicting the 
assumptions. 

Let K = F(t), where t is a variable algebraically independent from 
x. Let f(x) =t(x — t?), then clearly f(a) is irreducible over K and 
its coefficients, t and t® do not belong to K?. On the other hand, 
we have 


f(a’) =t(a? — t?) =t(x -t)’, 


so that f(x) is reducible over K. 


Exercise 3.6. 

Let K be a field, f(a) be a monic, irreducible polynomial of degree n 

with coefficients in K and @ be a root of f(x) in an algebraic closure of 

K. Let u(#) = A(x)/B(x) be a rational function with coefficients in K, 

such that gcd(A(x), B(x)) = 1 and gcd(B(a), f(a)) = 1. Let S be the set 

whose elements are the coefficients of A(x) or B(x) and a = u(@). Let 

R(S,y) = Rese(f(@), yB(x) — A(a)). 

(1) Show that R(S,y) = Nxo)/x(B(@)) Char(a, K,y). 

(2) Suppose that u(x) = bo +-+-+bn—12"~} (ie. u(x) = A(x) and B(x) = 
1). Consider the subset V of K” given by: 


V = {(bo,..-,bn—1) € K”, u(0) does not generate K(0) over K}. 


Show that V defines a hypersurface in AK” (for the Zariski topology). 
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Solution 3.6. 


(1) Let 0; = 0,02,...,@, be the roots of f(x), distinct or not, in an alge- 
braic closure of kK, then 


R(S,y) = Rese(f(x), yB(@) — A(a)) 


= [[@B(6) — 4(6:)) 


sl 
aa 


I 


B(6) [wu - A(6i)/B(Oi)) 


= SNeaynle (@)) Char(a, K, y). 
(2) Let D(bo,...,bn—-1) be the discriminant of R(bo...,bn-1,y). Let 
(bo,---;bn-1) € K” and u(x) = bo +--+ + bn-12"~! then 
(bo,---;bn-1) € V & u(9) is not a primitive element of K(@) over K. 
& Char(u(0), K, y) is a strict power of Irr(u(@), K, y). 
< S(y) is inseparable over K. 
= R(by..-,bn-1,y) is inseparable over K. 
= D(bo,...,bn—-1) = 0. 


This last equation relating the b; defines a hypersurface in K”. 


Exercise 3.7. 
Consider the polynomials with coefficients in Fz, f(x,y) = 27 +y+1 and 
g(x,y) = 2° +xyty’. Let A = Fy[x,y]/fF2[x,y] and B = F,[z, y]/gF2[z, 9]. 


(1) Show that A and B are integral domains. 

(2) Let E = Frac(A) and F' = Frac(B). Show that FE and F are isomorphic 
as vector spaces over F9. 

(3) Show that there exists no morphism of fields ®: FE > F. 


Solution 3.7. 


(1) Since f(x, y) is irreducible in F |x, y], then f(x, y)F[x, y] is a prime ideal 
of A hence A/fA is an integral domain. The same arguments work for 
B, thus B is an integral domain. 

(2) We first show that any a € E may be represented in a unique way in the 


form a = cen where D(y) € Fo[y] and h(x, y) € Fo[x, y], deg, A < 1. 
Let 4 € E. Since v 0, then there exist a(z, a b(x,y) € Fala, y] and 


Diy ) € Fo[y] such that au+bv = D, hence bv = D. Since D € A*, then 
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oe A* and t= mM It follows that # = %. Since f(x,y) is monic in «, 
then we may proceed to a Euclidean division of ub by f in F2[y][x] and 
obtain ub = fq +r where q,r € F2[x, y] with 0 4 deg, r < deg, f = 2. 
It follows that ub =7, hence # = . 

Consider the map VU : E > F>(v)[0)/(f ), such that for any a = ew) € 
E with deg,(h) < 1, we have W(a) = oieh +(f). Then W is an 
isomorphism of fields, fixing point wise the elements of Fo(y). In the 
same way we prove that F and F2(y)[x]/(g(x, y)) are isomorphic over 
‘o(y). Since {1+ (f),c+(f)} and {1+ (g),z + (g)} are basis of the 
'>(y)-vector spaces then F2(y)[z]/(f) and F2(y)[z]/(g) are isomorphic 
as vector spaces over F2(y). It follows that E and F are isomorphic as 


vector spaces over F2(y), hence isomorphic also as vector spaces over 


2. 
Suppose that there exists a morphism of fields ® : F > E, then obvi- 
ously ®(a) = a for any a € Fg. Denote by @, 9% (resp. &, y) the images 
of x and y in E (resp. in F’). The field F’ contains the cube roots of 
unity 1,5, +1, hence E contains (i) =1, b(5) and B(F + +i) which 
are Aaa iy cube roots of unity. Suppose that &(£) = = 9(i), then 
o(s +1) = 20(i) = 0 which is a contradiction. Similarly, we have 
as +1) 4 ®(i). Suppose that B(5) = B(F + 1), then ®(i) = 0 which 
is a contradiction. It follows that E contains a cube root of unity a # 1. 
Set a = ho(w)+ha(y)e 


Dy) 
we conclude that a? = 1 is equivalent to 


(7+ I)hi(y) (ily) + how) + ho) + holy) Malye + Dy) = 0. 
We deduce the following two equations 
hi(y) (holy)? + @ + I)hi(y)?) = 0 
(7+ Dhily)?ho + holy) +DW) =O. 


— 
wo 
we 


. Using the relations 7? = 7 +1 and z° = z(y+ 1), 
§ y 


Obviously h;(y) 4 0, hence by the first equation y + 1 is a square in 
F.[y], which is a contradiction. 


Exercise 3.8. 
Let K be a field of characteristic p > 0, E be an algebraic and separable 
extension of kK. Let a1,...,a, € E. 


(1) Show that K(ay,...,Qn) = K(a4,...,a2). 
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(2) Suppose that {a1,...,Qn} is a basis of E over K. Show that 


{at,...,a?} is also a basis of E over K. 


Solution 3.8. 


(1) Obviously K(a?,...,a2) C K(ay,...,Qn). Let Q be an algebraic 


New 


closure of K. Consider the map ® from the set of the K-embeddings 
ao : K(ay,...,Qn) 3 Q into the set of the K- embeddings 7 : 


K(at,...,a8) — © such that @(c) is the restriction of o to 
K(at,...,a2). It is easy to see that ® is injective. Moreover since 
K(a1,...,Qn)/K(a?,...,a®) is algebraic, then ® is surjective. There- 


fore, since E is separable, we have 


[K(a1,...,Qn): K] = [K(ay,...,Qn): K]s 


We conclude that K(a?,...,a?) = K(ay 

Since n = ST ene : KK) = [K Ca oP) : K], then to prove 
that {a?,...,a?} is a basis of K(af,..., ae it is sufficient to show 
that these elements generate the vector space K(a?,...,a?). Let y € 
K(at,...,0?) = K[a?,...,a?], then y may be written in the form 


— 1 PYGn =, ree) we aR A 
ie ome Qit in (at) (az) ~~ Qi ..in (ay an ) . 
Express a}/--- a’ as a linear combination of a1,...,@, with coeffi- 


s 7 art bance: n (41,..-,4n) ; 
cients in K, say: aj! -:-ayr = na 103 a,j. Then 


y= S- Ais... os pirrorinday, = Oi ods 3 (Ce) ane 


j=l j=l 


a 


Therefore y € Kaj +---+ Ka’. 


Exercise 3.9. 
Let K be a field, f(a) € K[2] be monic irreducible of degree n and let a 
be a root of f(a) in an algebraic closure of K. 


(1) Let rx(f) be the number of roots of f(x) lying in K(a). Show that 


rk(f) = | Autw (i (a))|. Deduce that rx(f) does not depend on the 
choice of a. 


(2) Let s«(f) be the number of distinct conjugates of the field K (a) over 


kK. Show that rx (f)sxK(f) = [K(a): K]s. Deduce that rz (f) | n. 


78 Galois Theory and Applications: Solved Exercises and Problems 


(3) Let EF be an extension of K. Show that the number of roots of f(z) 
lying in F (resp. in the complement of F in its algebraic closure) is a 
multiple of r«(f). 

(4) Let p be a prime number, f(x) € Z[z] be an irreducible polynomial of 
the form 


f(x) = 27? + aap_o0? 7 +--+ + agz* + ao. 


Show that ro(f) = 2. 
Solution 3.9. 


(1) Let A = {6 € K(a), f(8) = 0} and let 6 : A > Autx(K(a)) be 
the map such that ¢(8) is the unique K-automorphism o of K(a) 
satisfying the condition o(a@) = 8. Then clearly, ¢ is one to one, hence 
r«(f) = |Autx(K(a))|. Let 6 be a root of f(x) and let a : K(a) > 
K(8) be the unique K-isomorphism such that o(a) = 8. Let w : 
Aut (K(a)) > Autx(K(8)) be the map defined by W(p) = apo! for 
any p € Autx(K(a)), then w is an isomorphism of groups. Therefore 
| Autz (F< (@))| = | Autg(K(8))|, which implies that rx(f) does not 
depend on the choice of a. 
Let 2 be the set of roots of f(x) in an algebraic closure of kK. Define the 
following relation in Q. Two elements a, 3 € 2 are related if K(a) = 
K (8). Clearly this defines an equivalence relation. All the classes have 
the same cardinality, namely rx(f). Moreover sx(f) represents the 
number of classes for this relation. It follows that 

re(f)sK(f) = [2] = [K (0) : Ks 
Since this last integer divides n = [K(a) : K], then rx(f) | n. 
(3) If E contains no root of f(z), then the result is obvious. Suppose that E 
contains some root a of f(x), then E contains the class @ of a. Let k be 
the number of classes contained in F, then E contains exactly krx(f) 
roots of f(x). The number of roots of f(x) not in E is equal to the 
difference between: the total number of distinct roots of f(x) (which 
is equal to [K(a) : K],) and the number of roots of the polynomial 
lying in F. Since rx (f) divides both of these integers, it divides their 
difference. 
Obviously, if a@ is a root of f(x), then —a is also a root of f(z). 
Therefore rg(f) is even and re(f) > 2. Since re(f) | 2p, then 
ro(f) = 2 or2p. By (3), re(f) divides the number of real roots of 
f(x). Looking at the derivative of f(a), it is seen that the number of 
real roots of f(x) is at most equal to 2p — 2. Therefore rg(f) = 2. 


— 
iw) 
YN 


— 
ee 
Saco 
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Exercise 3.10. 

Let K be a field, 2 be an algebraic closure of K, f(x,y) € Q[z,y], E be 
the field generated by the coefficients of f over K. Suppose that E/K is 
separable and let [EF : K] = nand o1,...0p be the distinct K-isomorphisms 
of E into Q. Let a be a primitive element of E/K and let g;(x,y) = 
a1 07 (0) F(z, y) for i = 0,...,2—1. Show that g,(a,y) € K[z,y]. 
Suppose that f7%,..., f°" are linearly independent over 2. Show that 
90;--+;9n—1 are linearly independent over Kk. 


Solution 3.10. 
Let o be a K-isomorphism of £ into 2. Then 


n 


9 (x,y) = S- o(o;(0")) f7°% (wy) = gil@,y), 


j=l 
go "ike 
on i 
hence g;(%,y) € K[x,y]. We have =A , where A is the 
Jn-1 ee 
matrix 
1 1 1 
We o1(a) 02(a@) On(@) 
real (a)"-1 o2(a)"! Dass Gla)! 


Clearly this matrix represents a non singular endomorphism of 2” and also 
of (Q{x, y])”. Therefore if the g;, where linearly dependent over K, then 
the f7* would be linearly dependent over (2. 


Exercise 3.11. 

Let n > 4. We say that the number field K of degree n over Q satisfies 
the property P if it is generated by some 6 € K such that its minimal 
polynomial over Q has the form f(x) = «" + az +. Let r be the number 
of real embeddings of K into C. Show that if this property holds for Kk, 
then r < 4. 


Solution 3.11. 

Suppose that P holds for K. By looking at the sign of f’(x), it is easy to 
conclude that if n is even then f(a) has 2 real roots or none and if n is is 
odd f(x) has 1 or 3 real roots. Hence in any case, the number of real roots 
of f is at most 3. Therefore r < 3. 


80 Galois Theory and Applications: Solved Exercises and Problems 


Exercise 3.12. 

Let K be an algebraically closed field of characteristic p > 0, E = K(x, y) 

and F = K(«'/?,y'/). For any c€ K, let F. = E((@+ cy)'/?). 

(1) Show that ifc#c, then F, 4 Fu. 

(2) Deduce that although F'/E is algebraic of finite degree, there may be 
infinitely many fields 2 such that FE COC F. 


Solution 3.12. 
(1) Suppose that cA c’ and F, = Fy. Let 
Oe = (a + cy)/? = al? 4 cl/Pyl/?, 
then we have 
y'!? = (ae — aer)/(cl/? — c!/”) and 
atl? = (MPa! — c/Pa.)/(cl/? — dP), 


hence F, = F. But we have EC F.C F, [F.: E] =pand [F: E] =p’ 
and this contradicts the equality of the fields F, and F’. 

Clearly F/E is algebraic and [F : E] = p?. The family (F.)ccx is an 
infinite family of distinct fields intermediate between F and F’. There- 
fore the assumption of separability is necessary for the conclusion of 
finiteness of the intermediate fields. 


Paes 
i) 
Neat 


Exercise 3.13. 
Let K be a field, E be a separable extension of K of degree n, {a1,...,Qn} 
be a basis of EF over K and {f,...,8n} be the dual basis (for the trace 
map). Let o1,...,0n be the distinct K-embeddings of F into an algebraic 
closure of K. Show that for any (i,7) € {1,...,n}?, 

7i(B1)oj (a1) +--+ + 0%(Bn)oj (Qn) = ij, 


in particular af; +---+anB, = 1. 


Solution 3.13. 
Let A = (cs(a%)) , 


transpose of B, then 


, B= (0;(8)) ya and BF be the 


AB‘ =(T : ) 
TE/K(a B;) (je {1,...n}? 


( 
- (5:5) peru .ms 
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where J, is the identity matrix. This implies that B* is a right inverse of 
A, hence fully an inverse of A. It follows that B‘A = I,,, which gives the 
stated relations. 


Exercise 3.14. 

Let K be a field, F be a finite extension of K, L(E, K) be the set of linear 
forms p: E — K. Let H be the set of the maps p: E — K for which there 
exists 0 € EF such that p(y) = Trg (67), for any 7 € E. 


(1) Show that H is a subgroup of L(E, Kk). 
(2) Show that E'/K is separable if and only if H = L(E, Kk). 


Solution 3.14. 


(1) For any a € EF, denote by T, the map such that T,(y) = Trg/K (a7) 
for any y € E. Obviously H # 0. Let T, and Tg be elements of H and 
A € K, then 


(Ta + Ts)(¥) = Ta(y) + Tay) 
= Trex (ay) + Trex (87) 
= Trp/K((a+ 8)y) 
= Ta+8(7) 


and 


AT (y) — ATre/K (a7) =Tha Gar 


Hence H is a subgroup of L(E, K). 

Suppose that E/K is separable and let p: E > K be a linear form. 
Let {a1,...,Qn} be a basis of E over K. We show that there exists 
6 € A such that p(a;) = Trg/K(9a0;) for any i € {1,...,n}. Set 
6 = S>;,a;0;. We must show that the following system of linear 
equations has a solution (a1,...,d@,) in K”, 


— 
iw) 
YS 


p(ai) = Soa; Trz/K (aia;) for 1=1,...,n. 
j=l 


The determinant D of this system is given by D = | Trz/K (Qia;) F Let 


01,--+-,;Omn be the distinct K-embeddings of F into an algebraic closure 
of K and let let A = |o;(a;)|, then it is seen that D = A*. Since 
Q1,---,Q@p are linearly independent over K, then so are the column 


vectors of A, hence A # 0 and then D # 0. It follows that the above 
system has a unique solution (a1,...,@n) € K”. 
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Suppose that E'/K is not separable, then the characteristic of K is a 
prime number, say p. Since 


[E: K) =(E£: K\,[E: K],=p°[E: Ks, 
where e is a positive integer [Lang (1965), Cor. 1, Chap. 7.4], then the 


trace map from F into K is the zero map. Hence H = {0}. Obviously 
L(E, Kk) 4 {0}. We conclude that H # L(E, Kk). 


Chapter 4 


Normal extensions 


Exercise 4.1. 
Let a € C be a root of f(x) = 2+ — 273 + 22? — 22 +1. Is Q(a), a normal 
extension of Q? 


Solution 4.1. 

We have f(x) = (a — 1)?(a? + 1), hence a = 1 or a = +i. In the first case 
Q(a) = Q, hence normal over Q. In the second case Q(a) = Q(z), so that 
it is the splitting field of the polynomial x? + 1, hence normal over Q. 


Exercise 4.2. 

Let K be a field, E be a normal extension of K, g(x) € E[x] be monic and 
irreducible. Let F' be the field generated over K by the coefficients of g(x) 
and let f(2) = N/K (g(x)). Suppose that F’ is separable over K. 


(1) Show that f(x) € K[a] and f(a) is irreducible over K. 
(2) Show that neither of the conditions E/K is normal, F'/K is separable 
can be omitted. 


Solution 4.2. 


(1) Let n = [F : K] = [F: K], and let o4,...,0, be the distinct 
embeddings of F' into F and o, is the canonical injection. Then 
f(x) = TEL, 97‘(z). Since for any i = 1,...,n, g7(x) € Elz], then 
f(z) € E[az]. Therefore to prove that f(z) € K[z], it is equivalent to 
show that for any K-automorphism 7 of E, we have f7 (a) = f(x). Let 
T be one such automorphism, then f7(x) = []j_, 97°7‘(x). It is clear 
that 7 o 0; is a K-embedding of F into F and roo; 4 T0990; if i Fj. 
Thus f7(x) = f(x) and f(x) € K[z]. 
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We now prove the irreducibility of f(x) over K. Since g(x) is irreducible 
over E, then for any i = 1,...,n, g7‘(a) is irreducible over E, thus 
the factorization f(r) = [[}_, 97*(x) is a factorization of f(x) into a 
product of irreducible factors in E[x]. Let h(x) be an irreducible factor 
of f(a) in K[a], then there exists i € {1,...,n} such that g(a) | 
h(a). We may suppose that i = 1, that is g(x) | h(a). It follows that 
TTL 97 (2) | h(x), thus f(x) | h(x) and then f(z) = h(z) is irreducible 
over Ix. 


(2) We discuss the normality and separability conditions. 


e Normality condition. Let EF =Q G7 27), where 7 is a primitive 
cube of unity and 


g(x) = a7 + x23 4 41/3 = ( — 52/9) (« _ le : 
Then F = Q(2'/9) and 


f(a) =(2 4 p9t/3 +419)(4? + xj 2/3 + paul?) (a? 4 a j22/3 + ja") 
— (oP _— aye : 
This shows that f(a) is not irreducible over K. 
e Separability condition. Let K = Fo(s,t), where s and t are 
algebraically independent variables over Fy. Let E = K(,/s, Vt) 


and g(x) = r+ s+ Vt, then F = E and since F/K is purely 
inseparable, then 


f(x) =(a+Vs+ Vt)* = (a? +5+t), 


hence f(a) is reducible over K. 


Exercise 4.3. 

Let K be a field, Q be an algebraic closure of K, @ = (a1,...,Qm) and g = 
(31,-.-,;8n) be elements of 2”. We say that these n-tuples are conjugate 
over K if there exists a K-automorphism o of 2 such that o(a;) = (6; for 
ete ae (e 


(1) Show that @ and g are conjugate over K if and only if 


for any P(#1,...,2n) € K[a1,...,¢n], P(@) =0> P(B) = 0. 


(2) Determine the conjugates of @ = (V2, 2"/4) over Q. 
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Solution 4.3. 


(1) e 


Necessity of the condition. Let P(x,...,2,) € K[1,...,2n], 
such that P(@) = 0 and let o be a K-automorphism of Q such 
that o(a;) = 6; for i = 1,...,n. We denote by o(@) the element 
(a(a1),..-,0(an)). We have o(P(@)) = 0, hence P’(a(@)) = 0, 
where P’ denotes the polynomial obtained from P by applying o to 
its coefficients. Therefore P(B) =0. 

Sufficiency of the condition. Let P,(«) be the minimal poly- 
nomial of a; over Q, then P\(8,) = 0. Therefore there exist a 
K-isomorphism o : K(a,) > Q such that o1(a1) = 61. Suppose 
that we have constructed a K-isomorphism o, : K(a1,...a,%) > 


Q such that o,(a;) = 6; for i = 1,...,k. Since apy, is al- 
gebraic over K(ay1,...a,) = Klay,...a,], there exists Py41 € 
Kla1,...,%|[@p-41], irreducible such that 


Priilan, sae Qk) (QK+1) = 0, 


hence Pp41(81,---8x)(8e4+1) = 0. Therefore we may extend o, toa 
K-isomorphism o441 : K(a1,...@%41) 3 Q such that o%41(ai) = 6; 
fori =1...,k+1. We apply this conclusion for k = n and extend 
ox to a K-isomorphism o : 2 > Q. Since Q/K is normal, then o is 
a K-automorphism of 2. 


(2) Let o : Q— Q be an automorphism. Since the minimal polynomial of 
21/4 over Q is «* — 2, then its conjugates are +2!/4, +i2'/4. Therefore 
o(2'/4) = 7921/4, where j = 0,1,2,3. Since V2 = (2'/4)?, then 


o(V2) = (#2"/4)? = (—1)) V2. 


Thus the list of conjugates of (/2,2!/*) is given by 


(V2, 21/4), (—V2, i2!/4), (/2, -21/4) and (—V2, —i21/4). 


Exercise 4.4. 

Let K bea field, F be a finite normal extension of K. If FE is separable over 
Kk, show that F is the splitting field of some monic irreducible polynomial 
f(a) over K. Moreover f(x) may be chosen such that deg f = [E : K]. 
Show that the condition of separability cannot be omitted. 


Solution 4.4. 

Let a € E be a primitive element over K, f(x) be its minimal polynomial 
and a, = Q,...,Q» be its conjugates. Then FE = K(a) = K(a4,...,Qn), 
hence F is the splitting field of f(x) over K. Here deg f = [E: K]. 
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For the condition of separability, let a (resp. 3) be a root of 2? — T 
(resp. x? — Z) in an algebraic closure of K = F2(T,Z). Let E = K(a, 8), 
then £ is normal over kK. Suppose that F is the splitting field of some 
monic irreducible polynomial of degree d over kK. Then obviously d = 4. 
On the other hand, let 


y= A(T, Z) + B(T, Z)a+C(T, Z)8 + D(T, Z)ap 
be an element of EF, then 
a? = At 4+ BOT + C22 + DTZ, 
thus y is a root of a monic polynomial of degree 2 over K. 


Exercise 4.5. 
Let K be a field of characteristic p > 0, and E be an algebraic extension of 
kK. Let 


E,={a€E,qa_ separable over K} and 
E;={a¢€FE,a_ purely inseparable over K}. 
We say that E splits over K if EF = E;-E,. For any a € E let s,(a@) denote 


the elementary symmetric function of degree k of the distinct conjugates of 
Q. 


(1) Show that the following propositions are equivalent: 


(i) E splits over K. 
(ii) E is separable over E;. 
(iii) For any a € E, K(s1(q@),...,5m(a@)) C E, where m = [K(a): K]s. 
(iv) For any a € E, Irr(a, K,2) is a p®-th power in E(x) where e is a 
non negative integer defined by the relation p® = [K(a) : K];. 

(2) Show that if E is normal over K, then EF splits over K. 

(3) Let a € E,m = [K(a): K], and p® = [K(a) : K];. Show that 
K(q) splits over K if and only if there exists 1 € {1,...,m} such that 
K(s1(@),..-,;Sm(a)) = K(si(a)). 


Solution 4.5. 


(1) © (¢) > (i). Since E = E;(E,) and since any element of EF, is separa- 
ble over kK, thus separable over E;, then EF is separable over E;. 

e (ti) > (dit). Leta € E, m= [K(a): K]s, a1,...,Qm be the distinct 
conjugates of a over K and s;,(a) be the elementary symmetric 
function of a1,...,Q@m, of degree k. Consider the following diagram 
of fields. 


Normal extensions 87 


Since E;(a@) = K(a)(E;), then E;(a@) is purely inseparable over 
K(a). It follows that 


[E;(a) : Ei]s = [K(a): K], =m. 


Since a is separable over E;, then [E;(a) : Ej] = m. We deduce 
that Irr(a, E;,x) = []j2,(@ — a;) and then s,(a) € E; C E for 
b= 1,325 

e (iit) > (iv). Let a € E, p* = [K(a) : K]; and m = [K(a): K]s. 
Let f(x) = Irr(a, K, x), then 


fe) = T]@-aip 
- (T-«9) 


= («™ — s3(a)a™ 1! +--+ + (—1)"8m(a))? . 


Since s,(a) € E fork =1,...,m then f(x) is a p°-th power in E(2). 
e (iv) > (2). Let a€ FE, m= [K(a): K]s, p® = [K(a): K]i, 


f(x) = Irr(a, K, x) 


= | | (a —a;)? 
- (B-«9) 
=(g(a))? 5 
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Let 


= 2" — ea b+ + (-1)™en, 


then cz, = (sp)”. Since h(x") = f(x), then cy € K for k =1,...,m 
It follows that s; is purely inseparable over K. By (iv), we conclude 
that s, € E;. Since ais a root of g(x) € E; [x], then [E;(a) : Ej] < m. 
On the other hand, we use the following diagram: 


Since E;/K and E;(a")/K(a?’) are purely inseparable, then 
m = [K(a?’): K] = [K(a”): K]s = [Ei(a?’) : Eis. 
Now since E; C E;(a”") C E;(a), then E;(a”") = E;(a), thus a € 
E;(a®’) C E;- Eg 
(2) We prove that (iii) is satisfied. Let a € E,m = [K(a): K], and 
Q1,---,Q@m the distinct conjugates of a over K, then a; € E for i = 
1,...,m, hence sz(a) € EF fork =1,...,m 
(3) Suppose first that e = 0, that is a is separable over K. In this case 
Sk(a@) € K for k = 1,...,m and K(si(q),...,5m(a)) = K. We also 


have K(a); = K. We conclude that the two conditions K(a) is sepa- 
rable over K(a); and 


K(s1(q@),..-,$8m(a@)) = K = K(s1(a)) 


hold. Suppose now that e > 1. We begin with the necessity of the 
condition. Let a1,...,@,, be the the distinct conjugates of a, 


g(x) = Ile —a) =z" —- si(a)r™* +-+++(-1)""s (a) 
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and 
h(2) = [[@ — a?’ ) =x" —qa™ *+---+(-1)"em 
t=1 
Since f(x) = h(x?) = (g(x))?", then cy € K and cg = (sz(a))” for 
k=1,...,m. 
Since a is not separable over K, there exists ko € {1,...,m} such 


that s,,(a@) ¢ K. Capelli’s theorem [Lang (1965), Th. 16, Chap. 8.9] 
implies that the polynomial x?” — Ck) 18 irreducible over K. Therefore 
[K(sSx,(a@)) : K] = p®. On the other hand since K (a) splits over K, 
then K(s1(a),...,5m(a)) C K(a). We have 


[K(s1(@),..-,Sm(a@)) : K] = [K(s1(@),...,8m(a)) : Ki 


<[K(a): kK]: 
It follows that K(s,(a),...,5m(a@)) = K(sx,(a)). We now prove the 
sufficiency of the condition. Since K(s1(a),...,%m(a@)) is purely insep- 


arable over K, then 
[K(s1(@),.--,5m(@),@) : K(s1(@),..-,5m(a))], =m. 


Since a is a root of 


then 
[K(si(@),..-,Sm(@),@) : K(si(@),..-,$8m(a@))] <m. 
It follows that 


[EK (81(Q), ...; Sm(@), a) : K] 
= m|K(sx) : K] 
= mp* = |K(a): K]. 
We deduce that 
K(s1(Q),..-,;5m(a),a) = K(a) 
that is K(s1(@),...,5m(a)) C K(a), which means that K(q) splits 
over K. 
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Exercise 4.6. 
Let K be a field, f(t) be a non constant polynomial with coefficients in K. 


Suppose that f(a) — f(y) = filw,y)-+-fr(w,y), where fi(x,y) € K[x,y| 
and deg f; = 1 fori =1,...,r. Show that K(t)/k(f(#)) is normal. 


Solution 4.6. 

Clearly fi (x, y) has the form f;(x, y) = aja+b;y+c;, where a;, b;, c, € K and 
aib; £0. Let F(x) = f(x) — f(t), then F(x) is the minimal polynomial of t 
over K(f(t)). From the factorization of f(x) — f(y), it is seen that the roots 
of F(x) in an algebraic closure of K(f(t)) are given by t; = (—bjt — c;)/a;, 
hence 


K(t) = K(ti,...,tr) = K(f(t))(h,---, te) 
is the decomposition field of F(x) over K(f(t)). Thus K(t)/K(f(€)) is 


normal. 


Exercise 4.7. 


(1) Let Q be the algebraic closure of Q contained in C. Show that RN Q 
is not normal over Q. 

(2) Let K be the subset of RM Q whose elements satisfy the condition: all 
its conjugates are real numbers. Show that K is a field and K/Q is 
normal. 


Solution 4.7. 


(1) The irreducible polynomial over Q, f(x) = x? — 2 has a root, namely 
2, in RN Q but not all its roots in this field. Hence (RN Q)/Q is not 
normal. 

Let a and £ be elements of K and let o : K — Q be an embedding, 
then since o(a) and o({) are real, so are o(a + 3) and o(af), hence 
a+ 6 and af € K. Similarly we may prove that 1/a € K if a 4 0. 
Thus K is a subfield of Q. Let f(x) be a monic, irreducible polynomial 
with rational coefficients. Suppose that it has a root 6 in K. Then the 
conjugates of @ are real, hence f(x) splits into linear factors over K. 


(2 
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Exercise 5.1. 

A Pythagorean triple is a triple (a,b,c) of positive integers such that 
a’ +b? = c?. Let a, b, c be positive integers. By using Hilbert’s Theorem 90, 
show that (a, b,c) is a Pythagorean triple if and only if, permuting if neces- 
sary a and b, there exist positive integers m,n, A such that gcd(m,n) = 1, 


a= X(m?—n?), b=2\mn and c=X(m?+n?). 
Solution 5.1. 


e Sufficiency of the condition. Obvious. 

e Necessity of the condition. Let i = /—1 and K = Q(i). The 
identity a? + b* = c? may be written in the form Nx/g(a/e+ib/c) = 1. 
Since K/Q is a cyclic extension, then by Hilbert’s Theorem 90 [Lang 
(1965), Hilbert’s Theorem 90, Chap. 8.6], there exist rational integers 
my, n1 such that 


a/c + ib/e = (my + iny)/(my — in) = (my + in1)?/(m? +3). 
It follows that 
a/c = (mj —nj)/(m}+nj) and 
b/c = 2myn1/(m? + n?). 


Let d = ged(m1,1)and let m and n such that m,; = dm and n; = dn, 
then 


a/c = (m? —n?)/(m? +n?) and 
b/c = 2mn/(m? + n?). 
It follows that 
a= X(m?—n?) and b=X(2mn) 
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with A = c/(m? +n?) € Qt. It is easy to see that a or b is even. 
Transposing them if necessary, we may suppose that b is even. This 
being noticed, let p be a prime number dividing the denominator of X. 
2 and p | 2mn. If p 4 2, then p|m and p | n, which 
is a contradiction. If p = 2, then since 2 { m and 2 {n, then b is odd, 
which is a contradiction. Thus \ is a positive integer and we get the 


Then p | m?—n 


announced formulas. 


Exercise 5.2. 

A field K is said to be formally real if —1 is not a sum of squares in K. 
If moreover K has no proper algebraic extension which is formally real, it 
is said to be real closed. A field K is said to be an ordered field if K is 
equipped with a total order < satisfying the following conditions: For any 
a,b,c€ K,ifa<bthena+c<b+c and if a < band 0 <c then ac < be. 


(1) Let K be an ordered field and a € K*. Show that a? > 0. Show that 
the characteristic of K is 0. 

(2) Let K bea formally real field, f(x) be a monic irreducible polynomial 
with coefficients in K and a be a root of f(x) in an algebraic closure 
of K. show that if deg f is odd, then K(q) is formally real. 

(3) Suppose that K is formally real and that for any a € K, a or —aisa 
square in kK. Show that any sum of squares of K is a square in K. 

(4) Let K be a formally real field. Show that there exists an algebraic 
extension of K which is real closed. 

(5) Let K be a real closed field. Show that any sum of squares in K is a 
square in K. 

(6) Let & be a real closed field, f(x) be a monic irreducible polynomial 
of degree n with coefficients in kK. Let g(x) € K[a] be an irreducible 
factor of f(x) of degree m. If m is odd, show that m = 1. Deduce 
that if n is odd, then f(x) has a root in K. 

(7) Let K bea field and Sx = {a € K,a is asum of squares in kK}. Show 
that the following conditions are equivalent. 


(i) K is formally real. 

(ii) Sx # K and the characteristic of K is not equal to 2. 

(iii) If )> a? = 0, where the sum is finite, then a; = 0 for all i. 

(iv) K may be equipped with a total order such that it will be an 
ordered field. 


(8) Show that (RM Q)(z) = Q and that RN Q is real closed. 
(9) Let K be a formally real field, m be a positive integer. Let a1,...,@m 


(10) 
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be positive elements of K such that for any 1 < i < m-—1, 
Jain £ K(/a1,..., fai). Let E = K(\/ai,...,./@m). Show that E 
is formally real. 

Let K be a real closed field. 


(a) Show that the polynomial x? + 1 is irreducible over K. 

(b) Let i be a root of x? + 1 in an algebraic closure of K. Show that 
any polynomial f(x) = 2? + ux +, with coefficients in K (i), has 
its roots in K(i). 

(c) Show that K(i) is algebraically closed. 


Solution 5.2. 


(1) 


Notice that, since for any a € K*, a+(—a) = 0, then a > 0 if and only 
if —a < 0. Now to prove that a? > 0, we may suppose that a > 0. 
Then multiplying by a, we get the desired result. Suppose that the 
characteristic of K is a prime number p. Then 1+1+---+1=0. We 
have0O<1<141<---<1+4+1+4+---+1=0, which is a contradiction. 
Thus the characteristic of K is 0. 

Suppose that the implication does not hold and let f(x) € K(x) be 
monic irreducible such that the implication fails for this polynomial. 
We may suppose that f(a) is chosen so that deg f is minimal among 
all counterexamples. We will get a contradiction. Set deg f = 2n+ 1. 
Then —1 = )>;_, ui(a)?, where r is a positive integer, u;(x) € K[z] 
and deg u; < 2n. It follows that 


I+ dowel)? = f(a)g(a), (Eq 1) 


where g(x) € K[a]. Let d = maxi_, degu; and i1,...,i%5 such that 
degu;, =d. For j = 1,...,8, let aj, be the leading coefficient of u;,. 
Then the leading coefficient of the left side of (Eq 1) is equal to > az. 
and since K is formally real, this coefficient does not vanish. Hence 
the degree of the left side of (Eq 1) is equal to 2d thus at most equal to 
4n. We deduce that deg g is odd and deg f+deg g < 4n, hence deg g < 
2n—1. Let h(x) be a monic irreducible factor of g(x) in K[a] and 6 be 
any of its roots. From (Eq 1), we have —1 = 3>;_, u;(@)?, showing 
that —1 is a sum of squares in K(3) contradicting the minimality 
property of the degree of f(z). 

Let a? +---+a?, be a sum of squares in K, where we may suppose 
that m > 2 and a; 4 0 fori =1,...,m. Suppose that this sum is not 
a square in K, then by assumption the opposite is a square, that is 
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—(aj+---+a?,) =a? witha € K. It follows that aj+---+a?,+a? = 0, 
contradicting the fact that Kk is formally real. 
Let 2 be an algebraic closure of kK. Let € be the set of subfields of 
Q which are formally real. This set is ordered by the inclusion and 
any chain of its elements has an upper bound, namely their union. By 
Zorn’s Lemma, let E be a maximal element of €. We show that E 
is real closed. Obviously, E is formally real. Let F' be an algebraic 
extension of E which is formally real, then F' is algebraic over K. 
Thus we may suppose that F’ C 2 and then F = E, which implies 
that E is real closed. 
Let a € K. Suppose that a is a sum of squares in K but not a square 
in K. Then the polynomial x? — a is irreducible over K. It follows 
that K(./a) is not formally real. Thus 

—1 = (a +b Va)? +--+ + (am + bmvVa)”, 
where m is a positive integer and a;,b; € K fori = 1,...,m. We 


deduce that 
m m 
-1 =a +a ~ bp. 
i=1 i=1 
we obtain 


-l= So az + Xe Gb: 
i=1 (i,3) 

contradicting the fact that Kk is formally real. 
Let g(x) be an irreducible factor of f(x) in K [a] of degree m. Suppose 
that m is odd and let a be a root of g(x) in an algebraic closure of 
kK. Then, by (2), K(q) is formally real. Since K is real closed then 
K(a) = K, hence m = 1. 
If n is odd, then f(a) has an irreducible factor g(a) in K[a] of odd 
degree. Apply what was just proved and conclude that deg g = 1, that 
is f(z) has a root in K. 


Setting a = 0” Cy 


j= 


(7) © (ii) > (i). We prove the transpose of this implication. Suppose 


that —1 is a sum of squares in K and the characteristic of K is not 
equal to 2. Set —1 = So a?. Let a € K, then 


2a = (a+ 1)?— (a? +1) = (a+ 1)? + (oa?) (@? +9), 


hence o2((BY +O (GY Ea), 


Since 2 = 17 + 12, then a is a sum of squares, thus Sx = K. 
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(i) > (ii). Obvious. 

(i) = (iii). Suppose that 5> a? = 0, where the sum is finite, and 

one of the a;, say a1, is non zero. We then get —1 = Digi (ai/a1)?, 

contradicting (i). 

e (iii) > (i). Obvious. 

e (iv) = (i). Denote by < be the order in kK and suppose that 
—1= )°a?, where the sum is finite and a; 4 0 for any i. By (1), 
a? > 0 for any i, hence )> a? > 0, a contradiction. 

e (i) > (iv). By (A), let E be an algebraic extension of A which is 

real closed. If we can define an order in EF, which makes this field 

as an ordered field, then K itself will be an ordered field. Thus we 
deal with E. Define in E the relation a < 6 if b—a is a square in FE. 

Obviously this relation is reflexive, antisymmetric. We prove that 

the relation is transitive. Suppose that a < band b<c, then b—a 

and c — b are squares in E. It follows that their sum is a sum of 

squares in /, hence a square in FE by (5). If a < 6, then obviously 
a+ce<b+c. Suppose that a < b and c > 0, then b—a and c are 
squares, hence cb — ca is a square; thus ca < cb. 


(8) The inclusion (RMQ)(i) C Q is obvious. For the reverse inclusion, let 


Ke 


z=a+bi € Q with a andb€R. Then 

a= (z+ 2Z)/2 € (RNQ) and b= (z— 2)/2i1 € (RNQ). 
It follows that z € (RM Q)(i). Since the field (RM Q) is a subfield 
of R, then it is formally real. According to (4), we may consider an 


algebraic extension of it which is real closed. Denote this real closed 
field by E. Then 

(RNQ CECQ=(RNQW, 
hence RN Q = E and the conclusion follows. 
Notice that the set of elements of FE of the form TEs </e* with e; = 0 
or €; = 1 is a basis of EF over K. Thus any element a of E has the 
em € K. The square of 


pes €m LLi=1 V4 9 WARY Ve],..., 


where the u; have similar meaning as the e;. Suppose that —1 is asum 
of squares in F, then expressing each square in the basis of FE over kv 
which was explicitly given above, we conclude that —1 is a sum of the 
form —1 = > 62, 
then the right side of this identity is positive, hence a contradiction. 


IT, a. Since a; is positive for i = 1,...,m, 
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(10)(a) Since —1 is not a sum of squares in K, then it is not a square, 


(b 


) 


WN 


hence a? + 1 is irreducible over K. 

The polynomial f(z) has its roots in K if and only if u? — 4v isa 
square in A(z). Thus to get the result, it is sufficient to prove that 
any a+ bi € K(t) is a square in K(i). Let a+ bi € K(2), then the 
equation a+ bi = (a+iy)? is equivalent to a = x?—y? and b = 2zry. 
If b=0, a > 0 then a = 2? and (,0) is a solution of this system 
of equations. If b = 0, a < 0, then a = —y? and (0, y) is a solution. 
Suppose now that b 4 0. Then y 4 0 and multiplying x + iy by 
—1 if necessary, we may suppose that « > 0. From the second 
equation appearing in the system, we get « = b/2y. Replacing in 
the first equation, we obtain that x is a solution of the following: 
Ax* — daz? — b*? = 0. Set x? = s, then 4s? — das — b? = 0. The 
discriminant of this equation is equal to 16(a?+b?). By (5) any sum 
of squares in K is asquare in K. Thus a? +b? = c? for some c € K, 
which we may suppose to be positive. It follows that s = (a+c)/2. 
Choose the sign +, then since c? > a?, we have ¢ > |a|, which 
implies that c+ a > 0 and the equation x? = s = (a + c)/2 is 
solvable in K. We now have 


b 


x= V(a+c)/2 md y= 


Suppose that there exists a strict algebraic extension E of K(i) 
and let F be the Galois closure of EF over K. Let n = [F': K] 
and G = Gal(F,K). Set n = 2*m, where k is a non negative 
integer and m is a positive, odd integer. Let H be a 2-Syllow’s 
subgroup of G, L = K(@) be its fixed field and f(x) = Irr(0, K). 
Since deg f = [ZL : K] = m and m is odd, then by (6), f(a) has 
a root in K. Thus m = 1 and then n = 2°. We deduce that 
| Gal(F, K(z))| = 2*-1 and since F strictly contains K(i), then 
k > 2. Let H, be a subgroup of Gal(F, K(i)) of order 2*~? and Ly 
be its fixed field. Then K(i) C Li, C F and [Li : K(i)] = 2. This 
implies that there exists a monic irreducible polynomials of degree 
2 with coefficients in K(z), contradicting (10), (b). 


Exercise 5.3. 
Let K be a field and G be a group of ring-automorphisms of K’[¢] such that, 
for any o € G, o(K) = K. Extend in a natural way the action of G on 
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K(t) and let 
K® = {a € K,o(a) =a}, 
K[]® = {f(t) € Kl, of) = f(O} and 
K()° = {f) € KO), o(F() = FO} 


(1) Show that K(t)% = Frac(K[t]®). 
(2) Show that there exists G(t) € K[t] such that K(t)? = K°(6(t)). 


I 


Solution 5.3. 


(1) We first prove that if o € G, then o(t) = at+b for some a,b € K,a £0. 
Since o~+(a(t)) = t, then deg a(t) = dego~+(t) = 1, hence the result. 
It is obvious that Fr(K[t]?) Cc K(t)©. Let u(t) and v(t) € K[t] such 
that gcd(u(t), v(t)) = 1. Suppose that u(t)/v(t) € K(t)%. Then, we 
may suppose that v(t) is not constant and v(t)o(u(t)) = u(t)o(v(t)), 
hence u(t) | o(u(t)). If we set o(u(t)) = u(t)¢(t) with g(t) € K[t], we 
obtain o(u(t)) = v(t)q(t). Writing down a Bezout’s identity 

a(t)u(t) + b(t)v(t) = 1, 

yields the similar one 


a(a(t))o(u(t)) + o(d(t))o((v(t)) = 1, 
which implies q(t) € K*. We now have 

o(u(t)) =cu(t) and o(v(t)) = cv(t) 
for some c € K*. Suppose that we have proved that there exists e € K* 
such that c = e/a(e), then we have 


u/v = (eu)/(ev), 
a(eu) = o(e)o(u) =eu and 
a(ev) = o(e)o(v) = ev 
and the proof is finished. We prove the existence of such an e. By 
performing euclidean divisions, we obtain: 


u(t) = vat) + rit), 

v(t) = ri(t)qo(t) +re(t) and 

ri(t) =rigi(t)q+o(t) +ripa(t), for i=1,...,k, 
with ry 4o(t) € K* and degri+i(t) < degr;(t) for all 7. Apply o to the 
first equation and obtain cu = cvo(qi) + o(r1). We subtract from this 
equation the first one multiplied by c and we obtain: 


—cv(o(m) = q) = (o(r1) a cry). 
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Since v is non constant, dego(qi) = degq and dego(ri) = degri, 
then o(q1) = q: and o(r1) = cri. By induction we may prove that 
o(qi) = q and o(r;) = cr;. Now let e = 1/rx42, then it satisfies the 
required properties. 

By (1), it is sufficient to prove that there exists 6(t) € K[t] such that 
K[t}© = K[6(t)]|. To prove this we distinguish two cases. If K[t]@ 
contains no non constant polynomial, then we may take 6(t) = 1. 
Suppose next that K[t]° contains non constant polynomials. Let 6(t) 
be such a polynomial whose degree is minimal. Clearly K@[6(t)] ¢ 
K[t}©. We prove the other inclusion. Let f(t) € K[t}/¢. Expand 
this polynomial in the 6(t)-basis [Lang (1965), Th. 9, Chap. 5.5]. We 
obtain f(t) = ae a;(t)3*(t), where k is a non negative integer and 
ai(t) € K[t], with dega; < deg G(t) for i = 0,...,k. For any o € G, 
we have f(t) = a(f(t)) = ys o(a;(t))8*(t), hence o(a;(t)) = a;(t) for 
any 0 € G and for i = 0,...,k. Since the degree of 3(t) is minimal 
among non constant polynomials in K[t]@, then a;(t) € K. Therefore 
a(t) € K© and then f(t) € K°[(t)]. 


Exercise 5.4. 
Let f(x) = 2+ — 227 + 2 and a € C be a root of f(z). 


(1) Show that f(x) is irreducible over Q. Without the knowledge of 


Gal(f(x),Q), determine the fields F (if any) such that 
QS FES Qa). (Eq 1) 


(2) Find Gal(f(a),Q) and compute again the fields F’ satisfying the con- 


ditions (Eq 1). 


Solution 5.4. 


1) By Eisenstein’s irreducibility theorem, applied with the prime 2, we 
y 


conclude that f(z) is irreducible over Q. Let F be a field satisfying the 
conditions (Eq 1) and let gr(x) be the minimal polynomial of a over 
F. Since [F : Q| = 2, then gr(x) = (x—a)(x— 8) = x? + ax+b, where 
a,b € F and £ is a root of f(x) distinct from a. Moreover F’ = Q(a, 6). 
Since the roots of f are given by 


V24+1. [v2-1 7 a 
Qy=a= 5 + a 5 ee = a, a3 = @ and ag = —, 


where @ is the complex conjugate of a. We must consider the following 
three possibilities for gr(x). 
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e gr(z) =(a@—a)(x+a) = 2? - a? = 2? -(1+%). 
© gF(x) = (x—-a)(x—-@) = 27 +(a+a)xr+ al? = 27-2 V2t1 ye 4/2, 
© gr(x) = («—a)(a+a) = 2? +(G@—a)a—|a|? = 2? -2i)/ P12 V2. 
In the first case, F = Q(a?) = Q(é) and this field satisfies the conditions 
(Eq 1). 
In the second case F' = Q( v2t1 | V2), which is not a quadratic field. 
In the third case F = Q(t cea 2) and this field is not a quadratic 
field. 
We conclude that there exists one and only one field F’ satisfying the 
conditions (Eq 1), namely F = Q(i). 
Since the roots of f(x) are a, —a, &, —@ and since @ = V2/a, then 
Q(a, V2) is the splitting field of f(x) over Q. 
We show that /2 ¢ Q(a). Suppose that V2 € Q(a), then Q(a) = 
Q(V2, i). we deduce that there exist a,b,c,d € Q such that 

a=atbVv24+c4div2. (Eq 2) 
Using the complex conjugation, we obtain @ = a + by2 — ci — div. 
Adding these two identities, we obtain a + bV2 = 4/ vet It follows 
that 

a? + 2b? + 2abV/2 = 1/2 + V2/2, 

thus 


a? +2b?=1/2 and ab=1/4. 

These equations may be written in the form 2a? + 4b? = 1 and 
(2a”)(4b?) = 1/8. This implies that 2a? and 4b? are solutions of the 
equation y? — y + 1/8 = 0. Since this equation has no rational solu- 
tion, then we get a contradiction, thus V2 ¢ Q(a) and Q(a, V2) is the 
splitting field of f(x) over Q. 

Any field automorphism o of Q(a, V2) is completely determined by it 
action on a and V2. We have o(V/2) = +V2 and o(a) = taor +4. 
Since 


|Gal( f(x), Q| = [Q(a, V2) :Q] =8, 
then all the possibilities for o given above give rise to automorphisms. 
Let a1 be the identity. Label the other automorphisms as follows 


o2x(a)= —a o3(a)= @ 
o2(V/2) = 4/2 o3(V/2) = V2" 
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o7(V¥2)= -V2’ 
and 
ee -—a 
os(V2)= -Vv2 


It is easy to verify that Gal(f(x),Q) is generated by o3 and o7. The 
first generator is of order 2, while the second is of order 4. Moreover, 
we have 


030703 = oe = a3 = ds. 


It follows that Gal(f(x), Q) is isomorphic to the dihedral group of order 
8. Let F be a field satisfying (Eq 1) and let H = Gal(Q(a, V2), F), 
then |H| = 4 and 


Gal(Q(a, V2), Q(a)) C Gal(Q(a, V2), F). 


Therefore H contains 0; and o5. It is seen that the only subgroup 
of Gal(f(x),Q) of order 4 containing o5 is H = {o1,05,02,06} and 
Inv(H) = Q(a?) = Q(i). We conclude that Q(a) contains one and only 
one field F’ satisfying (Eq 1), namely Q(i). 


Remark. We may prove that /2 ¢ Q(a) by using number theory. Let 
A and B be the rings of integers of Q(/2) and Q(a) respectively. Since 
x? — 2 is irreducible over Fs, then 5A is prime. If Q(/2) was contained 
in Q(a), then the splitting of 5B in B would be 5B = PoP» or 5A = Qu, 
where the indices of the ideals P2, Py and Q, denote their respective inertial 
degree. On the other hand, the factorization of f(a) over Fs is given by 
f(x) = (w—2)(@+2)(x? +2). By Exercise 10.30, we have 5B = Q,0)Q5 
and then we reach a contradiction. It follows that /2 ¢ Q(a). 


Exercise 5.5. 
Let f(x) = «4 — 6x? + 6, a be a root of f(z) in C, E be a splitting field of 
f(x) and G = Gal(f(x),Q). 


(1) Show that E = Q(a, V2) and G is isomorphic to the Dihedral group of 


order’ 8, Dy =< 67,07 = 77 =1,76 = °F >: 
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(2) Determine a monic irreducible polynomial g(a) € Q[z] satisfying the 
following conditions. 
(a) degg = 4. 
(b) The splitting field over Q of g(x) is contained in E. 
(c) The Galois group over Q of g(a) is not isomorphic to G. 


Solution 5.5. 


(1) We compute the solutions of the equation f(x) = 0 by setting 2? = y. 

We obtain the quadratic equation y? — 6y + 6 = 0, whose roots are 
34/3. We conclude that the roots of f(a) are given by €,V/3 + €2V3, 
where €, and €. = +1. We may suppose that a = 3+ 3. Let 
B = V3-—V3. We have a8 = V3V2. Since /3 = a? — 3, then 
V2 = aB/(a? — 3). We deduce that E = Q(a, 8) = Q(a, V2). We 
show that /2 ¢ Q(a). Suppose that the contrary holds, then since 
V3 € Q(a), we have 


Q(V3, V2) = Q(a) = Q(v3, V3 + V3). 
We use the following result. 
Claim. Let F be a field of characteristic not equal to 2 and let a and 
b be elements of F’, not squares. Suppose that F(./a) = F(Vb). Then 
a/b is a square in F’. 
Proof. We have a = \+ pVb, with \ and yp € F, then a = \? + 
bu? + 2d\uvV/b, hence » = 0. It follows that (,/a)/(Vb) = yw € F, thus 
a/b is a square in F’. 
Applying this result for F = Q(V/3), we get (3 + V3)/2 is a square in 
Q(V3), which implies that Navyayo((8 + V3)/2) is a square in Q, that 
is 3/2 is a rational square, hence a contradiction. Therefore V2 ¢ Q(a). 
We now have 


[E : Q| = [Q(a, V2) : Q] 
= [Q(a, V2) : Q(a)][Q(a) : Q| 
8. 


We deduce that (G : 1) = 8. To define any element p € G, it is 
sufficient to determine explicitly p(a) and p(V/2). Obviously p(a) = +a 
or p(a) = +6 and p(V2) = +V2. By taking all possible combinations 
of signs, we obtain the eight elements of G. Among them consider the 
automorphisms o and 7 of F such that 


ee = 6 a ey =a 
o(V2) =V2 (V2) =-V2 
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We compute the values of o(() and r((). We have 


= is = V2V3/8 =—a and 


7(8) = (ae a2) \ 2 ae es) ap 
We deduce that 
o*(a) = o(8) = a, 
o°(a) = -o(a) = -8, 
o4(a) = -0(8) =a, 
0? (V2) = 03 (V2) = o4(V2) = V2 and 
T(a) =a, 
7? (V2) = V2 
Thus o* = 7? = 1. We also have 
or(a) = 0%(a) = 8, 


ro(a) =7(8) =—f, 
o°r(V2) = 03 (—V2) =-V2 and 
to(V2) = 1(v2) = —v2, 


hence o?t = To. We conclude that G ~ D4. 
(2) Since 


V3 =a? —3 and V2 = af/(a’ — 3), 


then /3 € E and V2 € E. Let y = V34+ V2 and g(x) = Inr(y7,Q, 2). 
It is seen that g(x) = a4 + 2x? — 11 and the splitting field of g(x) is 
equal to Q(V3, V2). Moreover Gal(y,Q) ~ Z/2Z x Z/2Z, so that the 
conditions (a), (b) and (c) hold. 


Exercise 5.6. 
Let K bea field, f(X) = X"—-a,X""!4+---+(-1)"an € K[X] be separable 
and let a1,...,Q@, be its roots in an algebraic closure of K. 


(1) Let 
M = {P(a1,...,0n) € K[x1,...,2n]; P(ai,...,Qn) = OF. 


Show that M is a maximal ideal of K[a1,..., 2p]. 
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(2) Let G = Gal(f(x), K) and 7 € S,. Show that the following assertions 
are equivalent. 
(i) 7 € Gal( f(a), K). 
(ii) For any polynomial P(a1,...,%) € K[a,...,%n], we have 
P(ay,..-,Qn) =0 => P(r(ar),...,T(@n)) = 0. 
(3) For any tT € S,, \ G, let 
S; = {P(a1,...,¢n) € M; P(r(a1),..-,7(an)) 4 OF} 


(a) Show that S, is a multiplicative semigroup of K[a,...,%,] con- 
tained in M. 
(b) If |K| > n! —1, show that for any 7),...,7 € Sn \ G, we have 
Se, MS, FO. 
(4) Let g(x) = x4 — 6x? + 6. By using (2), show that the Galois group of 
g(x) over Q is isomorphic to the dihedral group of order 8. 


Solution 5.6. 


(1) Let ®: Klay,...,¢n] > K[ai,...,an] = K(a1,...,@,) be the map 
such that ®(P(a1,...,@n)) = P(ai,...,Qn), then ® is a morphism of 
rings. We have Ker ® = M and then 


Klay,...,tn]/M ~ Im ® = K(ay,...,Qn). 


It follows that M is maximal. 
(2) e (¢) = (tt). Let Play,...,¢n) € Kl[i,...,2%,] such that 
P(ay,...,@n) =0. Then since 7 € Gal(f(x), K), we have 


0 = 7(P(ay,..-,An)) = P(t(a1),.-.,T7(An)), 


thus (ii). 
e (it) > (4). Let E = K(a4,...,Q») be the splitting field of f(a) over 
K and let 7 be a permutation of a),...,Q, satisfying the condition 


(it). We extend the definition of + to the whole E and obtain an 
application from EF into EF. Let 


xe B=K(ay,...,Q,) = Klai,...,Qn]- 


Set « = P(aj,...,@n), where P is a polynomial with coefficients in 
K. Define r(x) by r(x) = P(r(a1),..-,7(Qn)). We show that 7 is 
well defined. Suppose that 


P(ay,..-,An) = Q(a1,..-,Qn), 
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then 
(P — Q)(a1,---,0n) =0 
and by (ii), 
(P— Q)(7(a1),-.-,T(an)) = 9, 
thus 


P(r(ai),---,T(Qn)) = Q(7(a1),..-,T(Qn)). 


Obviously 7 is a morphism of fields. Moreover it is a K-morphism 
of £ into E and since E’/K is algebraic, it is an automorphim [Lang 
(1965), Chap. 7.2 Lemma 1], hence 7 € Gal(E, K) 

From (2) it is seen that, for any tT € S, \G, S; #0. Obviously S$; 
is a semigroup of K[a1,...,%p] contained in M. 

The proof is done by induction on m. For m = 1 the result is 
proved in (a). Suppose that S,,---5;,,_, #0 and let P be an 
element of this intersection. The proof is finished if P € S,,,. If 
not let @ € S,,,. We may suppose that Q ¢ S,,N---7S,,_,. If 
for all i € {1,...,m—1}, Q €¢ S,,, the result is established since 
P+Q€ES,,9---S;,,,. It remains to consider the case where for 
some non empty subset J of {1,...,m— 1}, |J| < m— 2, we have 
Q<€S,, for any j € J. For any j € {1,m—1}, consider the equation 
(in x): 


Q(r(a1),---,T(Qn)) + 2P(r(ar),...,7(An)) = 0. 


Any of these equations has at most one solution in K. Since m—1 < 
n!— 1 < |K|, we may choose A € K distinct from all the roots of 
the preceding equations. Let R = Q+ AP, then one verifies that 
RES,N---NS,,,. 


(4) Eisenstein’s theorem, shows that g(x) is irreducible over Q. The roots 
of g(a) are given by 


ay = 3+ V3, Ag = —-A1, A3 = \/3 — V3 and a4 = —a3. 


We will use the following non trivial relations between the roots of g(x): 
ay+a2 = O0andas3+ay4 = 0. Let 7 € Sy, then since a1 +a2+a3+a4 = 0, 
we have r(a1) + T(a@2) = 0 if and only if r(a3) + T(a4) = 0. Thus, 
for the determination of the Galois group of g(x), we use the relation 
a, +a = 0 and forget the second relation. We compute T(a1) + T(a2) 
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for the 24 permutations of aj,...,a4. We find that these expressions 
vanish for the following permutations: 


T = Id,71 = (a1 a3 a2 a4), T2 = (3 4), 73 = T? = (1 A2)(1 Ba), 


T? = (a1 04 02 3), 75 = T1T2 = (1 3) (2 a4), 


I 


TA 
6 = T7772 = (01 2), 77 = TPT2 = (21 A4)(A2 03). 


For all the other permutations, these expressions do not vanish since 
the value of each of them is one of the followings: 


Ay + 3, A, + A4, AZ + A4, AZ + A3. 


By (2), it follows that the Galois group of g(x) is contained in the set 
formed by 79,...,77. Since the splitting field of g(a) contains Q(a1), 
then the order of its Galois group is a multiple of 4 no greater than 
8. The identity a;a3 = V6, and the observation that V6 does not 
belong to Q(a1), show that the degree of the splitting field is at least 
equal to 8. It follows the Galois group is the set whose elements are 
the permutations 79,...,77. Now, 7, is of order 4, 72 is of order 2, and 
we have 7372 = 7271, hence Gal(g(x),Q) is isomorphic to the dihedral 
group of order 8. 


Exercise 5.7. 


(1) Show that Q(V2)/Q and Q(W2)/Q(V2) are Galois but Q(V2)/Q is 
not. 

(2) Let K,E,F be fields such that K C EC F, E/K and F/E are finite 
Galois extensions with Galois groups M and N respectively. Suppose 
that the following conditions hold. 


(a) For any o € M, there exist automorphisms of F extending o. 
Denote by z, one fixed such extension and let M = {20,0 € M}. 

(b) For any 0,7 € M, we have zo2, = 2g7h with he N. 

(c) For each o € M and each h € N, we have zghzz! € N. 


Let G be the subgroup of Aut, (F’) generated by N and M. Show that 
F'/K is Galois and Gal(F, K) = G. 
Solution 5.7. 


(1) Since the extensions Q(V2)/Q and Q(W2)/Q(V2) are quadratic, then 
they are Galois. We show that Q(W2)/Q is not normal. Let p : 
Q(W2) + C be the unique embedding such that p(V2) = iW2. Then 
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p(Q(W2)) = Q(iw2) F Q(V2). Hence Q(V/2)/Q is not normal. Alter- 
natively, we could argue that the irreducible polynomial x+ — 2 over Q 
has a root in the extension, but not all its roots. 

(2) We first compute (G: 1). The conditions (a), (b), (c) show that any 
p € G may be written in the form p = z,h with h € N and zp, € M. 
Suppose that zo,h1 = 2¢,h2, then Ce iil = 2,,. For any e € E, we 
have 


02(€) = 202 (€) = 2o,ha(€) = 20, h1(€) = 20, (€) = o1(€), 


hence 0; = o2 and then z,, = z,, which in turn implies hy = hg. It 
follows that the representation of the elements of G in the form z,h is 
unique, hence (G : 1) = |M||N| = |M||N|. By [Lang (1965), Th. 9, 
Chap. 7.4], F/K is separable. We show that this extension is normal. 
Let 2 be an algebraic closure of K, then it is clear that the number of K- 
embeddings p: F — Q is equal to [F': E][E : K] = |N||M|, hence equal 
to |G|. Let A be the set of all these K-embeddings and let 6: G— A 
be the map such that ¢(p) is the K-embedding F 4 F + Q, where 
i is the canonical injection. Then ¢ is one to one, hence ¢(G) = A. 
Therefore, for any K-embedding p : F + Q, we have p(F) = F, that 
is F'/K is normal. Therefore 


| Gal(F, K)| = [F : K] = |N||M| = |G. 
Since G C Gal(F, K), then G = Gal(F, K). 


Exercise 5.8. 
Let K be a field, E be a Galois extension of K and G = Gal(F, Kk). Let 
a€G. 


(1) Let n be the smallest positive integer such that 0” = Idg. Show that 
n =[E: F], where F is the invariant field of o. 

(2) Let @ € E and m be the smallest positive integer such that 0(3) = 
8. Show that m | n and m is the smallest positive integer such that 
o™ Gal(E, K(8)) = Gal(E, K(8)). 

(3) Let f(a) € K[2] be irreducible and separable, 8 be a root of f and let 
F be the normal closure of K(f) over K. 

Show that F' = K() if and only if for any o € Gal(F, K) we have n = 
m, where n and m are the integers defined in (1) and (2) respectively. 
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Solution 5.8. 


(1) By the fundamental theorem of Galois theory, [Lang (1965), Th. 1, 
Chap. 8.1], E is Galois over F' and its Galois group is cyclic generated 
by o. Thereforen =|<o>|=[E: F]. 

(2) Obviously m | n. We have 

o”™ Gal(E, K(8)) = Gal(E, K(B)) = o™ € Gal(E, K(B)) = 0 (8) = B, 

hence the result. 

(3) Suppose that F = K(G) and let o € Gal(F,K). We already know 
that m <n. Since o(8) = 6, then o™ = Idp, hence m > n, thus 
m =n. Suppose now that for any o € Gal(F, K), the related integers 
m and n are equal. Let 7 € Gal(F, K(G)), then 7(3) = 8, hence 
l=m=n=[F': K(£)]. Therefore F = K({). 


Exercise 5.9. 

Let K be a field, f(x) be an irreducible and separable polynomial of degree 
n with coefficients in K, 71,...,%, be the roots of f(a) in an algebraic 
closure of K, E = K(%1,..-,%n) and G = Gal(E, K). 


(1) For any i =1,...,n, let G; = {0 € G,o(y1) = yi}. Show that Gy is a 
subgroup of G and explain what is G;. 

(2) Let 6 € E be an element whose conjugates over K constitute a normal 
basis of F/K. For any i = 1,...,n, choose and fix o; € G; and let 
Bi = Viseq, Ti(7(9)). Show that 6; A B; ifi Aj. 

(3) Let F(a1,...,@,) be a non zero polynomial with coefficients in E and 
suppose that K is infinite. Show that there exist distinct elements 
Q1,---,Qn € E such that 


(a) any o € G permutes Qj,...,Qn, 
(b) Pl Orete0y) # 0. 


Solution 5.9. 


(1) Since G, = Gal(#,K(71)), then G, is a subgroup of G. Let 7 € 

{1,...,} and let o; be a fixed element of G;, then we have 

e Claim. G; = o;G. 

e Proof. Let o € Gj, then o = 0;(0; ‘a) and clearly 07 'o € G1. We 
prove the reverse inclusion. Let o € 0;G,, 0 = ojh with h € G4, 
then o(¥1) = oi(71) = Vi, thus o € Gj. 

The claim implies that G; is the left coset of G, in G with respect to 

Vi- 
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(2) We may write 6; in the form 8B; = >7,<,,¢,7(9). Since the conjugate 

rae noiG is a partition of G, 
then the {; are all distinct. Moreover, since G operates on G/G by 
translation, then (),..., Gn are conjugate over K. 

(3) For 7 =1,...,n, let 


n 
Ge BP ay = Lay 525s) 
j=l 


and let 
G(@1,...,2n) = F(21(21,...,2n),.--,Ln(1,---,2n)) = F(yi,---,Yn)- 
The determinant of the transition matrix from {21,...,2,} to 


{yi,---,Yn} is equal to Hie; (i — B;), hence non zero, thus y1,..., Yn 
are algebraically independent over K. It follows that G(a1,...,2%n) 4 0. 
The element [1(21,...,%,) belongs to the field K(x1,...,%n)(1) 
which is an algebraic extension of K(a1,...,%,). Let $(@1,...,%n)(Z) 
be its characteristic polynomial and let D(a1,...,2n) be the discrimi- 
nant of this last polynomial. We have D(x1,...,%n) #0. Otherwise 


ay + 228i +++++ tn Bp? = a1 + t28j +--+ + ane” 
for i £7, thus 
&2(Bj — Bj) +--+ + en(BP-* — BP-*) = 0. 


But then 21,...%, would be algebraically dependent over E, which is 
a contradiction. 
Let 


A(a1,...,%p) = G(a,...,%n)D(a1,...,%n). 


Since H(x1,...,%n) #0 and K is infinite, there exists (a1,...,@n) € 
kK” such that H(a1,...,a@,) 4 0, thus G(ai,...,an) #4 O and 
D(a1,...,@n) # 0. Let a; = LDi(ai,...,an) for i = 1,...,n, then 


F(ai,..-,Q@n) = G(ai,...,@n) #4 0 and the a; are distinct since 
D(a1,...,@n) # 0. Since $1,...,8n are conjugate over K, then so 
are Q1,..-, Qn. 


Exercise 5.10. 

Let K be a field, E be a Galois extension of K, G = Gal(E,K), H be 
a subgroup of G and k = (G: H). Let G = U*_, Hg; be the right coset 
decomposition of G modulo H. Let a € E such that {o(a),o € Gh isa 
basis of & over K. 
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(1) Let € = oo egaca(a) with ag € K for any o € G. Show that the 
following conditions are equivalent. 


(i) € € Inv(#). 
(ii) For any (0,7) € G?, if Ho = Hr then a, =a,. 


(2) For i = 1,...,k, let & = Wpew A(gi(@)). Show that {€1,...,&,} is a 
basis of Inv(H) over K. 

(3) If H is normal in G, show that £1,...,€ are conjugates over K. In 
this case deduce that {f1,...,&,} is a normal basis of Inv(H) over K. 

(4) Let p be a prime number and £ be a primitive p-th root of unity in C. 


(a) Show that Q(8)/Q is Galois and its Galois group is cyclic of order 
p—1 generated by the unique automorphism p of Q(8) such that 
p(B) = 8%, where a € {2,...,p—2} and a+ pZ generates the group 
(Z/pZ)*. Show that {6,6?,...,8°?~1} is a normal basis of Q(6) 
over Q. 

(b) Let k be a positive divisor of p—1. Show that Q(G) contains a 
unique subfield F' of degree k over Q. Determine a normal basis of 
F over Q. 


Solution 5.10. 


(1) e (2) > (it). Let (01,02) € G? such that Hog = Ho,. Let ho € A 
such that 2 = hooi. Since ho(€) = €, then 


S- aghg 0 a(a) = oy ago(Q). 


o€G o€G 


Since o2(a) = ho 0 o1(a@), then ag, = dg,. 
e (ii) = (i). Let ho € H then 


ho(€) = S© acho 0 o(a) 


o€G 


= S- An=1,7(@) 


TEG 


= S- a,T(a) = & 
TEG 
hence € € Inv(#). 
(2) By (1), for any 7 € {1,...,k}, & © Inv(H). Since (Inv(H) : K) =k, 
then in order to prove that &,...,& is a basis of Inv(H) over K, it is 
sufficient to prove that this family is free over kK. Suppose that there 
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exist a1,...,a, € K such that See a;é; = 0, then 


k 
dd he gi(a) = 0 


i=1 heH 

Since a generates a normal basis of EF over K and 
{hog;, hE H and i€ {1,...,k}} =G, 

then a; = 0 fori =1,...,k. 


(3) We may suppose that g, = Idg and then €; = )°,¢7, h(a). Since H is 
normal in G, then 


= hoala)= D wowtor=a(F We)) = ale 
nheH neH WeH 

hence €; is conjugate to €; over K. By (2), {&1,...,€} is a normal 

basis of Inv(H) over K. 
(4)(a) The statements about the Galois group follow from [Lang (1965), 
Chap. 8.3]. Since [Q(8) : Q] = p—1, it is sufficient to prove that 
B, B?,..., 8" are linearly independent over Q. Suppose that 

018 + a28? +--+ + ap1fP* =0, 

where ao,...,@p—1 € Q, then a; +a984+--+-+a@)_18?~-* =0. There- 
fore 

ay +agu +++: +a,12"-? =0 (mod (l+2+---+2?71)), 
which implies a, = a2 = --- = dp_1 = 0 and then {£, 8?,..., B?~1} 
is a normal basis of Q() over Q. 
Since the Galois group of Q(() over Q is cyclic of order p— 1, it 
contains a unique subgroup H of order k. Therefore Q() contains 


a unique subfield F’ of degree k over Q, namely F = Inv(H). We 
have 


co 
~ 


HAP ieee: 


We may take g; = p’ for j = 1,...,k. By (3), {&,...,&} is a 
normal basis of F' over K, where 


& = >> A(gi(8)) = s p*?p'(8) 
j=0 


heh 


n-1 n-1 a 
Oy al ( i eae 
j=0 j=0 
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Exercise 5.11. 

Let K be a field, EF be a finite Galois extension of K of degree n. Show 
that there exists a normal basis {w,...,wn} over K and i € {1,...,n} 
such that Trg (w;) = 1. 


Solution 5.11. 

By the normal basis theorem [Lang (1965), Th. 20, Chap. 8.12], E has a 
normal basis {a1,...,@,} over kK. Since the trace map from E into K is 
not the zero map [Lang (1965), Th. 9, Chap. 8.5], then there exists i € 
{1,...,m} such that Trg;x(a;) #0. For j = 1,...,n, let w; = Te a 


then {w1,...,W,} is also a normal basis and we have Trg/x(w;) = 1. 


Exercise 5.12. 

Let K be a field, E a finite Galois extension of K and 6 € E be an element 
generating a normal basis of FE. Let F' be a field such that K C FC E and 
let a = Tre/r(9). 


(1) Show that a is a primitive element of F' over K. 
(2) Show that the condition, 6 generates a normal basis of E over K, cannot 
be replaced by the condition @ is a primitive element of FE over K. 


Solution 5.12. 
(1) Let 
G=Gal(E,K), H =Gal(E,F), 
Fi =K(a)CF and HAH, =Gal(£,F\) DH. 


Let o1 € Ay, then o1(a) = a, hence 
S- a(0) = a a1 00(0). 
o€H o€H 


Since the conjugates of 6 form a basis of E/K, then for any o € H, 
there exists 7 € H such that o(@) = 0, 07(@). Since 0 generates E'/K, 
then for any o € H, there exists 7 € H such that o = 0,07. Hence 
AC o,H and then H = o,H. Therefore 0, € H. This proves that 
A, = H, which in turn implies K(a) = F) = F. 

(2) Let K =Q, E=Q(2"3, 7), F = Q(j) and 6 = 2'/3 — 21/3, where j is 
a primitive cube root of unity. The conjugates of @ over Q are given by 


6, — 6, 05 = j2'/3 apo. 03 = 72/3 _ gs, 
64 = 91/3 aero, 05 = j2'/3 = ole 06 = 72/3 go>, 
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thus @ is a primitive element of K over Q. But we have 
Trz/Fr(A) = (A, + 69 + 03) = 0, 
so that this trace does not generate F'/Q. 


Exercise 5.13. 

Let f(a) be a monic irreducible polynomial over F, of degree n and let 6 
be a root of f. Suppose that there exist 1,7 € {0,...,p—1}, i # 7 such 
that 9+7 and 6+ are conjugate over F,. 


(1) Show that f(z +1) = f(a). 
(2) Deduce that p | n and f(x) = u(a? — 2 +1), where u(x) is a monic 
polynomial of degree n/p with coefficients in F,. 


Solution 5.13. 


(1) We may suppose that i > j. By assumption, there exists a positive 
integer e such that 


O+i=(04 5)” =O" +5, 


hence 0+ (i— j) = 6”. Let h =i—j and let k € {1,...,p—1} such 
that kh = 1 (mod p) then @ and 6+ h are conjugate over F,, hence 
there exists a unique automorphism o of F,(0) such that o(0) =0+h. 
We deduce that 


o*(0)=O0+kh=604+1. 


It follows that 6 and 6+ 1 are conjugate over F,. This implies that 
f(0+1) =0, hence f(a +1) = f(z). 

Consider the group G of the F,-automorphisms of F,,(a#) generated 
by the automorphism 7 such that r(z) = «+1. Then from (1) we 
conclude that f(x) belongs to the invariant field say E of G. Clearly 
x? —x+1€ E, hence 


— 
iw) 
Near 


Fp(v? -a@+1)C ECF,(2). 
Obviously 
[Fp(z) : F(z? —x+1)|=p 


and by Artin’s theorem [Lang (1965), Th. 2, Chap. 8.1], [F,(x) : E] =p, 
hence E = F,(a? —x +1) and f(x) = u(a? — x +1), where u(z) is a 
polynomial having the properties stated in the exercise. 
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Exercise 5.14. 
Let K be a field, f(a) € K[a] be monic of degree n and separable over 
Kk. Let ai,...an be the roots of f in an algebraic closure of kK, E = 
K(aji,...Q@,) and G = Gal(f(x), K). Fix an integer k € {1,...,n—1}. For 
j=l,...,n, let 


k 
f (xi) 
o€G i=l 
(1), ‘Show that for j= 1,257, Fy (@iys4 78) Kleiyes 5 el: 
(2) Suppose that EF = K(a,,...a,) and let %1,...,i, € {1,...,n} be dis- 
tinct integers. Show that the following propositions are equivalent. 
(i) There exists 7 € G such that, fort =1,...,k, T(az) = au,. 
(ii) For 7 =1,...,n, Fy(ai,,...,ai,) #9. 
(iii) There exists j € {1,...,n} such that Fj(a;,,...,a:,) #0. 
(3) Suppose that the equivalent conditions in (2) hold. 
(a) Show that for all j € {1,...,n} 


(b) Deduce that 


(4) Show that (f(x))""* | Fj(2,...,2). 

(5) Suppose that K = Q, f(x) = x3 — 3x +1. Show that G ~ Z/3Z and 
E = K(a1). Compute F;(a1) for 7 = 1,2,3 and express az and a3 as 
rational functions of a1. 


Solution 5.14. 


(1) Let + € G then since the map o > T 0o@ is a bijection of G onto G, 
then we have 
7 __ fle) 
FF (Bip sR) = S- pee) ea nas = Fj (@1,..-,2k), 


TODEG $=, 
hence Fj(1,...,%%) € K[x1,..., tx]. 
(2) © (i) = (it). Fj(ai,,...,Q:,) is a sum of terms of the form 
f(oi) a f(a.) : 
ai,—o(a1) a, — o(ar) 
Clearly this term is non zero if and only if o = 7. It follows that 
Fj (ai, soe Qu, ) = Tj,7 (Qi; soe Qi, ) # 0. 


Tg (Oe Hee iz) = a(a;) 
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(it) > (iti). Obvious. 
(itt) => (4). We have 


Fj (i,,-- ., Qi, ) = S- Tj,0 (Qi, - .. Qi, ) x 0, 


o€G 
hence there exists T € G such that Tj-(ai,,...ai,) # 0. This 
automorphism 7 satisfies T(a,) = a;, fort =1,...,k. 
(3)(a) We have 
F;(04,, Boge Oey = Ty,r(Qi, tee poe) 
=1(a;) [[ (ea, — r(au))-+- [] (en, — r(au)) 
uAl utk 
= 1(a,)f’(ai,) +++ f(a) 
and this allows to express T(a,;) as a rational function of a;,,..., ai,. 


(b) Apply (a) when 7 = Idz. 
(4) We continue to use the polynomials T;,, defined in (2). We have 
Tj,o(a,..-,2) = o(ay) [[ @— o(au))--- [] (@ - ofen)) 
uZl uk 
=0 (mod (f(z))**) 
in K[z]. Therefore F;(x,...,2) =0 (mod (f(zx))*7?). 

(5) The discriminant of the polynomial f(a) = x? — 3x +1 is equal to 9? 
hence its Galois group is cyclic of order 3 [Lang (1965), Example 2, 
Chap. 8.2] and its field of decomposition over Q is E = Q(a1), where 
a, is any of its roots. We have 


Fy (x1) = an f(a1)/(@1 — a1) + a2 f (a1) /(@1 — a2) + 3 f(@1)/(@1 — a3). 
Denote by s1, s2, $3 the elementary symmetric functions of the roots of 
f of degree 1,2,3 respectively. Then 


Fi (x1) = 5,x7 289X1 +383 = —62,1 — 3. 


Similarly we obtain 


F2(21) = a2 f(@1)/(1 — a1) 
+ a3 f(x1)/(a1 — a2) 
+ ay f(x1)/(@1 — a3) 
= s.r? — (a? +024 a3 + a1a2 +a 103 + a203)x1 


2 2 2 
+ azya2g + aga3z + a3Qy 


2 2 2 
= $9%1 + ATA2 + A503 + A3ZQ1 


2 2 2 
= —321 + ajag + aga3z + azZay 
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and 

F3(%1) = a3(21)/(@1 — a1) 
+ ai f(21)/(t1 — a2) 
+ a2 f(21)/(t1 — a3) 


2 2 2 2 
= 8x} — (aj +05 +05 + a1a2 + A103 + A203)21 
aza3 + asay + agay 


= 89%, + azas + Asay + axay 
= —3x7, + aia3 + aay + azQ9. 
We must compute the non symmetric functions 
A= aza2 + a3az + axay = Trp/o(aja2) 
and 
eee 2 Dost 2 
B= ajaz + aa + a3Q2 = Trg/9(a7O3). 
We have A+ B= 0,4, a7a;. Since 
0= Slat /aj = A+ B+) lai, 
then A+ B=—S\ a3 = —30(3a; — 1) = 3. We also have 


AB= S- ata,;a) +383 + S- aza’. 
ijt distinct tA 


S- aaja, = 83 503 = s3 (3a; — 1) =3 


i,j,t distinct 


We have 


and 

S- asas = S "3a; —1)(a,; — 1) = 989 +3 = —24, 

tAj tAj 
hence AB = —18. It follows that A and B are roots of the equation 
y*? — 3y — 18 = 0, hence we may suppose (i.e. there is a labeling of the 
roots of f) that A = 6 and B = —3. We have 

Fi (21) = 62; — 3, F (x1) = —327, + 6 and F3(x1) = —327, — 3, 
hence 
a2 = F2(a1)/f'(a1) = (—3a1 + 6)/(3a7 — 3) = (—a1 + 2)/(ajz — 1) 
and 
a3 = F3(a1)/f’ (a1) = (—38a1 — 3)/(3a7 — 3) 
= (—a1 — 1)/(aj — 1) =1/(1— a). 
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Exercise 5.15. 

Let K be a field, f(x,y) € K [x,y] be irreducible and separable over K (zr) 
and Q be an algebraic closure of K(x). Let E Cc 9 be the splitting field of 
f over K(x), Ko be the algebraic closure of K in E, G = Gal(f, K(a)) and 
H = Gal(f, Ko(x)). Show that Ko/K is Galois, H is a normal subgroup of 
G and G/H ~ Gal(Ko, K). 


Solution 5.15. 

Since FE is separable over K(x), then Ko(#)/K(x) is separable. Let a € 
Ko, then Irr(a, K) = Irr(a, K(«) and since a is separable over K (a), it is 
separable over K. We show that Ko/K is normal. Let o : Kg > 2 be 
any K-morphism of fields. We must prove that o(Ko) = Ko. Extend o 
to Ko(#) and obtain 1, by setting o;(x) = x. Since E is algebraic over 
Ko, then we may extend a, to EF and obtain a K(x)-morphism a2 of fields. 
Moreover since E is normal over K(x), then o2(E) = E. Let up € Ko and 
let g(y) = y™ + bm_1y™ 1 +-+++ bo be the minimal polynomial of jz over 
K. Since g(jz) = 0, then 

o2(p)™ + bm—102(p)™ + +++» +b9 = 0. 

We conclude that o2(u) € E. Thus o(jz) is algebraic over K and belongs 
to E. It follows that o(w) € Ko. This implies that o is a K-morphism of 
fields from Kp into Ko. Since Ko is algebraic over K, then o is onto; that 
is 0(Ko) = Ko. 

Let ¢ : G > Gal(Ko(x), K(x)) be the map such that for any o € G, 
(7) = O\K (2). Clearly ¢ is a morphism of groups. Since E'/Ko(x) is 
algebraic, then any K(a)-automorphism of Ko(a”) may be extended to E, 
hence ¢ is surjective. It is clear that H C Kerd. Let o € Kerd, then 
o is an automorphism of E which fixes every element of Ko(a), hence 
o € H and then H = Ker@. The first isomorphism theorem implies that 
G/H ~ Gal(Ko(x), K(x)). Since Gal(Ko(x), K(x)) ~ Gal(Ko, K), then 
G/H ~ Gal(Ko, K). 


Exercise 5.16. 
Give examples of two polynomials f(x) and g(x) irreducible and separable 
over K such that deg f < deg g and Gal( f(x), K) = Gal(g(a), K). 


Solution 5.16. 

Let f(a) € [K[2] be irreducible and separable over K of degree n and let G 
be its Galois group. Suppose that |G| > n and let @ be a primitive element 
of the splitting field of f over K, then the polynomial g(x) = Irr(6, K) 
satisfies the required conditions. 
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Exercise 5.17. 

Let K be an field, 2 be an algebraic closure of K, f(x,y) € K[a,y] be 
separable over K(x) and satisfying the conditions deg, f > 1 and deg, f > 
1. Let G = Gal(f(z, y), K(x)) and G* = Gal(f(x, y), Q(a)). 


(1) Show that G* is a subgroup of G. 
(2) Considering the case K = Q, and f(x,y) = yt — 22”, show that we may 
have the strict inclusion G* ¢ G. 


Solution 5.17. 


(1) Let a1,...,Q@, be the roots of f(#,y) in an algebraic closure of K (2) 
and £ = K(a,a41,...,Q@). Then O(2,a1,...,Q@,) = Q.F is a splitting 
field of f(x,y) over O(a). Let o € G* and 
a: K(x,a4,...,Q@n) 9 O(a, a4,..., An) 

be its restriction to K(x,a1,...,Q). Then & is a K(x)-isomorphism 
of E. Clearly the map o — @ is an isomorphism of groups from G* 
into G. 
Let a be a root of f(x, y) in an algebraic closure of K (a), then the roots 
of f are ta,+ia, hence E = Q(z,a,i). Since 2x? is not a square in 
Q(x) then f(x,y) is irreducible over Q(x), hence [Q(x, a) : Q(x)] = 4. 
We show that 7 ¢ Q(z,a), and this will imply that [E : Q(x)] = 8. 
Suppose that i € Q(x,a). Since a* = 2x7, then 4/2 = +a”, hence 
V2 € Q(x,a). We have 

Q(z, V2)(a) ae Q(z, @) = Q(z, V2, i) = Q(z, a)(i). 
Since the minimal polynomials of a and 7 over Q(z, V2) are y? = a2 
and y? + 1 respectively, then oe a; V2). Set ¢ = X where 
dA € Q(a, V2) then —a? = \? = F2V/2. This implies that FarV/2 is 
a square in Q(/2)(x), which is a contradiction. We conclude that 
i € Q(x,a). Therefore [E : Q(x)] = 8. The elements of G are deter- 
mined by there action on @ and on ¢. Indeed any o € G satisfies the 
following conditions: 


— 
i) 
cae 


o(a) = +a, tia and o(i) = +i, 


where all the possible combinations of signs are acceptable. 
Let Q be an algebraic closure of Q. Over this field, we have 


f(a,y) = (y? — 2v2)(y? + ev2), 
hence 
G* = Gal(f(a, y), Q(2)) ~ Z/2Z x Z/2Z, 
thus G* ¢ G. 
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Exercise 5.18. 

Let K be a field, f(x) be irreducible and separable over K, a1,...,Qn 
be the roots of f in an algebraic closure of K. Let G = Gal(f,&K), 
H = Gal(f, K(a)) and ¢ € G. Consider the natural action of the group 
generated by ¢ on the set {a,,...,@,} and let 


{Q1, o(ar), ses o—"(ay)}, Dees) {Qs, (as), qPey ort (as)}, 
be the orbits under this action, where k; is the smallest positive integer 
such that ¢*(a;) = a;. Let 
{Hei Hodis HOG Th ee PAG YHOO shoe 
be the orbits of the elements of (G/H)q under the action of the same group 
as above, where m, is the smallest positive integer such that Ho;¢’™ = Ho;. 


Show that r = s and after changes of numbering if necessary, m; = k; for 
all 7. 


Solution 5.18. 
Let o € G, and m be a positive integer, then we have 
Hoo™ = Ho & 6" € 0 'Ho 
& 6” € Gal(f,a7'(K)) 
= g(a" "(a)) =o *(a). 
This shows that the orbits of Ho and of o~'(a) under the action of the 


group generated by ¢ on the sets (G/H)q and {a1,...,an} respectively, 
have the same cardinality and the result follows. 


Exercise 5.19. 

Let K be a field, f(a) € Ka] be irreducible and separable. Let n = 
deg f, Q1,...,Qm be the roots of f in an algebraic closure of K and G = 
Gal( f(x), K). Let E = Ka,+--:-+Ka,, be the K-vector space spanned by 
Q1,..-,Qn. Suppose that the a; are labeled in order to satisfy the condition 
{a1,...,@5} is a basis of F over K with s <n. For any o € G and any 
integer j, 1 <j < s, write o(a;) in the form 


o(a;) = afjay + 43;02 +--+ + a5 ;As, 
where the coefficients a7; belong to K. Consider the s x s matrix: A(o) = 
(az;)- 


(1) Show that A(c) € GL,(K) for any 0 € G. 
(2) Show that the map ¢: 0 > A(c) is an injective morphism of G into 
GL,(K). 
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(3) If G is the symmetric group and Trx(q)/K(a) 4 0, show that s = n. 
Solution 5.19. 


(1) Suppose that some linear combination of the column of A(c), with 
coefficients A1,...,As in K, such that, A\;0(a1) +---+Asc(as) = 0. 
Then o(\1q@1 +--+: +Asa,) = 0. Therefore Aq] +---+A,as = 0 and 
then A; =--- =A, = 0. It follows that the columns of A(c) are linearly 
independent over K and then Det(A,) 4 0. 

Let 0,7 € G, then 


— 
iw) 
NS 


t=1 
Ss 
ss 
=o y Aj Uk 
k=1 
Ss 
= So ajjo(ax) 
Ss s 
—_ 7 . Ors 
= an; Ain 
= 4=1 
s Ss 
‘Saiet: 7 oO 
= ) ) an; Vik Qj. 
k=1 \k=1 
Therefore 
s a 
OOT __ TRO o o 29 
ap = 5 apn jin = (Qf) +++, zg) ) 
i Lie 
at 


sj 

which implies Ajo; = A.A, and then ¢(0 0 T) = 6(c)¢(r). It follows 
that @ is a morphism of groups. Let o € G. Suppose that o © Ker ¢, 
then a7; = 0 if A j and a7; = 1 ifi = j. Therefore o(aj) = a; for 
j =1,...,8. It follows that o = Idx(a, 
K(a1,...,Qn), then o = Idx(ay,...,0n): 
Suppose that G = S, and let aj,...,a, € K such that 


a,): Since K(a1,...,@s) = 


aaiet, 


— 
w 
poe, 


aya, +++ + anay = 0. 


For any i = 2,...,n, apply to this identity the transposition (a1 a). 
We get the new identity 


QO + +++ + Gji—-104-1 + Gi01 ++++ + Endy = 0. 
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Subtracting the second identity from the first, we obtain (a; —a;)(a1— 
a;) = 0, hence ay = a;. Since ay +--+ a, 4 0, it follows that 
Q1,---,Q@p, are linearly independent over K, that is s =n. 


Exercise 5.20. 

Let K be a field of characteristic p > 0, E be a cyclic extension of K of 
degree p® with e > 2 and let o be a generator of Gal(E, K). Let F' be the 
unique intermediate field K C F C E of degree p*! over K. 


(1) Show that there exists 8 € E such that FE = F(), the minimal poly- 
nomial of 8 over F has the form 2? — x — 5 and 0? (8) =6 +1. 

(2) Show that F = K(), o(8) = 8+a, where a € F satisfies the condition 
o(6) -6 =a? —a and Trpy,(a) = 1. 


Solution 5.20. 


(1) Since E/F is cyclic and [E : F'] = p, there exists 6 € E such that 
E = F(@) and the minimal polynomial of 6 over F' has the form f(x) = 
x? — x — 6, [Lang (1965), Th. 11, Chap. 7.6]. The Galois group of E 
over F' is generated by oP’ and the roots of f(a) are given by B +i 
where i € Z/pZ. Therefore o?° '(8) = 8 + io where ig € Z/pZ. Let 
ko € Z/pZ such that koio = 1, then 


a?" (koB) = koo?” (8) = koB +1, 


hence replacing 3 by kgf, we may suppose, if necessary, that op" (8) = 
B+. 

If K(8) 4 E, then K(8)/K is cyclic of degree < p®~+ hence K(f) C F, 
which is a contradiction. Therefore E = K(f). Let a = 0(G) — 8. We 
show that a € F. For this it is necessary and sufficient to show that 


o” '(a) =a. We have 


F aie) 
i) 
ales 


hence the claim is proved. Since 8? — 8 — 6 = 0, then 
o(8)? — o(8) — a(S) =, 
hence (6 + 1)? — (6+ 1) —o(6) =0. Thus 
BP —-B+a? —a—a(d) =0. 
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Therefore a? — a —o(d) = —6, that is a? — a = a(d) — 6. We have 


Trp/Kx(@) = S- o*(a) 
k=1 
= 57 o*(o(8) - 8) 
k=1 
= 0 (8) — D0 o*(8) 
k= k=1 


Exercise 5.21. 
Let K be a algebraically closed field of characteristic p 4 2 and m,n be 
positive integers. Let 


f(a,y,t) =ta™ — 24424 (2 —t)y” € K[z,y,¢]. 


(1) Show that f(x, y,t) is irreducible over K. 

(2) Let to € K. Show that f(x, y,to) is reducible over K if and only if 
(t2 + 2)™ — 2"to = 0. If these equivalent conditions hold, show that 
x — (t2 + 2)/2 is a factor of f(z, y, to). 


Solution 5.21. 
(1) We have 


f(a,y,t) = (@™ —y")t tay” — 2x42, 


hence considering this polynomial as an element of k(x, y)[é], it is of 
degree one, hence irreducible in this ring. Since 


gcd(a™ — y” ay” — 24 +2) =1 


this polynomial is irreducible in k[a, y][t] = k[a, y, ¢]. 

Necessity of the condition. Suppose first that, in K(a)[y], we have 
gcd(tox”™ — 2%9 + 2,2 —to) = 1, then f(z, y,t) is reducible in K(x)[y}. 
Therefore y” — a is reducible over K(x). By [Lang (1965), 


Theorem 16 VIII 9], there exists a prime number / such that 


— 
iw) 
YS 


L|n and (—tox™ + 2x — 2)/(a™ —to) € K(x)! or 
4|n and (—tox™ + 2x — 2)/(2™ — to) € —4K(a)*. 
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In the first case we have 
tox + 24 +2 € K[z]' and «™ — to € K[a]!. 
The second condition implies m = 0 or to) = 0. But for m = 0 or for 
ty = 0 the first condition is not satisfied. In the second case, since 
is algebraically closed, then 
(—tgz” + 22 — 2)/(x2™ — ty) € K(x)? 

and we are moved to the first case. We conclude that if 

gcd(tox”” — 2a + 2,2" — to) = 1, 
then f(x,y, to) is irreducible over K. We have 

gcd(tox™ — 244+ 2,2" —to) 41 
if and only if Res, (tov — 2a + 2,2 — to) = 0. Straightforward com- 
putations show that 

Res, (ta2™ — 2a + 2,2 — to) = (t? +2)™ —2™t. 
We conclude that if f(x,y,t) is reducible over K, then 
(#2 +2)" —2™t) = 0. 
Conversely this condition implies that there exists d(x) € K[a]\K such 
that d(x)|tox™ — 2x + 2 and d(x)|xz™ — to. Therefore 
flay.) = ata) (SAE, 

which implies that f(z, y,to) is reducible over K. We have seen above 
that if f(a, y, to) is reducible over K, then ged(tox” —274+2, 2™—tg) A 
1, hence these univariate polynomials have a common root, say u in K. 
We have u™ = to, hence tj — 2u+2=0. Therefore u = (¢2 + 2)/2. It 
follows that x — (tj + 2)/2 is a factor of f(x, y, to). 


Exercise 5.22. 
Let K be a field, L/K be a Galois extension, H be a subgroup of G and E 
be the invariant field of H. Show that Aut (E) ~ (Ne(H))/H. 


Solution 5.22. 
Consider the map @: Ng(H) > Autx(E), defined by 0(¢) = og. We first 
show that 6 is well defined. Let « € E and h € H, then 

h(o(x)) = o(hi(a)) = o(2) 
with hy € H, hence o(x) € E. Clearly 0 is a group homomorphism and 
is surjective. Let o € Na(H), then o € Ker@ if and only if o)g = Idg if 
and only if o € H, hence Ker@ = H and the result follows from the first 
isomorphism theorem of groups. 
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Exercise 5.23. 

Let K be a field of characteristic p > 0, n > 2, be an integer. If p > 0, 
suppose that p{n. Let € be a primitive n-th root of unity in an algebraic 
closure of K. Let f(x,y) € K(x)[y]. Show that f(a#,y) € K(x”)[y] if and 
only if f(ex,y) = f(,y). 


Solution 5.23. 
Necessity of the condition: Obvious. 

Sufficiency of the condition. 

First proof. Let g(x,y) € K(x,y). We show that g(z,y) € K(x”, y) if 
and only if g(ex, y) = g(x,y). Let G be the group of K(e)-automorphism of 
K(e)(x,y) generated by the unique K(e¢)-automorphism o such that o(x) = 
ex and o(y) = y, then obviously G is of order n. Let F C K(e)(x,y) be 
the invariant field of G, then by Artin’s Theorem [Lang (1965), Th. 2, 
Chap. 8.1], F/K(e)(x,y) is Galois and its Galois group is equal to G. We 
have K(a2",y) C FC K(a,y) and 


[K (x,y): K(2",y) =n = |G| = [K(a,y) : FI, 
hence F = K(ax2”,y) and the sufficiency of the condition follows. 
Second proof. Write f(x,y) in the form 


f(x,y) = > o(aila)/bi(a))y", 
i=0 
where a;(x),b;(x) € Ka] and gced(a;(x),bj(z)) = 1. Since f(er,y) = 
f(,y), then 5452 = #2). Tt follows that 
aj(e,v) = Aya; (a) and by (e,x) = Aid; (a), 

where A; € K for any 7 =0,...,m. We deduce that 
Since gcd(a;(x),b;(#)) = 1 then a;(0) 4 0 or 6,(0) A 0 thus A; = 1 for 
i=0,...,m. Fixi € {0,...,m} and set a;(x) = cgv?+cg_1a7 1 +--+ +0. 
Since a;(er) = a;(x) then for any k € {0,...,q} we have cpe* = cy. It 
follows that if c, 4 0, then e* = 1, hence n | k. We conclude that a;(x) € 
K[x"] for 1 = 0,...,m. The same method works for b;(a) and we may 
conclude that 6;(x) € K[x"]. Therefore f(x,y) € K(x”)[y]. 


Exercise 5.24. 


(1) Let f(x) € Q|a] be irreducible. Suppose that f(x) has a root z = p+iq, 
where p,q € R,qg 4 0 and q? € Q. Show that there exist a € Q and 
h(a) € Q[a] irreducible such that f(x) = ah(x + ig)h(x — ig) and 
h(p) = 0. 
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(2) Let f(a) € Qa] of the degree n > 3 such that f(x) has exactly two 
non real roots z = p+iq and zZ = p— iq. Show that q ZQ. 


Solution 5.24. 
(1) First proof. We may suppose that f(x) is monic. Let n = deg f and 


f(x) = Veo @me™, with ay, € Q for m = 0,...,n—1 anda, = 1. 
We have 


If k is even, say k = 21, then 
(ig)* = (ig)" = (-)'(7)' € @ 
If k is odd, say k = 21+ 1, then 
(ig)* = (6g) - ig = (-1)'(4")' (ig) 2= be - ta, 
where b; € Q hence 
bear tg) = Bele) gears 2) 
where Fi,(a) and G(x) € Q[z]. Moreover deg Fi, = m and deg Gy, < 
m-—1. It follows that f(a+iq) has the form f(x+iq) = F(x) +iqG(z), 
where F(x) and G(x) € Q|a], F(x) is monic, deg F = n and degG < 
n— 1. 
Since 0 = f(p + iq) = F(p) + iqgG(p) and since iq € iQ or ig = ivd, 
then F(p) = G(p) = 0, hence F(x) and G(x) have non trivial factor. 
Let A(x) = gcd(F(x),G(x)) then f(x + ig) = h(x)(Fi(x) + igGi(z)), 
where F(x) and G(x) € Q|z]. Substitute « — ig for x and obtain 
f(x) = h(w — ig) Fi (a — ig) + igGi (x — 1g). 
By conjugation, we obtain 
f(z) = h(x + ig) (Fi(a + ig) — igGi (a + ig)). 
Hence 
f? (x) = h(a—ig)h(w+ig) (Fi (a—iq)+igG (x—ig)) (Fi (a +ig)—ig(x+iq)). 
Let 
A(x) = h(a — ig)h(a + iq) and 
B(x) = (Fi (a — ig) + igGi(a — tq))(Fi(x + ig) — igGi (x + ig)) 
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then obviously, A(z) and B(x) € Q(ig)[z]. Let o be the unique 
automorphism of Q(iq) such that o(ig) = —ig, then A? = A and 
B? = B, hence A(x) and B(x) € Q{z] and then F?(x) = A(x) B(z). 
Let D(x) = gced(f(x), A(x)). Since any prime factor of A(x) divides 
f(x), then D(a) is non-trivial. Moreover since f() is irreducible, 
then D(x) = f(a). Similarly we have gcd(f(x), B(x)) = f(x), hence 
l= ae a3. Therefore 
f(x) = A(x) = h(w — ig)h(x + tq). 

Suppose that h(x) is reducible over Q and let h(y) = hi(y)ho(y) be non 
trivial factorization in Q[zx,y], then h(a + iq) = hi(a + ig)ho(ax + ig) 
hence 


f(x) = hi(a — ig)ha(a + iq)ho(x — iq)ha(@ + 79), 
contradicting the irreducibility of f(x) over Q. 
Second proof. Let h(x) = Irr(p, Q) and let g(x) = h(x +ig)h(a — ig). 
Let H(x) = h(l(a)), where l(a) = x + ig. We claim that H (2) is irre- 
ducible over Q(ig). By contradiction, suppose that H(x) = Hy(«)H2(x) 
in Q(ig)[z], then 
h(x) = H(I-*(x)) = Ay (I-"(2)) Ha(I-"(2)), 


hence h(x) is reducible over Q(iqg). Consider the following diagram of 


ot 
i 


Qlig) N Q(p 


Q 


Since Q(p) C R and ig ¢ R, then Q(ig) N Q(p) = Q. Since Q(ig)/Q is 
Galois then Q(ig, p)/Q(p) is Galois and their Galois groups are equal, 
see [Lang (1965), Chap. 8.1, Th. 4]. It follows that 


[Q(p) : Q) = [Q(p) : Qléa) A Q(p)] = [Qlég, p) : Qéa)], 
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hence H(x) is irreducible over Q(iq). Since g(x) = Nevigysa(h(x + #q)) 
and Q(iq¢)/Q is normal and separable then, by Exercise 4.2, g(x) is 
irreducible over Q. We have 


g(p + iq) = h(p + 2ig)h(p) = 0, 
hence f(x)|g(x) in Q[z]. Therefore f(x) = g(a). 
Suppose that q € Q, then we may apply (1) and obtain: 
f(x) = ah(a + ig)h(x — iq), 


where a € Q, h(x) € Q|z] irreducible and h(p) = 0. Let aj,...,an—2 
be the real root of f(a). Since 


— 
i) 
SS 


0 = f(a;) = ah(a; + ig)h(a; — iq), 
then h(a; + ig) = 0 or h(a; — ig) = 0 and then 
h(a; + ig) = h(a; — ig) =0. 


It follows that 5 = degh = which is the number of roots of h(a) is 
> 2(n—2)+1 = 2n—3, that isn < 2, which is excluded by assumptions. 


Exercise 5.25. 

Let K be a field, @ be algebraic, separable of degree n over K, f(x) = 
Irr(a, K). Let G be the Galois group of f(a) over K and ay = a, Q2,...,Qn 
be the conjugates of a. Let V = 37, K(ai). 


(1) Show that V is the A-vector space generated by 
Ls Oi tka o5 ob dail Via tls a agen he 


Show that Dimx V > n and the equality holds if and only if K(a)/K 
is normal. 

(2) Show that Dimg V < (n— 1)? +1. 

(3) If G is not 2-transitive, show that Dime V < (n— 1)? +1. 

(4) If G is 2-transitive and the characteristic p of K does not divide |G|, 
show that Dimg V = (n— 1)? +1. 


Solution 5.25. 


(1) The statement about the generators of V is clear. Since K(a) Cc V, 
then Dimg V > Dimg K(a) = n. We have equality if and only if for 
any i=1,...,n, a; © K(a), thus if and only if K(a)/K is normal. 
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(2) From (1), we know a set of generators of V containing 1 + n(n — 1) 


Ww 


wa 


elements. Since for any k = 1,...,n —1, at +--.+a% © K, then 
Qn,-.-,@"~1 are linear combinations of 
n-1 n—1 
1 Oita sty, aytets OA 52884 Olas 


Therefore Dimg V < (n— 1)? +1. 
Suppose that G is not 2-transitive, then the polynomial 
f(x)/(e — a) = (x — ag) +++ (@ — An) 
is reducible over K (a). Renumbering if necessary the roots of f(a), we 
obtain a factorization over K (a) of the form: 


f(x)/(@— @) = ((@ = a2) +++ (@ = am)) ((@ = am4r)-++ (@ = @n)) 


for some integer 2 << m < n—1. We deduce that for any k = 1,...,n—1, 
as +--+ tah e€ K(a) and at,,+--- +a € K(a), 
hence Am,...,a% 1 and an,...,a%~! are elements of the linear space 


generated by 
{1,a?, forj =1,...,n—1, andi 4 m,n}. 


Therefore 
Dimg V <1+n(n—1) -—2(n—1) = 14 (n—1)(n—- 2) <14+(n—-1)?. 
It is sufficient to show that 1,a1,...,a77',...,@n—1,---,a"7] are 


linearly independent over K. It is equivalent to show that if the 
polynomials P;(z) € K{a], i = 1,...,2— 1 satisfy the conditions: 
deg P; < n—1, P;(0) = 0 and 0") P(a;) =: a € K, then P;(x) =0 
fori =1,...,n—1. Forz =1,...,n, let H; be the subgroup of G fixing 
each element of K(a;) and for i 4 j, let H;; be the one which fixes 
each element of K(a;,a,;). Let 
e = |H;,| = [K(a1,...,an) : K(ai,a5)]. 

Let FE = K(aj,...,Qp). It is easy to verify the degree (resp. index) 
at each level as it is indicated in the following diagram of fields (resp. 
groups). 


E G 

K(a;,a;) A; 
n-1 n-1 

K(ai) Ai; 
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Now suppose that 57""", P;(a:) =: a € K, where the polynomials P;(x) 
satisfy the conditions Hee <n-—1and P,(0) = 0 fori =1,...,n—1. 
Then for any o € Hy, we have 37", P;(o(ai)) =: a. We may write 
this equation in the form P,(a1) + 0%, P;(o(ai)) =: a. Given j and 
1 both distinct from 1, since [E : K(a1,a;)] =e, there exist e elements 
of H, which map a; onto qj. Therefore adding all these equations for 
o € Hy, we obtain 


n n-l 


(n — l)ePi (ay )ted- >> Pal a;) =(n— lea 


j=2 s=2 


since p{|G|, then p{e. Therefore 


n n-l 


(n —1)Pi(o1) + 5° $0 Pe(ay) = (n - 1a. 


j=2 s=2 


We may write this equation in the form 


(n — 1)Pi(a1) + Po(a2) + +++ + Polan) +++ + Pa-1(a2) 
+++++ Pr-i(an) = (n—- 1a. 


Since for any k € {2,...,n—1}, 0) Pk (a,j) € K, then 
(n — 1)Pi (a1) )-Yrlave 
We deduce that 
nP, (a1) >> Py,(a1) 
The assumptions on the degrees of the polynomials P;, shows that 


deg (ri > Py (a 9) <n = deg(aj). 


Therefore 
nP, (a > P,(x) =c€ K. 


Since P;,(0) = 0 for any k = 1,...,n—1, then c = 0 and nP,(x) — 
aS P,(a) = 0. In a similar way we obtain the following equations 
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nP;(x)— ee P(x) = 0 for j =1,...,n—1. We write these equations 
in the form 


(n — 1)P,(a) — Po(x) —---— Py_1(x) = 0 (Eq 1) 

—P,(x) + (n— 1)Po(a) — +--+ — Ph_i(x) =0 (Eq 2) 
whines hues dade han de sede inne d =0 

P,(2) — Pp() —--- + (0 — 1)Py_-a(a) = 0. (Bq n-1) 


We obtain one more equation by adding these n — 1 equations: 
P,(av) + Po(x) +-+-+ Ph-i(x) = 0. (Eq n) 


Adding the k-th equation to this last equation leads to nP,(a) = 0. 
Since p{n, then P,(x) =0 fork =1,...,n-—1. 


Exercise 5.26. 


(1) Let L be acyclic extension of degree 4 over Q, M be its unique quadratic 
subfield. Show that MCR. 

(2) Let d be a square free integer such that d > 2 and F = Q(Vd). Let 
a,b € Z such that the number a = a + bv d is not a square in F and 
K = F(a). Show that K/Q is normal if and only if a? — db? € F?. 

(3) Keep the assumptions of (2) and suppose that a?—db? € F?. Show that 
a? —db? = y? or a? —db? = dy? with y € Z. Show that in the first (resp. 
second) case Gal(K,Q) ~ Z/2Z x Z/2Z (resp. Gal(K,Q) ~ Z/4Z). 

(4) Let E be a number field of degree 4 over Q. Show that E/Q is cyclic 
if and only if the following conditions hold. 


(a) There exist a square free integer d > 2 and s,q,r € Z such that 
d= (2)? + (9. 
(b) E=Q(Vrd + sVd). 


Solution 5.26. 


(1) If L CR, the proof is obvious. Suppose next that L ¢ R. Let o be the 
restriction of the complex conjugation to L, then o is an automorphism 
of L, ie. o € Gal(L, Q). Since this group is cyclic of order 4, it contains 
a unique subgroup of order 2, namely H = Gal(L,M). Moreover since 
o is of order 2, then H = (co). Therefore M = Inv((c)) CR. 

Let 6 = a—bvVd. It is clear that the conjugates of \/a are the followings: 
Ja, —/a, /B,-V/ 8. Suppose that a2 — db? = 77 € F*. We have 
aB = 77, hence /a/G = +4. It follows that /8 = +y7//a € K, 
which shows that K’/Q is normal. Since x(Q) = 0, then K’/Q is Galois. 


— 
iw) 
Nan) 
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Suppose now that K/Q is Galois. Then /8 € K. Set /8 = A+ BvVa, 
where A, B € F’. We deduce that 
A? + B?a+2ABVa =a-bVde F. 


Therefore A = 0 or B = 0. If B = 0, then A? = a— bVd. Applying 
the automorphism 7 : F + F defined by r(a + yVd) = « — yVd, we 
obtain a + b/d = 7(A)? € F?, which is a contradiction. Suppose next 
that A = 0. We have 


a— b/d = B’a = B?(a+ bv), 


hence 

pe Ga bvd _ ae? 

~atbvd (at+bVd)?” 

This proves a? — db? € F?. 
Since a? — db? € F?, set a? — db? = (c+ eVd)?, where c,d € Q. Then 
a? — db? = c? + de2 +2ceVd. We conclude that c = 0 or e = 0. Ife = 0, 
then a? — db? = c?, which represents the first case mentioned in the 
conclusion of (3). Suppose next that c = 0. We have a? — db* = de?, 
which represents the second case. We now prove the assertion relative 
to the Galois group. Let o1,02,03,04 be the elements of the Galois 
group of K over Q such that 


01 = Idx, 02(Va) = —Va, 03(Va) = /8 and 03(Va) = —v/B. 
It is clear that o2 is of order 2, hence K/Q is cyclic if and only if 
o3 is of order 4. We have o3(a) = (03(/a))? = 6. We deduce that 
o3(Vd) = —Vd. We have \/a\/B = 7 € F, hence 
03(V/a) = 03(y/8) 

= 03(7/Va) 

= 03(7)/03(Va) 

= o3(7)/VB 

= (03(7)/7) Va. 


Therefore o3 is of order 4 or 2 according to 03(y)/y = —1 or 03(y)/7 = 
1. We deduce that Gal(K,Q) ~ Z/4Z) if and only if o3(y) = —7, 
which is equivalent to y = yVd with y € Z and then equivalent to 
a? — db* = dy”. Similarly we have Gal(K,Q) ~ Z/2Z x Z/2Z if and 
only if o3(7) = y, which is equivalent to y = y with y € Z and then 
equivalent to a? — db? = y?. 


— 
w 
Ruet 
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(4) e Necessity of the conditions. 
By (2) and (8), there exist a,b € Z such that E = Q(Va + bv 4), for 
some integer d > 2 and some integers, a, b such that a+bVd ¢ Q(Vd) 
and a? — db? = du? with u € Z. This last relation implies that 
d|a. Set a = day, then dat = b? + u?. We deduce that d = 
(b/a1)?+(u/a1)?. If we replace b by s, u by g and a by rd, we obtain 
the proof of (6) and (c). Notice that the identity d = (£)? + (4)? 
shows that d is a sum of two squares of integers. Therefore any 
prime divisor of d is equal to 2 or congruent to 1 modulo 4. 
Sufficiency of the conditions. 
We must show that rd+ sV/d ¢ Q(Vd)? and r?d? — s?d = dy? with 
y € Q. Since d = (2)? + (4)?, then r?d — s? = q? and we obtain the 
second claim by multiplying by d. Suppose that rd+sV/d € Q(vd)?, 
then (rd +sVd)(rd—sVd) € Q, hence r?d? — sd = y? with y € Q 
which contradicts the equation r?d — s? = q?. 


Exercise 5.27. 

Let p be a prime number, K bea field, K(a@) and K(() be Galois extensions 
of k and N be a normal p-subgroup of Gal(K (a, ), AK) such that every 
element of order p in N fixes a or 8. Show that the order of N divides 
(K (a8) : K\. 


Solution 5.27. 

Let G = Gal(K(a,8): K), y = a8 and f(x) = Itr(y, K). Obviously N 
acts in the set of roots of f(x). Let 7 be any root of f(x). We show that 
the orbits, under the action of N, of 7 and “ have the same cardinal. Since 
y and 7 are conjugate over K, there exists ¢ € G such that o(y) = 7. For 
any n € N, we have 


a(n(q)) = 2 (o(y)) =" (7) 


for some n' € N. Therefore, o induces an injective map from Orb(y) 
into Orb(7'). Clearly, o~! induces an injective map form Orb(7’) into 
Orb(y). We conclude that all the orbits under the action of N have the 
same cardinality. Thus, to obtain the stated result, it is sufficient to prove 
|Orb(y)| = (N : 1). This will follow if no non trivial element of N fixes 
yy. Suppose that there exists n € N, n 4 Id such that n(y) = 7. Let p®, 
with e > 1, be the order of n. We may suppose that e = 1, otherwise npr" 
has order p and fixes y. Our assumptions on the elements of order p of 
N implies n(a) = @ or n(B) = GB. If n(a) = a, then aB = y = n(y) = 
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n(a)n(B) = an(B), hence n(Z) = 8, thus n = Id which is a contradiction. 
We get the same contradiction if we suppose that n(3) = £. 

Remark. We give a second proof of the claim that all the orbits under 
the action of N have the same cardinality. Let H = NNGal(K (a, 8), K(7)). 
We first show that Orb(y) = {ni(y),.--,s(y)}, where {n1,..., ns} is a 
complete set of representatives of the elements of N modulo H. Let n1,n2 € 
N, then 


ni(7) = ney) & ng'm(y) = 7 
7 ng Ny € A 
© 1A = nol. 
We conclude that |Orb(y)| = (NV: H). 


Let y° = o(y) be a conjugate of 7, then as above, we have |Orby'| = 
(N :cHo~') =(N: H). Therefore all the orbits have the same cardinality. 


Exercise 5.28. 
Let K be a field. 


(1) Let G be a finite group. Show that there exist fields E and F such that 
KCFCE, E/F is Galois and Gal(E£, F) ~ G. 

(2) Let n be a positive integer. Show that there exists an extension J of 
K which has no finite extension of degree k with 1<k <n. 


Solution 5.28. 


(1) Let m = |G| and let x4,...,2%m be algebraically independent variables 


over K and let o; fori = 1,...,m be the elementary symmetric function 
of degree i of the z;. Then K(21,...,2%m) is a Galois extension of 
k(01,...;0m) whose Galois group is isomorphic to S,,. Embedding 


G in Sy, we may consider G as a subgroup of S,,._ Let Ff’ be the 
invariant field of G, then K CFC K(a21,...,%m), K(a1,.-.,Um)/F is 
Galois and Gal(K(21,...,%m), F') ~ G. The proof is compete if we let 
E = K(a,...,2m). 

(2) Let m be an integer such that n! < m!/2. Let G = A,, and let E 
and F' be the fields determined by (1) and satisfying the conditions: 
K CFC E, E/F is Galois and Gal(E,F) ~ Am. Let Q be an 
algebraic closure of Ff containing FE. Consider the set £ of subfields 
of 2 containing F such that DM EF = F. These conditions on L are 
equivalent to LE/L is Galois and Gal(LE,L) ~ NAm. The following 
diagram may be useful. 
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The set £ is non empty since it contains F’. Moreover CL is ordered by 
the inclusion. Any family of totally ordered elements of £ has a greatest 
element (which is the union of the sets in the family). It follows that L 
is an inductive set and then Zorn’s lemma implies that it has a maximal 
element say J. Suppose now that J has an extension of degree k with 
1<k <n and let N C Q be its normal closure over J. We may 
visualize the lattice of fields trough the following diagram. 


NJE=NE 


—— 
[ite 
a 


F 


Since J € CL, then Gal(JE,J) ~ Am. By [Lang (1965), Th. 4, 
Chap. 8.1], JE/(N 9 JE) is Galois, NE/N is also Galois and 
Gal(JE, NO JE) ~ Gal(NE, N). Since J is maximal in £ then N € CL. 
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Since 
Gal(JE, NO JE) ¢ Gal(JE, J) = Am, 


then J C NOJE. Since (NOJE)/J is normal, then Gal(JE, NO JE) is 
distinguished in Gal(JE, J) = Am. Therefore Gal(JE, NNJE) = {Id}. 
It follows that Gal(NE,N) = {Id}, hence NE = N which implies 
E CN. Now we have 


IN: J) > (Bs: a= >a 


and this contradicts the fact that N is the normal closure over J of 
some extension L/J with [L: J) =kand1<k<n. 


Exercise 5.29. 
Let K be a field, Q be an algebraic closure of K, a € Q be separable of 
degree n over K. Let a1, Q2,...,Q, be the conjugates of a, where a; = a. 


(1) Let a € K* and 6 be a root of f(x). If aa is a root of f(x), show that 
a is a root of f(x). 

(2) Let s > 1 be an integer. Define in A = {1,...,n} the relation R by i 
Rj if aj = a5. Show that R is an equivalence relation. 

(3) Denote by 7.) the equivalence class of i for the relation R. Show that 

Fwl=(K(a):K(@Q. 

(4) Show that for any i,7 € A, l2s) | = l(s)|- 

(5) Let r and s be coprime positive integers. Show that for any i € A, 

4s) N Ur)| =1. 

(6) Let r and s be coprime positive integers. Show that for any i € A, 

Hrsy] = lt¢s)lleyl- 

(7) Suppose that there exists a prime p such that [K(a?) : K] <n. Show 
that p|n, f(x) € K[x?] and 1(,) = {Gia1,...,¢pai}, where the ¢; are 
the p-th roots of unity and these roots are distinct and belong to the 
Galois closure of K(q). 

(8) Let P be the set of prime numbers p such that [K(a?) : K] <n. Show 
that |P| < logn/log2. 

(9) Suppose that [K(a™) : K] <n, show that there exists a prime p | m 
such that [K(a?): Kk] <n. 

(10) Suppose that K = Q and let a be the positive real root of f(a) = «°—2 
and p be a prime number. 
(a) Show that [Q(a?) : Q] < 6 if and only if p = 2 or p = 3. Deduce 
that for any positive integer m, [Q(a’”) : Q| < 6 if and only if 
m = 0 (mod 2) or m= 0 (mod 3). 
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(b) Let 8 = 7?_, aia’ be a primitive element of Q(a) over Q. Show 
that [Q(8”) : Q| < 6 if and only if p = 2 (resp.p = 3) and the a; 
satisfy the following equations 


aga, + 2a2a5 Tr 24304 =0 


aga3 + a,a2 + 2ayas5 = 0 


aoa5 + a1a4 +a2a3 =0 (resp. 


byao + boa, + 2bsa2 + 2b4a3 + 2b3a4 + 2b2a5 = 0 


b2ao t bi a4 t boa2 2bsa43 t 2b4a4 i 2b3a5 = 0 
b4ao + b3a41 + bza2 + by a3 + boaa oe 2bsa5 =0 


bsao + baa, + b3aq + bga3 + b1a4 + boas = 0). 


Here the 6; are given by 


by = a3 2a; 4a,as5 + 4aza4 


by = 2a0a4 4agas 4a3a4 


bo = a? 2a; 2apa2 + 4a3a5 


bs = 2a0a3 2a1a2 4a4a5 


ba = a5 a2 2apa4 + 2a143 


bs _ 2a0d5 2a1a4 2a243. 
Solution 5.29. 
(1) Let g(x) and r(a#) € K [a] such that degr(a) <n and 
flax) = f(x)q(x) + r(@), 
then obviously g(a) = a”. Substituting a for x in the preceding 
identity, leads to r(a) = 0, hence r(x) = 0. Thus f(ax) = a" f(x). It 
follows that f(a) = 0. 
(2) Easy. 
(3) Let 
Xu = {a : K(a;) > K, cis aK (a)-embedding} 
and consider the map ¢ : i(,) > © such that for any j € i,), we have 
#(j) is the unique K-embedding of K(a;) into K satisfying ¢(j)(a;) = 
aj. We verify that $(j) fixes a?. We have ¢(7)(aj) = aj = aj, hence 
the result. We show that ¢ is one to one. Suppose that ¢(j) = @(k), 
then 


aj = O(9)(ai) = O(k) (ax) = or, 
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hence 7 = k. We show that ¢ is onto. Let o : K(a;) + K bea 
K(aj)-embedding such that o(a;) = aj, then a? = o(a;) = a¥, hence 
gE 4s): = —_ 

We define an injective map from 7.) into j(,). Let f(x) = Irr(a, Kk), 
G = Gal(f(x),K). Since G is transitive, then there exists 0 € G 
such that o(a;) = a;. Let k € is), then ag = a?, hence o(ax)* = aj. 
Therefore o induces an injective map from is) into js). By symmetry 
there exists an injective map from the later into the former. Therefore 
the two sets have the same cardinality. 

Obviously i € is) N ir). Let k and 1 € iis) Nip), thenay, = af 
and az = a}. By Bezout’s identity, there exist u and v such that 
ur + vs = 1. We deduce that 


Ap = a ap? = aj ay* = ai, 
hence the result. 
By (2), it is sufficient to show that Users) C irs) and that this 


hence aj,* = aj* = aj*, which means k € 7,5). Suppose that there 
exist j1 and jo € a) such that 71/5) = jos), then 71 and jz € jar) 
jr(s), hence by (5), j1 = jo- 

By (3), we conclude that [K(a?) : K] < n if and only if there exists 
a root 3 of f(a) such that 86 4 a and 8? = a?. We use this 8 in 
our proof. We have 6 = Ca, where ¢ is a primitive p-th root of unity. 
As in (1), we conclude that f(¢x) = ¢"f(az). Let f(z) = Oy az’, 
where a; € K and a, = 1, then 

OP aga! = CP YT aaa’. 
i=0 i=0 

It follows that for any i for which a; 4 0, we have ¢’~” = 1, that isi = 
n (mod p). In particular 0 = n (mod p) and then i = 0 (mod p) for 
all the indices 7 such that a; 4 0. We conclude that f(x) € K[ax?]. For 
any i=1,...,p, we have (Gja1)? = a? hence ¢;a1 € 1(). Conversely 


union is disjoint. Let j € a7) and k € jis), then af = a; and ay =a 


if a; € 1(p), then a? = af, thus a; = na; for some p-th root of unity 
n. Since for any i= 1,...,p, G = a1/a; for some j € {1,...,n}, then 
the Galois closure of K (a) contains the p-th roots of unity and these 
roots are distinct since f(x) is separable over K. 

Notice that by the definition of P, for any p € P, we have |i(,)| > 2. 
Let B be any finite subset of P, then by (4) and (6), we have 


271 < T[ lm < Faeeml <™ 
pEeB 
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We deduce that |B] < logn/log2, hence P is finite and |P| < 
(log n)/(log 2). 

Remark. Since any element of P is a divisor of n, then |P| < r, 
where r is the number of prime factors of n. Write n in the form 
= laps ss Then 


logn = Sei log p; = Soe log 2 > rlog 2, 
i=1 i=1 

hence the result. 
Let k = |1(n)|, then the assumptions implies that k > 2. We may 
suppose that 1(,,) = {1,...,k}. For any i € Ign), let G = a1/ai, 
then obviously ¢; is a m-th root of unity. Let d be the least common 
multiple of the orders of these ¢;, then d | m. Let U,, be the set of 
m-th roots of unity. We show that H := {G,...,¢,} is a subgroup of 
Um. Let ¢; and ¢; be elements of H, then Clay and Ca are roots 
of f(x). By (1), we conclude that Gah is a root say a, of f(a). 
It follows that ay/ay = ¢;¢;. Thus t € 1(m) and then ¢;¢; ¢ H. Now 
HT being a subgroup of the cyclic group U,, is itself cyclic of order 
k. By definition of d it follows that k = d. Since k > 2, then k has 
at least a prime divisor p. Therefore H contains an element of order 
p, say Gi, with ig € {1,...,k}. We deduce that a, = ¢,,ai,. Thus 
at = af. Since a1 # ai, then [K(a”) : K] <n. 
(10)(a) Suppose that [Q(a?) : Q] < 6, then by (7), p | 6 so that p = 2 or 

p = 3. The roots of f(x) are given by a, —a, ja, —ja, j2a and 

—j?a, where j is a primitive cube root of unity. Therefore we have 

the following relations between a and some of its conjugates 


— 
Ne) 
eS 


a’ =(-a)? and a® = (ja)? = (j?a)?. 


This shows that [Q(a?) : Q| = 3 and [Q(a?) : Q| = 2. We deduce 
that 


[Q(a’”) : Q] < 6 ==> There exists a prime p | m[Q(a?): Q| <6 
<—m=0 (mod2) or m=0 (mod 3). 


(b) Let o1,...,06 : Q(a) > C be the distinct embeddings. We suppose 
that they are labeled in the following way: 


oi(a) =a, oo(a)=—a, 03(a) = ja, 


g4(a) = —ja, o5(a)=j’a, and o6(a) = —j*a. 
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Let y = Yi e3 ca’ be an element of Q(a). We look at the condi- 
tions o;(7) = ¥ for 7 = 2,...,6. We have 


5 
o2(¥) =y¥ > oo — 1a + C20? — c30° 4 csa* — c5a® = ca 
i=0 
C1 C3 C5 0 
= 7€ Qa’), 
5 
03(7) =7 — oo tajat cj7a7 + c30° + cyja* + ¢577a° => gat 
1=0 


<= co + aja + c(-1—-j)a“ + cga’ + caja” +c¢5(-1—j)a 
5 

= 5" Ga’ 
i=0 

— C200" t c3a° C5Q° + Cyja Coa t caja C5 ja? 
5 

= ea 
i=0 


CH= Q=4=c =0 


= 7 € Qa’), 


5 
os(y) = 7 <> co — C1ja + c2j707 — c30° + caja* — 577 a° =" Gal 
i=0 
2 Ln and 5 
— 69 — jatc(-1— j)a* — cga” + caja* — c5(—1— j)a 
5 
i=0 


<> 9 — C207 — c30° + c50° — Cy ja — cgja? + c4ja* + csja° 
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5 
o5(y) = 7 <=> oo terj?at coja? + cga® + c4j2a0* + esja® =) qa’ 
1=0 
<> co + 1(-1— j)a + caja? + c30° + e4(-1— j)a* + e5ja° 


5 
= S- cat 
i=0 
<=> «(+> —- C1. AL 
5 
= S- cat 
i=0 


Cl = Cg = C4 = C5 = 0 
= 7 € Qa’), 


t C30 esa c1ja 4 c2ja caja t C5j a? 


and 


o6(Y) = 7 Oy — af? + c2ja? — cga® + caj? a4 — es ja° 

5 

= Gar 
i=0 

<>} 0 — 1(-1— j)a + epja? — e303 + e4(—1 — j)a* — e5ja° 
5 

=> ca’ 
i=0 

— co — C1 c3a° c4a4 Feja C2j a” caja C5ja° 
5 

=o cat 
i=0 


C= QQ =e =cC44 =Cc5 = 0 


—7EQ 


In these equivalences, we have used the fact that {1l,a,...,a°} 
(resp. {1,a,...,a°,j,ja,...,ja°} is a basis of Q(a) (resp. Q(a, j)) 
over Q. By (9), we conclude that [Q(8”) : Q) < 6 if and only if 
p = 2 and there exists i € {2,...,6} such that o;(8)? = 6? orp =3 
and there exists i € {2,...,6} such that o;(8)? = 6°. Using the 
above equivalences, we conclude that 


o,(8)? = 8? => o,(8*) = 6? 
i=? 
<> B? € Q(a’). 
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Since 


B? — as + 2a? + 4a a5 + 4a2a4 
+ a(2apa1 + 4aga5 + 4a3a4) 


+ a? (ai + 2at + 2agaz) 
3 


2a9a3 in 2a a2 + dagas) 


5 


La ( 
+ a* (2az + 2apa4 + 2a,a3) 
La ( 


2apa5 + 2a;a4 + 2a2a3), 


then o;(8)? = 6? if and only if 6 satisfies the system of equations 
in the a; given in the statement, which is obtained by equating to 
0 the coefficients of a, a? and a° in this expression of 67. Similarly 
we have 


0;(8)° = 6° <=> 0;(6*) = B° 
—i=3 or i=5<> BH € Qa’). 


We may conclude the proof on expressing 8° in the form 8? = 
ae ca and then equating to 0 the coefficients c,, cz, c4 and cs. 
Remark. For example, any primitive element of Q(a) of the form 
B = aza® +as5a° (resp. 8 = aya + a4a*) satisfies the condition 


[Q(6?) : Q| =3 (resp. [Q(6*) : Q] = 2). 


Exercise 5.30. 
Two complex numbers a and £ are said to be equivalent if there exists 
(A, B,C, D) € Z4 such that 8 = (Aa+B)/(Ca+D) with AD- BC = +1. 


(1) Let (a,b,c) € Z® such that a 4 0 and the polynomial f(x) = ax? + 
ba + c is irreducible over Z. Show that the roots of this polynomial 
are equivalent if and only if, there exists (a, y) € Z? such that 


a*a? + (b? — 2ac)ry + c?y? = +b. (Eq 1) 
(2) Show that the equivalent conditions in (1) hold in the following cases. 
(i) a=+e. 
(ii) a | b. 
(iii) c| b. 


(3) Let (a,b, c,d) € Z* such that a 4 0 and the polynomial g(a) = ax? + 
bx? + cx + d is irreducible over Z. 
(a) Suppose that g(x) has two distinct equivalent roots. Show that 
Disc(g) is a perfect square. 


Galois extensions, Galois groups 141 


(b) Let h(x) = 8a° — 24x? + 182 — 1 and ¥ be a root of h(x). Show 
that Disc(h) = 34 - 2° and the list of the roots of h(x) is given 
by 7,7 = ee = see Conclude that the converse of (a) is 
false. 

(c) Suppose that Disc(g) is a perfect square and let a, ( be two dis- 
tinct roots of g(x). Show that there exists (A, B,C, D) € Z* such 
that B = (Aa + B)/(Ca+ D) with AD— BC = (A+ D)? and 
AD— BC #0. 

(4) Let (a,b, c,d) € Z* such that a 4 0 and the polynomial g(a) = ax? + 
bx? + ca +d is irreducible over Z and let a be a root of g(x). Suppose 
that Disc(g) is a perfect square. Show that there exists (u,v, w) € Z? 
such that the roots of the polynomial g(x) := Irr((ua + v)/w,Q) are 
equivalent. 

Consider the polynomial h(x) defined in (3), (b). Determine a poly- 
nomial h(x) whose roots are equivalent and generate the field Q(y). 
Let (a,b, c,d) € Z* such that a 4 0 and the polynomial g(a) = ax? + 
bx? + ca + d is irreducible over Z and let a be a root of g(x). Suppose 
that Dis(g) is a perfect square. Let 8 = (Aa + B)/(Ca+D), with 
(A, B,C, D) € Z4, gcd(A, B,C, D) = 1, be a root of g(x) distinct from 
a. Show that any prime factor of AD — BC is a divisor of a Disc(q). 


— — 
[ry oN 
wm wa 


Solution 5.30. 


(1) Let a = —(b+ Vd)/2a and 6 = —(b— Vd)/2a be the roots of f(a), 
where d = b* — 4ac. Suppose that 8 = (Aa + B)/(Ca + D) with 
(A, B,C, D) € Z* and AD — BC = +1. Then 


Aa+ B= Ca$+ D8 =Cc/at+ DB, 
hence (A+ D)a+ B= Cc/a+ D(a+ £). Therefore 
a(A+ D)a+aB=Cc-— bD. 


Since 1, a is a basis of Q(a) over Q, then A+ D = 0 and aB = Cc—bD. 
We have 


A? + BC = A(-—D) + BC = F1, 


hence 


+b? = B BC+b°A? = b° BC+(aB—cC)* = a? B? +(b?—2ac)BC+2C". 


This implies that z = B,y = C is an integral solution of the equation 


a’x? + (b* — 2ac)xy + c?y? = +0". 
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Conversely, suppose that 


2 


a’x* + (b? — 2ac)ry + cy? = +b 


with (x,y) € Z?. If b= 0, then 6 = —a which implies that a and 6 are 
equivalent. Suppose that b # 0, then b? | (az — cy)?. Let z € Z such 
that ax — cy = bz, then +b? = b?xy + b?z7, hence z? + zy = +1. We 


22 1B = — zat 
have  — €y = °z, hence  — aBy = —(a + 6)z. Therefore 8 = a 
We have proved that z? + ay = +1, hence a and @ are equivalent. 


(2) (i) If a = ec, then (Eq 1) becomes: 


ca? + (b? — €2c”)ry + c?y? = +b? 


or 


bay + (cx — ecy)*? = £0”. 


Clearly « = 1, y = € is a solution of this equation. 


(ii) If a | b, then (b/a,0) is a solution of (Eq 1). 
(iii) If c | b, then (0, b/c) is a solution of (Eq 1). 
(3)(a) Let @ and 6 be two distinct equivalent roots of g(x). Let 


Ww 


(A,B,C,D) € Z* such that 8 = (Aa + B)/(Ca + D) with 
AD-BC = +1. The third root ¥ of g(x) is given by 7 = —b/a—a—8, 
hence Q(a, 8,7) = Q(a). Therefore Gal(g(x),Q) ~ Z/3Z ~ As. It 
follows that Disc(g) is a square in Z. 

The computation of the discriminant of h(a) may be done by using 
the formula given in [Lang (1965), Exercise 11, Chap. 5]. It is possi- 
ble to obtain the same result by using the following general formula 
for discriminants. Let F(a) be a polynomial of degree n and let a 
be its leading coefficient, then 


Dise(F) = (-1)"- Da"? TT F (6,), 
i=1 


where 01,...,9, denote the roots of F(a). Moreover, if F(a) is 
irreducible over K, then 

Dise(F) = (-1)"-)/2a"-? Newey g(F (8))- 
Since g (x) = 6(42? — 8a + 3), then 


Disc(g) = —2°.3° Nc) /0(47” — 8y + 8). 
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Set 6 = 4y? — 8y + 3. We compute the characteristic polynomial 
p(a) of 6. We have 


6 = 4y? — 8y+3 


16 = 4y? — 67+ 5 
76 = 6y* — eat . 
hence 
3-2 —8 4 
p(jz)=|1/2 -(6+7) 4| =a? + 192? + 3. 
1/2 -17/2 6-7 


It follows that Ngy)/q(5) = —3 and then Dise(g) = 2°.3*. 
On the other hand, let u(x) = Gra then it is easy to verify the 
following identities: 


_ 4a—7 

~ 4g — 6’ 

7 = u(y) and y” = u?) (7). Moreover straightforward computations 

lead to the identity: (4a — 4)%h(u(x)) = —8h(x). This shows that 

u(y) and u(?)(y) are roots of h(x). Therefore y,7',y"" are equivalent 

but here, although the discriminant is a perfect square, we have 

AD— BC =4¢ 41 for u(x) and for u®@)(x). This shows that the 

converse of (a) is false. 

Let a, 6,7 be the roots of g(x). Since Disc(g) is a square, then 

Q(a)/Q is Galois, cyclic. Therefore 8 € Q(a). Let ao,a1,a2 € Q 

such that 6 = a9 +a,a+a2a?. We distinguish the cases az = 0 and 

ag # 0. 

e a2 #0. The equation satisfied by a may be written in the form 
a? = bo + bia + bea”. Using this equation, it is easy to show the 
equivalence of the following propositions 
(P,): There exists (A, B,C, D) € Z* such that (C, D) 4 (0,0) and 
B =(Aa+ B)/(Ca+D). 

(Pz): The linear system of equations 


—B+agboC + apD =0 
—A+ (ap + aob1)C + a,D =0 
(a1 + agb2)C + a2,D = 0, 
has a solution (A, B,C, D) € Q* such that (C, D) ¥ (0,0). 


u?) (x) := u(u(x)) 
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We will prove (P2). The matrix of the system is given by 


0 —1 azbo ao 
M= —1 0 ago + and, ay 
0 0 aitagb2 ag 


The determinant of the matrix extracted from M by suppressing 
its last column is equal to —(agb2 + a4). 

e a, # —agb9. In this case we may compute A, B,C in terms of D. 
If we choose D € Q \ {0}, then we find A,B,C € Q such that 
(A, B,C, D) is a solution of the system. 

© a, = —Qgbg. The third equation of the system shows that a2D = 
0. If ag = 0, then ay = O and then 6 = ap € Q, which is a 
contradiction. Therefore D = 0 and then solving the first two 


equations gives A = (ag + agb1)C and B = agboC. Therefore 6 = 
(ao+a2bi)o+aabo 


this fraction by a same integer, we obtain a similar relation with 
integral coefficients. 


To end the proof of (c), we must show that AD — BC = (A+ D)? 
and AD — BC #0. Since g(8) = 0, then g(x) | (Cz + D)g(u(zx)) 
in Q[z], where u(x) = nae It follows that there exists r € Q such 


that 


. If we multiply the numerator and denominator of 


(Cx + D)*g(u(x)) = rg(e). 


From this identity it follows that u(8) is a root of g(a). We discuss 
the possible values of u(3). If u(G) = 6, we find that u(x) = a, 


which is a contradiction. Suppose that u(8) = a. Since u? (x) = 
(A?4+BC)xz+B(A+D) 
C(AFD)2+D2+B¢C ° then 


C(A+.D) = D? — A? = B(A+ D) =0, 


hence A+ D=0or B=C=A-—D=0. Clearly, the second possi- 
bility is impossible, hence A+D = 0. This implies that u(?) (a) = x. 
Consider the value of u(7). If u(y) = a, then u?)(7) = u(a) = 8, 
which is a contradiction. Obviously me may reject the possibility 
u(y) = 7. If u(y) = B, then u(y) = u(8) = a, which is a contra- 
diction. We conclude that the only possibility for u(@) is u(B) = +. 
Therefore u‘?) (a) = a. Since 


(A3 +2ABC + BCD)x + B(A* + BC + D? + AD) 


(3)(4) = 
uw) = “Car AD + D2 + BC)n + D3 + 2BCD + ABC” 


Galois extensions, Galois groups 145 


then 


B(A? + BC +.D? + AD) =0, 
C(A?+AD+D?+BC)=0 and 
(A— D)(A? + AD+ D? + BC) = 
If B=C=A-—D=0, then u(x) = x, which is a contradiction. 
Hence 


(A+ D)? -(AD- BC) = A? +BC+D?+AD=0. 


It follows that wu) (2) = a and (A+D)? = (AD—BC). This implies 
that AD — BC £0. 

(4) Let 8 be a root of g(x) distinct from a. According to (3), (c), there 
exists (A,B,C,D) € Z* such that 8 = (Aa + B)/(Ca + D) with 
AD — BC = (A+ D)? and AD— BC #4 0. We may suppose that 
gcd(A, B,C, D) = 1. If AD— BC = +1, then the result is trivial. If 
not, we make a finite number of transformations on the generator of 
the field Q(a). 

First kind of transformations. Suppose that |AD — BC| > 2 and 
p | gcd(A, D), where p is a prime number. Since BC = AD (mod p?), 
then p? | B or p? | C. If p? | B, then 

(A/p)(a/p) + (B/p?) _ Ar(o/p) + Br 


BP Tap) (Dia). Gila) Di 


where 
A, =A/p, BL, =B/p?, Cy=C and D,=D/p. 
We have 
|A1D, — BiC\| = |(AD — BC)/p*| < |AD — BC], 
hence replacing a by a’ = a/p, we reduce AD — BC. If p? | C, then 


= (A/p)(pa) +(B)_ _ Ar(pa) + Bi 
(C/p?)(pa) + (D/p) Ci (pa) + Dy’ 


where 
A, =A/p, Bi =B, Cy=C/p*? and D,=D/p. 
We have 
|A1D, — ByC\| = |(AD — BC)/p*| < |AD — BC], 


hence replacing a by a’ = pa, we reduce AD — BC. We repeat these 
transformations of the first kind until |AD — BC| = 1 or |AD-— BC| > 
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2 and gcd(A,D) = 1. If |AD — BC| = 1, then we have found our 
generating element of Q(a). If |AD — BC| > 2 and gcd(A, D) = 1, we 
make a second kind transformation, hereafter described. 

Second kind of transformations. Here we suppose that |AD — 
BC| > 2 and ged(A, D) = 1. For any k € Z, we have 


(A+Ck)(a+k)+B+kD-—kA-KC  Aja+B, 
Ciat+k)+D-—kC ~ Cat Dy,’ 


Btk= 


where 


A, =A+Ck, By =B+kD-—kA-Kk°C, 
Ci=C and D, =D-KkcC. 


One may verify that A,;D,; — ByC,; = AD — BC. Let p be a prime 
number such that p | AD — BC. Since AD — BC = (A+ D)? and 
gcd(A, D) = 1, then p{ A, p{ D and p{ BC. Choose k € Z such that 
p| Aj, that isk =—A/C (mod p). Since —A/C = D/C (mod p), then 
p|D,. At this stage we have |A,D, — B,C,| > 2 and ged(A;, D1) = 
0 (mod p), so that we can use the transformations of the first kind 
to reduce |A1D, — BiC;|. It is clear that after a finite number of 
transformations, we reach a stage for which AD — BC| = 1. The 
composition of all the transformations used in the process will produce 
a transformation on a of the form T(a) = (ua + v)/w. 

We have 7 = te Here 


AD — BC =4, A=6, D =—4, gcd(A, D) = 2, B= —7 and C =4, 


hence we can apply a transformation of the first kind on replacing y 
by 7 = 2y. We obtain the following identity: 27/ = Tess = = 
Here AD— BC = 1 so that we have reached the final primitive element, 
namely 27. The polynomial h(x) is given by h(x) = x3 — 6x? + 9x — 1. 
Let p be a prime factor of AD— BC. Suppose that p{ a. We will show 
that p | Disc(g), that is g(a) is inseparable over Q. Let a and 6 be 
two roots of g(x) related by the identity 6 = (Aa+ B)/(Ca+D) with 
(A, B,C, D) € Z4, 


gcd(A, B,C, D) =1, AD-— BC = (A+ D)? and AD- BC £0. 


Set u(x) = (Ar+B)/(Cx+D), then u®) (x) = (Aga+ Bo)/(Cox+ Dz), 
where 


Ag = A? + BC, By = B(A+ D), Cp = C(A+4+ D) and Dz = D? + BC. 
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We first claim that (C,D) 4 (0,0) (mod p) and (C2,D2) 4 (0,0) 
(mod p). We prove the claim only for (C, D). The proof for the other 
is similar. Since g(x) | (Cz + D)°g(u(z)), then 
(Ca + D)*g(u(x)) = (r/s)9(2), 

where r,s € Z, gcd(r,s) = 1 and rs £0. We may write this identity in 
the form 

s(a(Ae + B)? +b(Azr + B)?(Cz + D) 

+¢(Ax + B)(Cx + D)? +d(Cx + D)*) 


= rg(x). 

If p | s, then g(x) = 0 (mod p), which is a contradiction. Therefore 
s # 0 (mod p). Suppose by contradiction that C = 0 (mod p) and 
D =0 (mod p), then A = 0 (mod p) and by the preceding identity, we 
conclude that saB? = rg(x) (mod p). Since none of the integers s, a, B 
is 0 modulo p, then r 4 0 (mod p). We look at this congruence as an 
identity in F,[z]. While saB® is a constant, rg(z) is a polynomial of 
degree 3. Therefore, we have reached a contradiction and our claim is 
established. From the relations 

a+u(a) + u(a) = -b/a, 

au(a) + au?) (a) + u(a)u? (a) = c/a and 
au(a)u?) (a) = —d/a, 

we deduce the following identities 


(Ca + D)(Cox + Do)x 

+ (Cox + D2)(Ar + B) 

+ (Cx + D)(Aox + Bo) 

= —b/a(Cx + D)(Cor + D2) + Arg(z), 


x(Cox + Dz)(Ax + B) 

+a(Ca + D)(Agx + Bo) 

+ (Ax + B))(Agx + Bo) 

= (c/a)(Cx + D)(C2a + D2) + r2g(2), 


and 


x(Ax + B))(Agx + Bo) = —(d/a)(Cx + D)(Coa + D2) + Asg(2), 
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where \1,A2,A3 € Q. Indeed \; has the formA, = u;/a*, where u; € Z 
and k is a non negative integer. To prove this let S = {a”,m © N}, 
then S$ is a multiplicative subset of Z. Let R = S~1Z be the ring of 
fractions of Z for this multiplicative subset. Since a is invertible in R, 
we can perform the Euclidean division in R[z] of 
+ (Cox + Dz)(Ax + B) 
+ (Ca + D)(Agx + Bo) 

— b/a(Ca + D)(Cox + Do) 
by g(a) and obtain a quotient q(x) and a remainder r;(x) both in Riz}. 
The quotient and the remainder being unique in Q[z], we conclude that 
r1(z) =0 and », € R. The proof for Az and 3 is similar and will be 
omitted. This result allows us to reduce modulo p the three identities 
and obtain identities in F,,[x]. Let g(x) be the reduction of g(a) modulo 
p and let p be one of its roots in an algebraic closure of F,,. In each of 
these identities, we substitute p for x. This is possible because a 4 0 
(mod p), (C,D) 4 (0,0) (mod p) and (C2, D2) # (0,0) (mod p). For 
example the first identity becomes: p+ u(p) + u?)(p) = —b/a. This 
implies that p,u(p),u°)(p) is the complete list of the roots of g(a) in 
an algebraic closure of F,. Since AD — BC = 0 (mod p), then the 


determinant 


. 5 is 0 in F,. It follows that there exist p11, 2 € Fp, 
not both 0, such that j(A,B) + w2(C,D) = (0,0). Since (C,D) # 
(0,0), then py, # 0. Therefore A = (f2/p1)C and B= (p2/p1)D. It 
follows that U(x) = p2/p1 and then U(p) = u@)(p) = w2/pi. This 
shows that g(x) is not separable over F,. 


Exercise 5.31. 
Let p be a prime number, r be a positive integer, g = p’, E = F,(t) and 
F=F,(t* —t). 


(1) 


(2) 


For any a € Fy, let a, be the unique F,-automorphism of F,(t) such 
that o,(t) =t+a. Let G= {o,,a € Fy}. Show that G is a subgroup 
of Auty, (F,(¢)) isomorphic to (Fj, +). Show that Inv(G) = F’. Deduce 
that E is a Galois extension of F' of degree q and Gal(E,F) = G~ 
(2/p2)". 

Determine all of the fields M such that F C M C F,(t) and [F,(¢) : 
M]) = p. For any of these fields M, show that M = F,(t? — ta?~') for 
some a € F%. 
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(3) Let a € Fj be the element determined in (2). Show that we may 
express explicitly ¢? — ¢ in the form: 


t1-t=S a(t" —(ta?-1)"'), (Eq 1) 


with a, = 1. 
(4)(a) For any & € {1,...,r} show that there exist (;) fields L;, such that 
F(t? —t) C Ly C F(t) and [F,(t) : Le] = p*. 

(b) Let a1,...,a@% be linearly independent elements of F, over F(t). 
Let H;, be the subgroup of G generated by oq,,..-,;7a,- Show 
that Hy = {og, for BIT, biai,b; € Fp}. Deduce that [F,(t) : 
Inv(H;)] = p*. 

(c) Show that there exists a unique polynomial g,(t) € F,[t], of the 
form gx (t) = se ait? , where a; € Fy, a, = 1, and satisfying the 
condition Inv(H;,) = Fq(gx(t)). 

(5) Suppose that r = 3 ie q = p®. Find the list of fields L such that 
F,(t? —t) C L C Fy, by giving for each L a polynomial g(t) € F,[t] 
such that L = F,(g(t)). Draw the diagram of these fields. 


Solution 5.31. 


(1) Let @: F,  Autg, (F,(t)) be the map defined by ¢(a) = oa. Clearly 
@ is a morphism of the group (Fy,+) into the group Autr,(F,(¢t),°). 
We obviously have Ker ¢ = {0} and In¢ = G. Therefore ¢ induces an 
isomorphism of Fy onto G. Let K be the invariant field of G. For any 
a € Fy, we have 


oo(t? —t) = (t+a)?—-(t+a)=t4+a4-t-a=t! -t, 


hence F C K. Consider the following inclusion: F C K C F,(t). 
Clearly we have [F,(t) : F] = q. By Artin’s Theorem [Lang (1965), 
Th. 2, Chap. 8.1], F,(t)/K is Galois with Galois group equal to G and 
[F,(t) : K] =|G| =q. Therefore K = F = F,(t?—t). We conclude that 
F is a Galois extension of F' of degree q and its Galois group is equal 
to G. Since G is isomorphic to F,, then G is isomorphic to (Z/pZ)". 

By the fundamental theorem of Galois [Lang (1965), Th. 1 and Cor., 
Chap. 8.1], M is the invariant field of a subgroup H of G of order p. 
Since G contains r such subgroups, there are exactly r fields M. Let 
a € F; and let oq be the F,-automorphism of F,(t) defined in (1), then 
Oa generates a subgroup H of order p of G. Moreover any subgroup 
of G of order p arises in this way. Let 6 € Fj, then § generates the 


— 
iw) 
YS 
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same subgroup as a if and only if 6 = Aa with \ € Fi. We show that 
Inv(H) = F,(t? — ta?—'). We have 


Oo(t?—ta?—') = (tt+a)?—(t+a)a?—* = t?+a?—ta?~!—a? = t?-ta?", 
hence t? — ta?! € Inv(H). We have 
F,(t? — ta?—*) Cc Inv(A) CF, (t). 
By Artin’s Theorem [Lang (1965), Th. 2, Chap. 8.1], 
H = Gal(F,(t), Inv A), 
hence 
p= (H:1) = [Fa(t) : Inv(H)), 
On the other hand, 
[F,(t) : F,(t? — at?~*)] =p. 


We deduce that M = Inv(H) = F(t? — ta?~*). 


(3) We may write (Eq 1) in the form: 
1 —t=tP — tP” "(aP-2P" a2 ao(t? = a (a?-1)P"~*) at eae 
+ ap—1(tP-**? — ae Co ee 
fs a(t? = £P” "(q?-1)p"*) tela stake a, (t? = ta?—'), 


hence (1) is equivalent to 


as = (a?-1)P"* = ge 


an = (a?—1)p"—*+ 1a, 


a,a?—1 = a,8 = 1, 


-1, for k=2,...,r and 


where 8 = a?-!. Using the first r — 1 equation, it is easy to prove 
by induction that a, = B?” +P" °+--+p" OY 


r-1 r—-2 
a, = BP +P +P and then 


. In particular, we have 


a, = nan = pe -1/@-)) — gP-1 = 4 


and the last equation is satisfied. 

(4)(a) Since G ~ (Z/pZ)", then any subgroup of G is of order p* with 
k = 0,1,...,r. The number of subgroups H;, of order p® is equal 
to (;). By Galois theorem relative to the correspondence between 
subgroups and subfields, there are exactly (;,) fields L;, such that 
Fc Ly CF, (¢) and [F,(¢) : Ls] =p". 
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(b) Let og € G, then 


og € H;, & there exist bj,.. 


© there exist bi,... 
there exist b),... 
<= there exist b),... 


b b 
-,b, EN, og =aQ 00%, 0°- 
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kenge 


OK E N, og = Obia14+--+beaK 
be CN, t+ 6 =t+ ba, +--+ + beag 
»or EN, 6 = byay +--+ + bea. 


Since F,(t) is Galois over Inv Hy, then [ 


PG) invA) = (Ae ps 


(c) Let g,(t) = ~ a;t? € F,[t] with a, = 1. Then 
ge(t) € Inv(H) & oa, (ge(t)) = ge(t) for j=1,...,k 
k k 
So a(t? +a®)= Sat?) for j=1,...,k 
i=0 i=0 
k 
So aia’ =0 for j=1,...,k 
i=0 
k-1 k 
apa; +ajayt+-:--+azx-1ah  =-al 
SP as io see eR as Rich Ee 8 eR RT em ees wae He eH 
k-1 k 
aoa, + a0 +---+ag-10R =-ah. 


Therefore the polynomial g;(t) has the given form and satisfies the 
condition g;,(t) € Inv(H;,) if and only if the above system has a 
solution (ao, @1,...,@4—-1) € (F,)*. The determinant of this system 


is given by 
ajay ii a? 
D a2as a ae 
apar, a 


By [Lang (1965), Coro. 2, Chap. 8.5], D 4 0, hence ag, a1, ..., @p—1 
are uniquely determined. This implies that there exists one and only 
one polynomial g;,(t) € Fg[t] having the given shape and belonging 
to Inv(H;). 
(5) We begin with the fields F,(t4 — t) and F,(t) of degree 1 and q respec- 
tively over F’. The degree of any other intermediate field D is a divisor 
of gq = p°, hence equal to p or p?. 


(a) Intermediate fields LZ such that [ZL : F'] = p. Let a be a primitive ele- 
ment of F, over F,, (i.e. a root of a monic polynomial f(x) € F,[2] of 
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degree 3). The group G contains 3 subgroups of order p, namely the 
subgroups generated by 01,0q,0q2 respectively. Therefore there 


are 3 fields L such that 
namely 


L=F,(? —HorL= 


‘(t? —t) CL C F(t) and [F,(t) : L] =p, 


a(t? — ta®-1) or L = F,(t? — ta?®-), 


(b) Intermediate fields L such that [L : F] = p?. Such fields are invari- 
ant fields of subgroups of G of order p?. There are (3) = 3 such 
subgroups namely the subgroups generated by {01, 0a}, {o1, 092} 
and {oa, 0,2} respectively. 


e Invariant field of the subgroup generated by {01,03} where 8 =a 


or B = a? 


. We compute the coefficients a1,a2 € Fy of g(t) 


t” + ayt? + agt such that g(t +1) = g(t) and g(t + B) = g(t). 
These condition lead to the equations 


1+a, +a = (and BP + a,8? + a28 = 0, 


that is 


a, + ag = 


—landa,6? + a28 = — BP”. 


The determinant of this system of linear equations is equal to 


D= i A = 6B — BP, hence non zero. We deduce that 
an a pr-1_4 
— p\ — 
a = > | (8-8) =~“ Fa 
Sie a eo): 
ay = 1a, = (BPP pe + BPD 
Therefore 


L=F,(t? + a,t? — (1+ a,)t) 
with a, = —(G?-1)P —--.— 6P-1-1. 
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e Invariant field of the subgroup generated by {04,72}. We com- 
pute the coefficients b1,b2 € Fy of g(t) = iPro bt? + bet such 
that g(t +a) = g(t) and g(t +a”) = g(t). We find the equations: 
bya? + boa = —aP” and by a2? + bya? = —a””. The determinant 


P 
of this system is given by D = os a = aPt? _ q?Pt! hence 
arP a 
? ao —Q?” a /(a?*? = oP tt) 
 |=02P* 2 
2p +1 = qr +2 
~ Aap tl — gpt2 
oP’ +2(qP’-1 — 1) 
— @pt2(qp-1 — 1) 
Sma (GPP hotter +) a1) 
= (a 1a? Yt Fa? $1) 
= —((aP 17? 42-4 (arty + (PY) 
and 
2 
QP: QP 
— p+2 = 2p+1 
by = a2? 2?" /(a acer’) 


QP +2p _ 2p" +p 
Q2P° +P — yp? +2p 
OP’ +2P (gP”—P — 1) 
aPt2(qp-l — 1) 
= a?’ +P-2((gP-1)P-1 4... 4 (a?) 4.1) 
= (a? 1)F#2((aP HP 4+ tat 41) 


= (qr yer? Se (qP—1)Pts + (qP—1)Pt2, 


We now draw the diagram of intermediate fields. 
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F, (t) 
gp> +) 2(p— )) 
Fy (w" + a,t? + axl) (w" + ct? + cat) (" + byt? + bat) 
F,(t? — ¢) 
Here 

P 5 P 
ay =-S (art), a2 =)_ (a?-)', 

1=0 t=1 

P P 
cl = -S- (ate 1) , Q= S- (a2e-)) and 

i=0 i=1 

2p : 2p+1 , 
b= So (ery, = Do (or) 

1=p 4=pt2 


Exercise 5.32. 

Let k and n be positive integers such that 1 << k <n. A group G acting on 
a set Q of cardinality n is said to be k-transitive if given two ordered subsets 
of cardinality k of Q, {a1,...,ax} and {b1,...,b,}, there exists o € G such 
that o(a;) = b; fori =1,...,k. Denote by Gya,,....a,} be the subgroup of 
G whose elements are the o € G such that o(a;) = a; fori =1,...,k. 


(1) Show that the following propositions are equivalent. 
(i) G is k-transitive. 
(ii) There exists a subset {a1,...,a%} of cardinality k of Q satisfying 


the condition: for any subset {b1,...,0,} of cardinality k of Q, 
there exists 0 € G such that o(a;) = b; fori =1,...,k. 


(2) Let 1 <1 <k. Show that the following propositions are equivalent. 
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(a) G is k-transitive. 

(b) G is l-transitive and for any {a1,...,a.} C Q, Gya,,...,a,} is (kK —1)- 
transitive on 2 \ {a1,..., ar}. 

(c) G is I-transitive and there exists {a1,...,a:} CG © such that 

ae a} is (k — 1)-transitive on Q \ {a1,..., az}. 

(3) Let K be a field, f(x) be a separable polynomial of degree n with 
coefficients in K. Let Q be the set of roots of f(x) in an algebraic 
closure of K and G = Gal(f(x),K). Let & be an integer such that 
2<k<n. Show that the following propositions are equivalent. 

(d) G is k-transitive. 

(e) f(a) is irreducible over K and for any integer 2 < 1 < k and 
any subset {a1,...,a-1} of cardinality 1 — 1 of Q, the polynomial 
fi(x) = f()/Thzy (a —a;) is irreducible over K(a1,..., 1-1). 

(h) f(x) is irreducible over K and and there exists a subset of Q, 


{ay,...,Q@%-1} of cardinality k — 1 such that for any integer 
2<1<k, the polynomial f)(x) = f(x)/ Tizi(e—ai) is irreducible 
over K(a1,...,Qi-1). 


— 
ey 
Nu 


A subset A of Q is called a non trivial block of G if 2 < |A| < |Q| and 
for any 0 € G, we have o(A) = A or o0(A)NA=BJ. 

Show that if G 4 1 and G is intransitive, then it has a non trivial block. 
The group G is said to be imprimitive if there exists a partition of 0 
of the form Q =, U---U2,, satisfying the following conditions. 

e 2<|9;| < |Q) fori =1,...,7. 

e For any 7 € {1,...,r}, there exists 7 € {1,...,r} such that o(Q;) = 
Show that if G is imprimitive, then it has a non trivial block. Show 
that the converse holds if G is transitive. 

Let f(x) € K[2] be irreducible and separable. Show that the following 
propositions are equivalent. 


Te 
ol 
wa 


— 
aD 
we 


(u) G is imprimitive. 

(v) For any root a of f(x) there exists a field F such that K G FG 
K(a). 

(w) There exists a root a of f(x) anda field F such that K ¢ F & K(a) 


(7) Let G be an imprimitive group. If G is k-transitive, show that k = 1. 
Solution 5.32. 
(1) © (4) = (it). Obvious. 
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(it) => (i). Let {c1,...,c,} and {b1,...,b%} be two subsets of 2 
of cardinality k. By (%i), there exist a; and o2 € G such that 


o1(a;) = c; and o2(a;) = b; fori =1,...,k. Let o = Cie, Then 
o(b;) = c; fori=1,...,k. 
(a) = (6). That G is I-transitive is obvious. Fix a subset {a1,..., az} 


of 2 of cardinality J and let {b,,...,b,_y} and {c1,...,cp—1} be two 
subsets of 2 \ {a1,..., az}. Consider the subsets of Q of cardinality 
k, 
B= {ay,...,@1,b1,..., dk—i} and C= {a1,...,@1,b1,..., bei}. 
By (a), there exists 0 € G such that o(a;) = a; and o(b;) = c; for 
t=1,...,lJand j =1,...,k—1. This o belongs to Ggq, 
maps b; onto c; for j = 1,...,k—1. 

(b) = (c). Obvious. 

(c) = (a). Let {b1,...,b,} and {c1,...,c,} be two subsets of 2 of 
cardinality k. Let 0, and a2 € G such that o1(b;) = a; and o2(c;) = 
a; fori =1,...,1. Let 7 € Gga, |... a,} such that 7(01(b;)) = o2(ce,) for 
ti=1+1,...,k. Then o := oj ° To; maps 6; onto ¢; fori =1,...,k. 
(d) = (e). We use the well known result that a separable poly- 
nomial over a given field is irreducible if and only if its Galois 
group acts transitively on its roots. Set fi(z) = f(x). Fix 
Le {2,...,k} and {a1,...,ai-1} be a subset of Q. Suppose that 
fi-1(@) is irreducible over K(aj,...,a;-2). To show that fi(x) 
is irreducible over K(a1,...,Qi-1), it is sufficient to prove that 
Gal(fi(x), K(a1,...,a@1-1)) is transitive on 1 \ {a1,...,ai-1}. This 
assertion is true by (2). 


yeahs 


ered! 


e (e) = (h). Obvious. 
e (h) => (d). Since f(x) is irreducible, then G is transitive. Since 


f(«)/(x— a1) is irreducible over K (a1), then Gg, is transitive on 2\ 
{a1}. It follows, from (2), that G is 2-transitive on Q. Suppose that 
G is (l—1)-transitive. Since f;(x) is irreducible over K(a1,..., 1-1), 

he a)-1} is transitive over .\ {a1,...,ay-1}. By (2), Gis 


l-transitive. 


Since G # 1, there exists a € 2 and o € G such that o(a) = a. 
Let A = {o(a),o € G}, then |A| > 2. On the other hand, since G 
is transitive, there exists 9 € ] such that 6 ¢ A. Thus |A] < |Q|. 
Obviously o(A) = A for any o € G. Therefore A is a non trivial block 
of G. 

Suppose that G is imprimitive and let A = Q;. Since for any o € G, 
0(Q1) = Q;, then o(A) = A or o(A)M A = 9. To prove the reverse 
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implication, when G is transitive, let A satisfying one of the preceding 
conditions. Let A; = A,...,A, be the distinct values of o(A) for 
a0 €G. LetbeQ. Let a € A, since G is transitive, let o € G such 
that o(a) = 6, then b € o(A), thus UA; = . It is easy to verify that 


Aj 


(6) 


NA; =@ fori F# j. 

(uw) > (v). Let Q =Q,U---UQ, be a partition of 0 satisfying the 
condition of imprimitivity. Let a be a root of f(a), which we may 
suppose that it belongs to Q;. Let 


L=K(on1,...,), H = Gal(L, K(a)), J = {0 € G,o(M) = 04}. 


Clearly J is a subgroup of G containing H. Let F = Inv(J), then 
K CFC K(a). It remains to show that these inclusions are strict. 
Let 8 € Q: such that 6 4 a and let o € G such that o(a) = 8B. 
Then o € J ando ¢ H, thus J # H. Let ag € Qe and let 0 EG 
such that o(a@) = a2, thena € G\ J. 

(v) => (w). Obvious. 

(w) > (u). Let K be an algebraic closure of K. Let m = [F : K] 
and 01,...,0m be the distinct K-embeddings of F into K. For 
any i € {1,...,m} let oj, 7 = 1,...,n/m be the extensions of 
o; to K(a). Let Q) := {oij(a),j = 1,...,n/m}. Since the oj; 
for 7 € {1,...,m} and j € {1,...,n/m} represent the list of all 
the K-embeddings of K(qa) into K, then Q = eo. Since the 
inclusions of fields are strict, then 2 < |Q;| <n fori =1,...,n/m. 
If Q; VOQn AO, then o4;(@) = oni(a) for some j and I. It follows 
that 04; = on, hence 1 = h, which implies Q) = Qp. 


(7) Suppose that G is k-transitive and by contradiction that k > 2. In 
particular G is 2-transitive. Let Q = Q, U---UQ, be a partition of 2 
satisfying the condition of imprimitivity. Let a,,6; € Q; and ag € Qo, 
then there exists o € G such that o(a,) = a; and o(b,) = ag. This is 
a contradiction since we have o(Q;) 4 2; and Q)Na(Q,) FG. 
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Chapter 6 


Finite fields 


Exercise 6.1. 
Let p be a prime number and n be a positive integer. Show that in Z[z], 
we have (lt a+-:»+a?-1)"=(1—2)"®-) (mod p). 


Solution 6.1. 
We do computations in F,(a). We have 


(ltates+aP-1)r = (=) = C=) = (1—2)@-)), 


1-2 1-2 


hence the result. 


Exercise 6.2. 
Let gq be a prime power. Let f(a) be a polynomial of degree 3 with coeffi- 
cients in Fy. 


(1) If g > 3, show that the equation y? = f(z) has at least one solution 


(x,y) € F?. 
(2) Show that the above conclusion does not hold for g = 3. 


Solution 6.2. 


(1) If f has a root in F,, then the claim is obvious, so may suppose that 
f has no root in F,. Suppose by contradiction that for any a € Fy, 
f(a) ¢ F#? then f(a)@-)/? = —1 for any a € Fy, hence f(a)" +1=0 
for any a € Fy, where r = (q —1)/2. It follows that 

f(x)" +1= (#4 — 2)g(@), (Eq 1) 
where g(x) € F,[z] and degg = 3r—q = 38r—-(2r +1) = r-L. 
Differentiating this equation, we obtain: 


rf'(x)f(x)’* = g'(x)(x4 — x) — g(2). (Eq 2) 
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Multiply equations (Eq 1) and (Eq 2) by rf’(x) and f(x) respectively 
and obtain equations (1') and (2’) respectively. Subtract (2’) from (1’) 
and obtain: 


rf'(z) =rf'(x)(x4 — x)g(x) — f(x)g"(x)(2* — x) + f(z) g(a), 
hence 
rf'(x) — f(x)g(x) = (x? — 2)(r f'(x)g(x) — f(x)g'(@)). 
Equating the degrees of both sides of this equation, we obtain 
34+degg=r+2>q=2r+1 


that is r < 1 thus q < 3, which is a contradiction. 
(2) Let f(x) = 2? —x—1, then for any a € F3, we have f(a) = —1, so that 
f(a) is never a square in Fs. 


Exercise 6.3. 
Let K be a field of characteristic p > 0 and d be a positive integer. 


(1) Let Ka = {x¢+---+2%,n> 1,2; € K}. Show that Ky is a subfield of 
K, 

(2) Let K¢ = {x4,x2 € K}. Show that Kq is the smallest subfield of K 
containing K?. 

(3) Determine Kq for any d> 1 if K = Fys. 

(4) Suppose that kK = F,. Let F be a subfield of kK. Show that there exists 
d>1 such that F = Kg. 


Solution 6.3. 


(1) Let y=a¢+--- +24 and z= uf +---+u, be elements of Ky, then 
clearly y+z and yz € K%. Moreover, we have —1 = p—1 = 1¢+---+14¢ 
(p — 1 times), hence —1 € Kg and then —y = —-1-y€ Kg. Let y€ Ka 
such that y 4 0, then 

yay (yf ayy (yl) € Ka. 
We conclude that Kg is a subfield of Kk. 

(2) By (1), Ka is a subfield of K. Let F be a subfield of K containing K%, 
then it contains any finite sum of elements of K%. Therefore F > Kg. 
We conclude that Ky is the smallest subfield of K containing K 4a 

(3) The subfields of K are: F3, F32 and F3s1. Let 6 = ged(d,34 — 1) = 
gcd(d, 24.5). We examine several cases. 

e 5=1. In this case K“\{0} is a subgroup of K* of order sae = 80. 
Therefore, according to (2) and the list of subfields of K, Ka = Fs. 
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e 5 = 2. Here K4\{0} is a subgroup of K* of order 25+ = 40. 
Therefore, for the same reason as above, Kg = F3. 
4 
e 5 =4. Here K%\{0} is a subgroup of K* of order 2=+ = 20, hence 


ips as 

e 5=5. Here K%\{0} is a subgroup of K* of order cee = 16, hence 
Kea We 

e 5=10. Here K%\{0} is a subgroup of K* of order aot = 8, hence 
Kg =F 32. 

e 5 =16. Here K“\{0} is a subgroup of K* of order = = 5, hence 
Ka =F, because if a a subfield F of K contains K%, then K4\{0} 


is a subgroup of F*. In this case we may exclude the possibility 
F=Fp. 
e 5 =8. Here K“\{0} has order 2=" = 10, hence Ky = Fas. 
e 5 = 20. Here K%\{0} has order saa _ = 4, hence Kg = F32. 
e 5 =40. Here K%\{0} has order ata _ = 2, hence Ky = F3. 
e 5 =80. Here K%\{0} has order 1, hes Ka =F3. 
(4) Let e be me order of F*, then F* = fps a x €F3}. Therefore F = Fya, 
with d= . Since F is a field then F = Ky. 


Exercise 6.4. 
Let p be a prime number, m and n be positive integers such that m > 2. 


(1) If m =0 (mod p) or m= 1 (mod p), show that the polynomial f(x) = 
x’ + x +1 is separable over Fy. 

(2) Let g(x) = x?" +241 and let gi(x),...,9(a) be its irreducible factors 
in F,[z] of degree d,,...,d, respectively. Show that lem(di,...,d-) = 
2n. Deduce that if (p = 2 and n > 3) or p > 3, then g(x) is reducible 


over Fp. 
(3) Let h(x) = a?"t! + 241 and let Ay(x),...,hs(x) be its irre- 
ducible factors in F,[z] of degree e1,...,es respectively. Show that 


Iem(e1,...,€s) = 3n. Deduce that if (p = 2 and n ¢ {1,3}) or p > 3, 
then h(x) is reducible over F,. 
(4) Show that r > p"/(2n) and s > (p” + 1)/(3n). 


Solution 6.4. 


(1) We have f’(z) = mz™-!+1. If m = 0 (mod p), then f’(x) = 1 
which implies that f(x) is separable over F,. If m = 1 (mod p), then 
f'(z) = a™-1+1. Suppose that f(x) and f’(x) have a common root 
say a, then a”~! = —1 and a” = —a — 1. It follows that a” = —a 
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and a” = —a—1, which is a contradiction. Therefore f(x) is separable 
over Fp. 

Let I be the ideal generated by g(x) and let J;, for 7 =1,...,r, be the 
ideal generated by g;(x) in F,[z]. Since by (1), g(x) is separable over 
F,,, we may consider the following sequence of rings isomorphisms 


Fple]/T + T] @plel/L) + [Tp lel/ts) 3 Fle, 


defined by 
W(a(a) +I) = (a(x) + h,..., a(x) +1,), 
w} is the inverse of wy and 
b(ar(x) + Ly,...,ar(x) + Ip) = (a1 (2”) + y,...,a,(2?) + I,). 
Let ¢=-!o doy, then (a(x) + I) = a(x?) + I. Let k be a positive 
integer, then we have 
(e+ act+l les dh(ath,...,c+1,) =(c+h,...,0+Ip) 
So 4124+] for j=1,...,r 
<—degg;|k for j=l,...,r 
<> lem(d;,...,d,) | k. 
Let d= lem(d,,...,d,). We have 
oat =a +Il=-2-14+1 and "(2+ D=c4I, 


hence by the above equivalences, d | 2n. Since é"(a + J) =—-a—-14+4+T, 
then d # n. Suppose that d < n. From the identity a +T=n+ I, 
we conclude that 2?" — 2 = 0 (mod g(2)), which is a contradiction. 
Suppose now that n < d< 2n. Then d = 2n’ with n’ |n and 0 <7’ < 
n. Setd=n-+t, where 0 <t <n. From the identity ae +[=24 I, 
we conclude that 


atI=a 40-0" 41 
= (a?")P’ +7 =(—x—1)" +1 
=—2? 147. 


We deduce that x?" + 2 +1=0 (mod g(2)), which is a contradiction. 
Therefore d = 2n. 

Suppose that g(x) is irreducible over F,, then r = 1, d= dy = p” = 2n. 
From this it is obvious that p = 2 and n = 27. We deduce that 2% = 


Ww 


wa 
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j+1. Using arguments from analysis one may show that j € {0,1} and 
then n € {1,2}. It is possible to get the same conclusion by arguing 
that 27 is equal to the number of subsets of a set, say E, containing 
j elements. Since the empty set and the sets {e} for e € E are such 
subsets and their number is equal to 7 + 1, then j < 2. 

We use the same proof as in (2). Making the necessary changes, mu- 
tadis mutandis, we keep the same notations as in (2). Here we have 


é°(a@ +1) =a +I =-1-1/r4+I, 
¢’"(a +1) =-1/(@ +1) +I and 
e (e2et+NH=ac+I, 


hence by the above equivalences, lem(e),...,e;) | 3n. Since ¢"(a+J) = 
2 — 14+ TJ, then d 4 n. Suppose that d <n. From the identity 
a?* +I =x+ 1, we conclude that x?* — 2 =0 (mod h(zx)), which is a 
contradiction. Suppose now that n < d < 2n. Then d = 3n’ with n’ | n 
and 0<n' <n. Setd=n+t, where 0 < t <n. From the identity 
a+ T=a+ I, we conclude that 


rt+I=2"" Fay gee aay | 
= (2°)? +2 =(-1-1/z)? +1 
= —1—(1/z)? +1 


We deduce that 2?'+!+2+1= 0 (mod h(2)), which is a contradiction. 
From the computation of ¢?"(x + I), it is seen that d 4 2n. Suppose 
that 2n <d< 3n. Set d= 2n+u, where 0 <u<_n, then 


ee age a ge 


eee =e 
SGN PM ay 
ae (Ser 

a4 
Sa eG 
waa 


We deduce that 2?°+!+a+1=0 (mod h(zx)), which is a contradiction. 
Therefore d = 3n. 

Suppose that h(x) is irreducible over F,, then r = 1, d= dj = p" +1 
3n. Using the function defined by F(a) = p? — 3x +1, it is seen that 
this equality holds only if p= 2,n =1 orn =3. 

Since d = Ilcm(d),...,d,), then d; < d for any 7 € {1,...,r}. It follows 
from (2), that p” = >;_, di < 2nr, thus r > p"/(2n). The proof for s 
is similar and will be omitted. 
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Exercise 6.5. 

Let p be a prime number, g = p” and L(x) = )>7"9 at € F,[z]. Show 
that for any a € Fgn, L(Trp,./p,(@)) = Trejn er, (L(@)). 

Solution 6.5. 

We have 


L(Trg,n/F,(a)) = L(atat+---+ ag ) 


1=0 
m 
q q gitn-t 
- ) ai(at +at +---+a ) 
1=0 
m m m 
q¢ qt qt” t 
= ) aja? + ) aya + + ) aj,a 
i=0 i=0 i=0 
n-1 
m m : q m qd 
a y ajat + y aj;a4 free y ayat 
1=0 1=0 i=0 


= Trp», (L(a)), 
hence the result. 


Exercise 6.6. 
Let q be a prime power, n be a positive integer and x € Fg». Show that 
av €F%, if and only if Np, sp, (2) € F?. 


Solution 6.6. 
If = 0, the equivalence is obvious. From now on, we suppose that x 4 0. 
Since the norm map from Fy» into F, is surjective, then the proposition 

(P) For « € F%,,2 € F%2 if and only if Ng... sr, (2) € F%? 

is equivalent to the proposition 

(Q) Ne,ne, (Fy) = FY, 

so we prove (Q). 

In the sequel, we omit the reference to the index Fgn/F, in the norm 
and will write N(x) for the norm of x. Obviously we have Ng. /r, (Fiz) Cc 
Be, To get equality of these two sets, we show that they have the same 
cardinality. It is easy to show that |F%?| = (q—1)/2. For the other set 
consider the norm maps Ny : Fy, — Fj and No : Fsi > F%? which are 
morphisms of groups. Since Nj, is surjective then | Ker N;| = (q”—1)/(q—1). 
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We have 
Im No = No(Fon) © Fan / Ker No = Fat /(Ker Ni N Fen), 
hence 


IN (FG*)| = |No(Fa)| 
= |F*2 |/|Ker Ny 0 F*2| 


> [FR |/| Ker Ni | 
gel ge I 

ie ea ae | 

= (q-1)/2. 


We conclude that N(F%n) = F%?. 


Exercise 6.7. 

Let f(z) = 2? +av+6 € F,[z]. Suppose that f(x) is irreducible over F, 
and that a 4 0 if q is odd. Let a be a root of f(a) in an algebraic closure 
of F,. Show that {a,a‘} is a basis of F(a) over Fy. 


Solution 6.7. 

Suppose that Aa + pat = 0, where A, 4 € Fy. Suppose that uw # 0, then 
\#O0and at! =—)d/pe Fj, hence ai)” = 1. It follows that the order 
of a in the multiplicative group F,(a)* divides ged((q — 1)?,q* — 1). We 
have 


q-1 if q is even 
cd((q—1)?,q7-1) = 
ged(( ) ) 2(q—1) if q is odd 
If q is odd then a2(4-)) = 1, hence a? € Fy, which is excluded by our 
assumptions. If q is even, then a4~! = 1. Therefore a € F, which is a 
contradiction. It follows that ~ = 0, then \ = 0, which implies that {a, a7} 
is a basis of F,(a@) over Fy. 


Exercise 6.8. 

Let p be a prime number, gq be a positive power of p, n be a positive 
integer and a € Fyn be an element generating a normal basis of Fyn over 
F,. Suppose that there exists a € F, such that a +a does not generate a 
normal basis of Fy» over Fj. Show that p{n and a = —Trp,, pr, (a)/n. 
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Solution 6.8. 
Since a + a does not generate a normal basis of Fyn over F,, then there 
exists a positive integer m, 1 <m <n-—1 and ao, q1,...,@m-_—1 € Fg such 
that 
ag(a ta) +ay(a ta)? +++ +tami(ata)™”  +(ata)™ =0. 

We deduce that 

Aga + ayat +++ + Qm_10?” +ar” + a(ag +++: +Gm-1 +1) =0. 
We write this equation in the form: 


-1 m 


aga + aya? +++» +am—-104 tat =—alagt+:::+@m—1 +1). 


Using the trace map, we obtain 
do Trp n/p, (@) + @1 Tren sp, (0%) 
m—1 
Se Tig 9 /Fq (a) 


= —na(ag +--+ +@m—14+ 1). 


Since conjugate elements in a given extension have the same trace, then 


Trin /F, (a)(a9 + +++ + @m—1 +1) = —na(ag ++++ + Gm—-1 +1). 
Since a generates a normal basis, then ag + --- + @m_1 + 1 4 O and 
Trp,n/F,(@) #0. It follows that p{n and a = — Trp, /z,(@)/n. 


Exercise 6.9. 

Let o : Fan — Fyn be the Frobenius automorphism and let f(x) (resp. g(«)) 
be the characteristic (resp. minimal) polynomial of the F,-linear map o. 
Show that f(x) = g(a) =x” —- 1. 


Solution 6.9. 
For any a € Fgn, we have o"(a) = a? =a, hence o” = Idg,,. It follows 
that f(x) = 2” —1. It is known that g(x) is monic and g(x) | f(x). Suppose 
that g(a) 4 2” — 1, then the degree m of g(x) is at most equal to n — 1. 
Set g(x) = 2” +. ay,-12™~' +--+ + a0, where ao,...,@m—1 € Fy. For any 
a € Fyn, we have g(o)(a) = 0, hence 

oO" 4 am 10 eee Hh agldg,, = 0. 
It follows that any a € Fyn is a root of the polynomial 

h(z) = et” + Qm1e? +--+ +agx. 
This fact is impossible since the number of roots of this polynomial, in an 
algebraic closure of F,, is at most equal to g™. We conclude that g(x) = 
a” —1. 
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Exercise 6.10. 


(1) Let E be a vector space of finite dimension over the field K and let 
T:E—- E bea linear map. Let v € F and 


T={f(x) € K[a}, f(T)(v) = 0}. 


Show that I is a principal ideal of K'[a] generated by some monic poly- 
nomial which will be denoted by M(r,,)(x). Show that this polynomial 
divides the characteristic polynomial and the minimal polynomial of T 
over K. 

(2) Let p be a prime number, r be a positive integer and gq = p™. Let n 
be a positive integer, a be an element of the field Fyn and o be the 
Frobenius automorphism of this field. Show that a generates a normal 
basis of Fyn over F, if and only if Mio,q)(%) = a#”" — 1. 

Hint. One may use Exercise 6.9. 

(3) Write n in the form n = p*t, where e and t are positive integers and 

gcd(p,t) = 1. Let #” —1 = (fi(x)---f,(x))? be the factorization 

of x” — 1 into a product of irreducible factors over F,. Let ¢;(x) = 

(x” — 1)/f;(x). Show that a generates a normal basis over F, if and 

only if ¢;(c)(a) £0 for i=1,...,r. 

If moreover ¢t = 1, show that a generates a normal basis over F, if and 

only if Trp, /r,(a) 4 0. 


(4 


a 


Solution 6.10. 


(1) Clearly J is an ideal of the ring K [a]. Since this ring is principal, then 
I is principal generated by some polynomial, which may be supposed 
to be monic. Since the characteristic polynomial and the minimal poly- 
nomial of T’ over K belong to J, then they are divisible by Mcr,,)(«). 

Suppose that M(,,9)(x) # «”—1. By (1) and by Exercise 6.9, «”—1 € 
I, hence M(g,.)(x) | "—1. Therefore the degree m of g(x) := M(o,a)(«) 
satisfies the condition m <n. Set g(x) = 2™ +a@m—12™ 1 +--++ a9, 
where dao,-.-,@m-—1 € Fg, then 


i) 
Nea 


ot + Qm_10" + a aoldg jn (a) =0. 
Therefore 
af” + ama” +++ + apa =0. 


We conclude that a does not generate a normal basis of Fgn over Fy. 
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Suppose that a does not generate a normal basis of Fyn over F,, then 
there exist a positive integer m, m <n—1 and ao,...,@m € Fy, with 
Gm # 0 such that aga + aya? +--+ + Amat” =0. Let 


g(x) = ap aya +--+ + ame 
then g(7)(a) = 0. Therefore M(o,9)(x) | g(a) and then Mig.q)(«) # 
a” —1. 
Since, by Exercise 6.9, M(,,.)(«) | x” —1, then the equivalence follows 
from (2). 
If t = 1, that is 


~~ — 
i (sO) 
Na < 


g™—1l=a? —1=(x£-1)", 
then r= 1, fi(~) =a —1 and 
b1(0) = (@" —1)/(@- 1) =a" +e tet, 
hence by (3), @ generates a normal basis over F, if and only if 


Tren /Fq (a) x 0. 
Exercise 6.11. 
For any finite family {u1(X1,...,Xn),.--,Ur(X1,..., Xn)} of polynomials 
with coefficients in F,, we denote by V(u1,...,Un) the subset of F7, 
V(u1,---,Un) = {(a1,-.-,2n) € FY, ui(a1,---,2n) =0, fori=1,...,r}. 
Let fi(%, see At yas Pee (Xi, aes ,Xn) E F,[X1, eas Xn] and let 
F(Xi,.--Xn) = - ff") - f8)-1 
Show that V(fi,..., f-) =V(F). 


Solution 6.11. 

Set X = (X1,...,Xp) and # = (x1,...,2%). Let # € V(fi,..., fn), then 
clearly F'(#) = 0, hence  € V(F’). Let ¢ € V(F’). Suppose that there exists 
gj € {1,...,r} such that f;(Z) 4 0, then f;(Z)¢~1 = 1, hence F(#) = —1. 
T hereiie we reach a contradiction. We conclude that @€ V(fi,..., fr). 


Exercise 6.12. 
Let q be a prime power, N =q—1landaé€é Fy. Let 


sa) = fe ifa=0 
— yh (X/a)* ifa 40° 


1 ifv=a 


1) Let x € F,. Show that 6,(2) = ; 
) (2) {6 ifaA#a 
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(2) Let (a},...,a7),...,(aqy,---,a%,) be M distinct tuples of elements of 
F, and let j,...,b6,¢ € Fg. Consider the polynomial 


Pi isecayX -y LT Fei 


Show that f(X1,...,X,) € F[X1,...,Xn] and for any k € {1,..., WM}, 
Capers \ be: 


Solution 6.12. 


(1) If a = 0, then 6,(X) = 1— X%, hence 6,(0) = 1 and for x ¥ 0, 
6a(x) =1—27-1 =0. Ifa 0, then 64(X) = — p_,(X/a)*, hence 


--yo= ~(q-1)=1 


and for x #a, 


where y = x/a. Therefore da(x) = 0. 

(2) Clearly, f(X1,...,Xn) € F a ]. Let & € {1,...,M}. To get 
the result, we show that He 1 Dai i (a),.) = 1 and f= js Ogi i(a).) = 0 for 
i #k. These claims are true by (1) and the proof is complete. 


Exercise 6.13. 

Let n be a positive integer, p be a prime number and gq = p’, where r is 
positive integer. Let mn € {1,...,qg —1} be the unique integer such that 
n= (mod g-1). 


(1) Let (a,b) € F4 such that a 4 0. Show that 
(aX +b)" = (aX +b)” (mod (X4 — X)F,[X]). 


(2) Deduce that for any j € {1,...,q—1} we have 


PS ; (7) =) (mod p). 
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Solution 6.13. 
(1) It is equivalent to prove that the functions 
f(x) = (ax +b)” and g(x) = (ax + b)” 


take the same values point wise in F,. This assertion is trivial for 
x = —b/a. Set n = (q—1)m+H, then for any x 4 —b/a, we have 


f(x) = (ax + b)-D™ (ax + b)* = (ax +b)" = g(2). 
(2) On one hand, by (1), we have 
(X +1)" =(X +1)" (mod (X4 — X)F,[X]). 


On the other hand, we have 


4yr=e (")xma145 S- (")xm 


m=0 


hence 


m 


q-1 
(Gap Sie): 3 (") XI (mod (X?—X)F,[X]). 
j=l igm<n 
m=j (mod q-1) 
By equating the coefficients of X/ in the right sides of the two congru- 
ence equations, we obtain the result. 


Exercise 6.14. 
Let a and b € F*. Show that 7475 a7-1-Jb) = 1. 


Solution 6.14. 


If b=a, then 
q-1 q-1 
pe mane = Soe — S- 1=0. 
j=0 j=0 
If b#a, then 
q-1 q—1 
Die oe date da ee ge Leahy 
q-1-Jp} = pi} b)? = bt 1 = 1 
af del ) I 


Exercise 6.15. 


Let f(x) € F,[z]. Show that the following propositions are equivalent. 
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(i) For any a€ Fy, f(a+a) = f(a). 
(ii) f(x) has the form f(x) = Oy.9 ce(x? — x)* with c, € Fy. 


Solution 6.15. 


e (i) = (%). The representation of f(x) in base x?—2 [Lang (1965), Th. 9, 
Chap. 5.5] has the form f(x) = >, cx (x)(a?—x)*, where c;,(x) € F,[2] 
and degc, < gq. From the hypothesis and from the uniqueness of this 
representation, we conclude that for any k = 0,...,m, and any a € Fy, 
C(x + a) = cy (x), hence cz (a + a) — cx (a) = 0 for any k and any a. It 
follows that c;,(a + y) = ck(x), which implies c,(ax) € Fo. 

e (ii) => (i). Easy. 


Exercise 6.16. 

Let p be a prime number, g = p", f(x) € F,[z] be a monic polynomial of 
degree d and let FE = F,[x]/(f(x)). Recall that the trace map, Tr: E > Fy, 
defined by Tr(a) =a+a%+-+-+a% ° is linear over Fy. 


(1) If f is irreducible, show that the trace map is surjective. 
(2) Suppose that f is reducible over F,. 


(a) If f = g*, where g is irreducible over F, and k > 2, show that there 
exists e € E \ {0}, such that e? = 0 and Tr(e) =e. 

(b) If f = fy'--- fer, where r > 2 and the f; are irreducible over 
F,, show that there exists e € E \ {0,1}, such that e? = e and 
Tr(e) = de. 

(c) Suppose that p{d. Deduce that F, C Im(Tr) and that this inclu- 
sion is strict. 


Solution 6.16. 


(1) It is sufficient to prove that the image of the map is not trivial. By 


d—1 


contradiction suppose that for any a € E,a+al+---+a!? = 0, 
d-1 

then the equation «+ a7+---+a% = 0 has q@ solutions, which is 

impossible. 


(2)(a) Let e = (g(x))", where 


ia k/2 if k is even 
~ | (k+1)/2 if kis odd’ 


then e 4 0 and e? = 0. We deduce that for any 7 > 2, e? = 0, hence 
Tr(e) =e. 
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(b) Let u(x) € Fy[x] such that 
u(x) =1 (mod ff*(z)) and u(x) =0 (mod f5?(x)--- f£r(z)), 
then 
w—u=u(u—1)=0 (mod f(z)). 


Let e = u(x), then clearly e 4 0, e 4 1 and e* =e for any integer 
k > 1. Therefore Tr(e) = de. 

(c) Since p{ d, then 1/d € F,. We deduce that 1 = Tr(1/d) € Im(T'r), 
hence F, C Im(Tr). In the case (a), we have Tr(e) = e, e # 0 and 
e? = 0, hence e ¢ Fy. In the case (b), we have e 4 0 and e? = e, 
hence e is a 0 divisor and then e ¢ F,. But in both cases we have 
proved that e € Im(Tr), hence the inclusion is strict. 


Exercise 6.17. 

Show that the polynomial f(x) = «”+a-+1 is reducible over F2 if and only 
if there exists a non constant polynomial g(x) € F2[z] of degree at most 
n—1 such that f(x) | g(x?) — g(a). 


Solution 6.17. 

We prove the necessity of the condition. Let f(z) = fi(x)fo(x) be a 
non trivial factorization of f(x) in F2[#] with gcd(fi(x), fo(x)) = 1. Let 
g(x) € F2[2] be the unique polynomial of degree k < n (determined by the 
Chinese remainder theorem) such that g(x) =0 (mod f,(x)) and g(x) = 1 
(mod f2(x)). Then we have g(x)? — g(x) =0 (mod f()), hence 


g(x*) — g(x) =0 (mod f(x). 


The sufficiency of the condition is obvious. 


Exercise 6.18. 
Let m be a positive integer, q be a prime power and a € Fj. Show that 
there exists f(a) € F,[x] monic, irreducible of degree m such that f(0) = a. 


Solution 6.18. 
Since the result is obvious if m = 1, then we may suppose that m > 2. Let 
a be a generator of the group Fjm. We have 


m-1 m-1 ™m 
= aalt--- at — oitat +4 — g(¢"-1)/(a-1) 
NE jm je, (a) =aa Qa =a =a 5 


Let c = Np... r,(@), then c € Fy and c is a generator of this group. It 
follows that there exists k € {0,...,q — 2} such that a = c*. Let Fya 
be the field generated by a* over Fy, then dlm. Suppose that d < m 
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then (a*)1"-1 = 1, hence olf -Dk — 1, thus &(q? — 1) = 0 mod g” —1 
contradicting the fact that k < q— 2. We conclude that d = m, that is a* 
is a primitive element of Fym over F,. Clearly (—1)”a* is also a primitive 
element. Let g(x) = Irr((—1)™a*,F,), then deg g = m and we have 


9(0) = (-1)™Negme, (1) a") 


Exercise 6.19. 
Let m, n be positive integers and q be a prime power. Let a € Fgm» be an 
element generating a normal basis over Fy. 


(1) Show that Trp... /f,m(@) generates a normal basis of Fgm over Fy. 
(2) Show that the preceding result no longer holds if the trace is replaced 
by the norm. 


Solution 6.19. 
(1) Let y = Trpjmn /Fjm (@). Then 


n—-1 : n—-1 ; 

my mj 

y= > gq")? — : at ; 
j=0 j=0 


For k = 0,...,m—1, we have 77 = ae at” ** Suppose that 


Mae any? = 0, where the coefficients a, belong to Fy. Then 

are San a,at = 0. The left side of this identity is a linear com- 
bination, with coefficients in F, of the family fat i = 0,...,mn—1} 
and each at appears one and only one time. Hence a, = O for 
k =0,...,m-—J1. Therefore, y,7%,... yw are linearly independent 
over F,, and then they constitute a normal basis of Fym over Fg. 

(2) Let a be a root of f(x) = 244 23+ 22 +2+1 in an algebraic closure 
of F2. It is easy to verify the irreducibility of this polynomial over Fo, 
therefore F2(a@) = Fo:. The conjugates of a over F2 are 

a, a’, a* =a? +07%+a+1 and a’ = a’. 
It is easy to verify that these elements are linearly independent over 
F2, hence they form a normal basis of Fo4 over Fz. On the other hand, 
we have 
Nea /Fy2 (@) = aa* = a° = 1, 
hence this norm does not generate a normal basis of Fo2 over Fo. 
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Exercise 6.20. 

Let p be a prime number, qg be a power of p, f(x) = 2” — ax — b be an 
irreducible polynomial with coefficients in F, and let a be a root of f(x) in 
an algebraic closure of Fy. 


(1) Show that for any 1 <k<m-—2, Trp, (a)/F, (2*) =0. 
(2) Deduce that if g(a) generates a normal basis of F(a) over F,, where 


g(a) € Fy[x], 1 < degg < m— 2, then m 4 0 (mod p) and g(0) # 0. 
Solution 6.20. 


(1) Let ay = a,a2,...,Q@m be the roots of f(x) in an algebraic closure 
of F,. For any k € {1,...,m} let o;, be the elementary symmetric 
function of the a; of degree k and let 8% = >>)", a. Newton’s formula 
[Small (1991), Prop. 2.3, Chap. 2] reads for k = 1,...,m: 

Sk — O18K-1y bee + (—1)*-to4_151 + (—1)* kop = 0. 
By induction it is seen that s, = 0 for k = 1,...,m— 2. Therefore 
TYE, (a)/Eq (a*) = 0. 
Let g(x) = ag + aya + +++ + Gm—20™~? be a polynomial of degree at 
most m — 2 with coefficients in F,. Suppose that m = 0 (mod p) or 
g(0) = ao = 0, then we have 


— 
i) 
cue 


req(a)/Pq (G(@)) = Mao + Are, (ay/zq(@) + °° + + Om—2re, (a /%4 (a?) 


hence g(a), g(a)4,...,g(a)?" —+ are linearly dependent over F,. It fol- 
lows that g(a) does not generate a normal basis of F,(a) over Fg. 


Exercise 6.21. 
Let qg be a prime power, F be the set of maps f : Fj > Fy. Let 


IT={g €F,[z1,...,2n], g(a1,---,@n) = Ofor any (a1,...,@n) € FG}. 


(1) Let w : F[ri,...,¢%n] + E be the map such that ~(g(a1,...,2n)) is 
the map of Fg» into F, induced by g. Show that ~ is morphism of 
F,-algebras of F,[xv1,...,%n] onto E. Deduce F,[21,...,¢n]/I ~ E. 

(2) et Fy Gy ey a ses Fin te) SF tien java, 


V = {(a1,---,@n) € FY, Fi(ai,---,an) =0 for anyi=1,...,r} 
and 
P= Lh € Wo leiy iss 5 Wyly Fi, +4 +40n) = 0, for any (y4.+.4.0,)€ V}. 
Show that 


J=14+ F,F,[21,...,¢n] +--+ + F-F,[21,..., tn]. 
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Solution 6.21. 


(1) We omit the proof of every thing except that 7) is onto. 


Nn 


1 ifv= 
For any a = (@1,...,@n) € F9, let rate) = 1 a : 
if no 


that the set {fa,a € FG} is a basis of E. Suppose that 
Mi faa) 2+: tAmfaim) = 9, (6.1) 


where A1,.-.,Am € Fy and a,...,a”) are distinct elements of F?, 
then for any j € {1,...,m}, \j = Arfaaw) +:+: + Amfa(m) (a) = 0, 
hence the set is free over Fy. 

Let f € E, then one easily verifies that f = >> f(a) f., which proves 
that the given set generates E over F,. Now to prove the surjectivity 
of ~, it is sufficient to prove that for any a € F7, fq is a image of some 
polynomial, i.e., f, is a polynomial function. Let a = (a1,...,an) € Fy 
and 


e . We first show 


Fy (@1,0%<,%n) = 1 — (21 — a)? ") +1 — (@ — ay) 2"), 


then clearly (Fy) = fa- 
Obviously we have I+ > FiFy[x1,...,¢n] C J. Let H € J and let 


F(a1,...,%) =1-(1-—Fi(a,... bane) + (1—F,(a,... tn) *): 
One verifies that 


0 if (ay,0* 5@,) EV 
Flere) = 4 o on 


1 if not 


and) E136, 0,) © SON Gti, 225 2,|. Let G = A - AF. Tf 
(a1,---,@n) € V, then G(aj,...,a@,) = 0 and if (a1,...,an) ¢ V, then 


G(a1,...,@n) = H(a,...,@,) — H(ay,..., an) = 9, 
hence G(a1,...,@n) = 0. 
It follows that G € J and 


H=G+HFeI+)— FF, [m,...,2]. 


i=l 
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Permutation polynomials 


Exercise 7.1. 
Let r > 2 be an integer and f(z) ae a jie of degree n with coeffi- 
cients in Fjr. Suppose that f(F,) C 


(1) Ifn < q—1, show that f(x) € ve |. 

(2) If n > q, let g(x) € Fgr[z] be the unique polynomial such that deg g < 
q—land f(x) = g(x) (mod x? — x). Show that g(x) € F,[z]. 

Solution 7.1. 


(1) Set f(x) = ap taiv+-+-+ag_-127', where a; € Fyr fori =0,...,q—1 
and let €,...,&€ —1 be the distinct elements of Fy with & = 0. We may 
write the equations f(&) = ao + a1 +--+ + Qg—1€4 in the form 


f(€) ao 
f(&1) = A a, 
F(€-1) Qq-1 
where 
0 0 
AS {1 3 
1 fq-1 ea i 
We have 
1 a2 
1 
Det A = +++ &-1|--: ale reed, 
—2 
1 es Cray 


which is non zero, hence A is invertible and A~! has its coefficients in 
F,. It follows that a; € Fy fori =0,...,q—1. 
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Since f(x) = g(x) (mod «4 — x), let h(a) € Fgr[z] such that 


f(x) = g(a) + (a? — x)h(a). 
We have g(F,) = f(Fq) C Fg. Since deg g < q—1, then we may apply 
(1) and conclude that g(x) € F,[z]. 


Exercise 7.2. 

Let q be a prime power, H be a subgroup of F7 of order d and s = (q—1)/d. 
Let f(x) be a polynomial with coefficients in Fj. Show that f(H) C H if 
and only if there exist a non negative integer r and g(x) € F,[a] such that 
f(z) =2"g(x)* (mod x4 — 1). 


Solution 7.2. 


Sufficiency of the condition. 

Notice that H = {b°, b€ F,}. Let a € H. Since a” € H and g(a)* € H 
then f(a) = a"g(a)* € H, thus f(H) c A. 

Necessity of the condition. 

We recall Lagrange’s interpolation theorem [Bourbaki (1950), Applica- 
tion: Formule d’interpollation de Lagrange, Chap. 4.2] or [Ayad (1997), 
Exercice 1.14]. Let K be a field, aj,...,a, be distinct elements of K 
and b,,...,b, be elements of K distinct or not. Then there exists 
one and only one polynomial h(x) with coefficients in K of degree at 
most n — 1 such that h(a;) = 6; for i = 1,...,n. This polynomial 
may be written explicitly. Moreover if no condition on the degree of 
h(x), is prescribed, then any two polynomials hi(2) and hg(a) such 
that hi(a;) = ho(a;) = bj, satisfy the condition 


ho(x) = hi(x) (mt [Ie - «)) : 


To get this result it is equivalent to prove that ho(x) = hy(a) (mod «— 
a;) fori =1,...,n. But this last claim is true since ho(a;) — hi (a;) = 0 
fori =1,...,n. This theorem of Lagrange in mind, write f(x) in the 
form f(x) = x" fi (x), where r is a non negative integer and f,(x) isa 
polynomial with coefficients in F, such that f|(0) 4 0. For any a € H, 
we have f(a) = a’fi(a). since a” and f(a) € H, then fi(a) € H. 
According to the remark made above on H, there exists b, € Fy such 
that fi(a) = 6%. Let g(x) € F,[z] such that g(a) = b, for any a € H. 
Since, for any a € H, f(x) and «"g(x)* take the same value on a, 
then by Lagrange’s theorem, these polynomials are congruent modulo 
Taer(* — @) that is modulo x4 — 1. 
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Exercise 7.3. 
Let g be a prime power and n > 1 be an integer. Let f(X) € Fg[X] such 
that deg f < q” and f(X) permutes Fyn. Let o be the permutation induced 
by f(X) and let g(X) € Fan [X] be the unique polynomial of degree at most 
q” — 1 such that g(x) = 07'(2x) for any x € Fyn. Show that g(X) € F,[X]. 
Solution 7.3. 

e First proof. Let d be the order of o, then for any xz € Fyn, we have 
o4(x) = f4(x) =a hence o +(x) = f4-1(z) for any x € Fyn. It follows 
that g(X) = f¢-!(X) (mod X@" — X) and the proof is complete. 

e Second proof. Since, for any x € Fy» we have f(g(x)) = a, then there 
exists h(X) € Fgn[X] such that 

f(g(a)) =X + (XT — X)n(X). 


For any F,-automorphism o of Fyn, denote by u%(X) the unique poly- 
nomial obtained from u(x) by applying o to the coefficients. Operating 
o on the above identity leads to: 


£°(9°(X)) =X + (AT — X)h7(X), 
hence 
f(g? (X)) =X + (XV — X)h7(X). 


This shows that g7(X), as a permutation of Fyn, coincides with o~ 
Since g(X) and g7(X) have ae degrees smaller than qg”, then g aoe = 
g(X). It follows that g(X) € F,[X]. 


Exercise 7.4. 

Let n and m be positive integers, a and b € Fi and f(X) =aX" + bxX™. 
Let d = gcd(n — m,q— 1). Suppose that (—b/a)(¢-))/¢ = 1. Show that 
f(X) does not permute Fy. 


Solution 7.4. 
According to Bezout’s Identity, there exist u and v € Z such that 
u(n —m) + v(q—-1) =d. 

Let € be a generator of Fj, then €4 venerates the unique subgroup of order 
(q—1)/d of Fj and —b/a= £'4 for some positive integer i. We deduce that 
—b/a = gid = eu m) _ ai a 
This shows that f(€’“) = 0 which means that the map induced by f(X) is 

not injective. 
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Exercise 7.5. 

Let q be a prime power. Recall that if o : Fy — Fy is a map, then the 
unique polynomial f(x) with coefficients in F, and of degree at most g—1 
such that f(a) = o(a) for any a € F, is given by 


f(z) = D0 o()- @-o)*). (Eq 1) 


ceF, 


(1) Let a and b be distinct elements of F,, and 7 the transposition (ab). By 
using (Eq 1), show that the unique polynomial f(x) € F, representing 
7 with deg f(a) < q—1 is given by 

f(z) =x+(a—b)(x—a)*' + (b-—a)(c—b)? 1. 

Show that deg f(a) = q— 2. 

(2) Let a, b and c be distinct elements of F,, and p the 3-cycle (abc). Show 
that the unique polynomial g(x) € F, representing p with deg g(x) < 
q—1 is given by 


g(x) = a+ (a—b)(2 — a)? 1 4+ (6—c)(e — 0d)? + (c— a)(a—c)7 1. 


Show that deg g(x) = q — 2 if and only if —3 is not a square in Fy. 
Solution 7.5. 


(1) Since f(a) represents 7, then f(x)—a represents T—Idg,. Using (Eq 1), 
we get 


hence 


f(z) =2+ (a@—b)(x— a)?! + (6-—«)(e—0)2 1. 


It is clear from this identity that the coefficient of 27~! is zero. This 
could be also proved by arguing that f(z) is a permutation polynomial 
and thus its degree is not a divisor of g— 1. The coefficient a of 27~? 
is given by 


a = —a(a— b)(q—1) + —b(b—a)(q—1), 


that is a = (a — b)?, hence non zero. It follows that deg f(x) = q — 2. 
Here g(x) — x represents p — Idg,. By (Eq 1), we obtain 


g(a) — 2 = (a— b)(a— a)?" + (b— e)(a — b)T* + (c—a)(a@—c)*, 


— 
iw) 
NS 


hence 


g(x) = a+ (a—b)(a —a)? 1 4+ (6—c)(e — db)?! + (c— a)(a— cc) 1. 
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As in (1), the degree of g(x) is not equal to q— 1. The coefficient a of 
x1? is given by 

a=a(a—b)+b(b—c)+c(c—a). 
We have a = 0 if and only if a is a root of the polynomial x? — (b+ 


c)a + b? + ce? — be. The discriminant of this polynomial is given by 
D =—3(b—c)?. Thus a £0 if and only if —3 is not a square in Fy. 


Exercise 7.6. 

Let K be a field of characteristic p > 0, f(x) and g(y) be non-constant 
polynomials with coefficients in Kk. If p > 0, suppose that f(a) ¢ K[x?] or 
g(x) ¢ K[x?]. 


(1) Show that f(x) — g(y) is square free. 

(2) Suppose that kK = F, and f(a) is a permutation polynomial over F,. 
Show that (f(a) — f(y))/(x — y) has no factor of the form az + by + ¢ 
in F,[z, y] with a £0 or b £0. 


Solution 7.6. 


(1) Suppose that h?(x, y)| f(a) —g(y), where h(x, y) is a non-constant poly- 
nomial with coefficient in K, then h(x, y)|f’(a) and h(a, y)|g’(y). From 
the assumptions, one of the polynomials f’(x) and g’(y) is non zero. 
Without loss of generality, suppose that f’(x) 4 0, then h(x, y) € K [2]. 
It follows that h(x, y) divides the content in K’[x] of f(x) — g(y), which 
is equal to 1, hence a contradiction. We conclude that f(x) — g(y) is 
square free. 

Suppose that (ax+by+c) | (f(x)—f(y))/(x—-y), with a, b, ce K,a #0 
or b #0, then by (1), aw + by +c Xa — y) for any \ € K. Suppose 
that b # 0, then for any x € Fy, we have f(x) — f((—c — ax)/b) = 0, 
which implies that f(a) is not a permutation polynomial. 


— 
i) 
NN 


Exercise 7.7. 

Let o : Fon — Fon be a map such that o(0) = o(e) = 0 for some e € Fn 
and o(t) £ o(j) for all i,j € Fj, with i A j. Let f(X) © Fon[X] be the 
unique polynomial of degree at most 2” — 1 such that f(a) = o(a) for any 
x € Fon. Show that deg f = 2” — 1. 


Solution 7.7. 
Since the map o is not injective, then it is not surjective, hence there exists 
a ¢ o(Fon). Let 


P(X) = f(X) +al[(X +e)?"-1 +], 
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then clearly P(e) = a and for any « # e, P(x) = f(x), hence P(X) 
is a permutation polynomial. Obviously, by the very definition of P(X), 
deg P < 2” —1. Since it is a permutation polynomial its degree must be at 
most 2” — 2. Since a 4 0, then the leading term of the polynomial f(X) is 
aX?"~! and its degree is 2” — 1. 

Second proof. We will use the following formula, which is Lagrange 
interpolation formula [Small (1991), Remarks, Chap. 2] 


F(a) = YF o(e)(1- (@- 0"). 


ce€F, 


We obtain: 
f= So o(e(1—(x-0)*"). 


c€F,,c¢{0,e} 


The coefficient \ of 27~' is given by A = dic¢{o,e} 7(c). The assumptions 
shows that there exists d € F3, such that d 4 o(c) for any c € Fon. We 
may write \ in the form A = d; + dz +---+dg_2, where the d; are distinct 
and d; ¢ {0,d}. There exists ip such that d;, = —d. Since the opposite of 
any d; for i € ig is equal to some dj, then it follows that \ = d;, 4 0, that 
is the coefficient 27! is nonzero. 


Exercise 7.8. 

Let p > 3 be a prime number and o = (01) be the transposition of 
{0,...,p — 1}. Let f(X) be the unique polynomial with coefficients in 
F,, of degree at most p— 1 such that for any x € F,, f(x) = a(x). Show 
that 


p—l1 
f(X)=X+][(X-). 
k=2 
Solution 7.8. 
We have 
1 if « =0 
f(x) -xvx=o(@)-xr=-1 ife=1 
0 ifx#0,1 
Since deg f < p—1, then 
p-l 
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where a,b € F,. We have 
1= f(0) =(-1)?-?(p—1)!b and 


p-l 


-1= f(1)-1=(a+8) J] &-1) =-(a+d)(p- 2), 


k=2 


hence b= 1 anda=0. 
Second proof. We will use the following formula, which is Lagrange 
interpolation formula [Small (1991), Remarks, Chap. 2] 


f(X)-X = Do (ole) —o)(L- (KX - oP). 


c€F, 
We have 
1 ifc=0 
o(c)-—c=<-1 ife=1 , 
0 ifc#O0,1 
hence 


f(X)-X =(X -1)? 1 - xP, 


The degree of this polynomial is equal to p—2, and for any a € {2,...,p—1}, 
we have f(a) — a =0. It follows that f(X)— X = []R=3(X —k) and then 

p-l 

f(X)=X+][ (x -#). 

k=2 
Exercise 7.9. 
Let p be a prime number and n > 2 be an integer. Let f : Z/p"Z > Z/p"Z 
be the map such that f(0) = 0 and f(x) = 1 for x 4 0. Show that there 
exists no polynomial F(X) € Z/p"Z[X] such that f(x) = F(x) for any 
xe Z/pZ. 


Solution 7.9. 

Suppose the contrary. Since f(0) = 0, then F(x) = ama” +--+ + aya, 
where a; € Z/p"Z. Let F(x) € Z[a] be a lift of F(x). We have F(p) = 0 
(mod p), which contradicts the assumption F(p) = 1. 


Exercise 7.10. 

Let n > 2 be an integer. Show that n is prime if and only if there exists 
a polynomial f(x) with integral coefficients such that f(0) = 1 (mod n), 
f(1) =0 (mod n) and f(k) =k (mod n) for k = 2,...,n—1, ie. f induces 
the permutation (01) on the set Z/nZ. 
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Solution 7.10. 

The necessity of the condition is well known. We prove the sufficiency. 
By contradiction, suppose that n is not prime and let p be a prime factor 
of n. Let f(x) € Za] satisfying the prescribed conditions. Then f(p) = 
ag +++: +amp™ = 0 (mod p), hence p | a9 = f(0) =1 (mod p), which is a 
contradiction. 


Exercise 7.11. 

Let p be a prime number and let f(x) € Z[a] be a polynomial permuting 
the elements of Z/pZ. Show that f’(x) permutes the elements of Z/pZ or 
there exists a € Z such that f(x) + a(a? — x) permutes the elements of 
Z/p*Z. 


Solution 7.11. 

Suppose that f’(a) does not permute the elements of Z/pZ, then there 
exists a € {0,...,p — 1} such that for any « € Z f (x) —a £0 (mod p). 
Let g(x) = f(x) +a(a? — 2). It is clear that g(a) induces the same function 
over Z/pZ as f(x), hence it permutes the elements of this ring. Notice that 
g(x) = f'(x) — a. Let b € Z and consider the equation g(y) = b (mod p”). 
Let x9 such that g(x) = b (mod p). We show that there exists a solution 
of the form yo = 2) + Ap, where A is an integer to be determined. We have 


9(yo) = g(x) + Apg! (ao) (mod p*) 
=b (mod p”) 
= b+ up+ Apg'(xo) (mod p*). 


We deduce that ~ + Ag’(ao) = 0 (mod p) and this equation determines 
and then yo. 


Exercise 7.12. 
Let p be a prime number, e be a positive integer and q = p®. Suppose that 
q = 3. 


(1) Let a ¢ Fj and 


fa(z) = —a? [(@ _ a)t~? “fe ey. _ a| od 


Show that the polynomial f,() induces the transposition (0a) of Fg. 
(2) Deduce that any permutation of F, is the composition of permutations 
induced by x4~? and linear polynomials with coefficients in F,. 
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Solution 7.12. 
(1) We have 


fa(a) = ae [(a)" 7 a| q-2 =, 
and for b€ F,, b £0, b# a, 


9fa(b — a) q-2 
pt 


This implies that f,(a) as a (polynomial) function of F, into itself 
represents the transposition (0a). 

Clearly f(x) as a permutation is the composition of permutations in- 
duced by x?~? and by permutations induced by linear polynomials. 
Since the transpositions of the form (0a), when a runs in F} generates 
the set of permutations of F,, then the permutation induced by x?~? 
together with those generated by linear polynomials generate the full 
symmetric group operating on Fg. 


— 
i) 
YS 


Exercise 7.13. 
Let f(z) be a non constant polynomial with integral coefficients, p be a 
prime number and e be a positive integer. Let a € Z such that f(a) = 0 
(mod p°). 
(1) Show that the number of solutions 6 distinct modulo p*t! of the equa- 
tion f(x) = 0 (mod p**") is equal to 
(i) 0 if f’(a) =0 (mod p) and f(a) #0 (mod p**?). 


Gi) 1a fila) £0 (ndd’p): 
(iii) p if f’(a) =0 (mod p) and f(a) =0 (mod p**?). 
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(2) Let n > 2 be an integer. Deduce that f(x) permutes the elements of 
Z/p"Z if and only if f(x) permutes the elements of Z/pZ and f'(a) #0 
(mod p) for any a € Z. 


Solution 7.13. 


(1) Let 6 € Z such that b = a+ cp* with c € Z, then the equation f(x) = 0 
(mod p°*") is equivalent to f(a)/p® +cf'(a) =0 (mod p). If f’(a) 0 
(mod p), then this condition determines c in one and only one way. 
Therefore (ii) is proved. If f’(a) =0 (mod p), then the same equation 
is equivalent to f(a)/p° =0 (mod p), i.e. f(a) =0 (mod p**). Thus 
(i) and (iii) are proved. 

Suppose that f(a) permutes the elements of Z/p"Z. Let b € Z. Con- 
sider the equation f(z) = b (mod p). Let a € Z such that f(a) = b 
(mod p”), then f(a) = b (mod p), hence the equation modulo p has a 
solution and f(x) permutes the elements of Z/pZ. Let a € Z, b = f(a) 
and g(x) = f(x) — 6, then a is a solution of the equations g(x) = 0 
(mod p) and g(x) = 0 (mod p”). Applying (1) to g(x), we conclude 
that we have the case (ii), hence f’(a) = g’(a) #0 (mod p). 

We prove the converse. Let b € Z. Consider the equation f(x) = b 
(mod p”). Let a € Z such that f(a) = b (mod p). Applying (ii) to 
g(x) = f(x) — 6, we obtain that there exists aj € Z such that a, =a 
(mod p) and f(a) = b (mod p?). By induction, we may prove that 
there exists a, € Z such that f(a,) = b (mod p”), hence f permutes 
Z/p?Z. 


eat 
i) 
Nea 


Exercise 7.14. 


Let q be a prime power and n be a positive integer. Let 
Gn = {f(x) € Fon [a], deg f < q”, f permutes Fg» } 
and let 
An ={f(x) € Fala], deg f <q", f € Gn}. 


(1) Show that H,, is a subgroup of G,. 
(2) Let @ : Fan — Fan, be the Frobenius automorphism and let f € Gp. 
Show that f € H,, if and only if fod=¢o f. 
(3) Let d be a positive divisor of n and let 
Ma = {a € Fan, dega (over F,) = d}. 


Let ao € Mg. Show that Ma = {f(ao), f € Hn}. 
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Solution 7.14. 


(1) H, # @ since x belongs to this set. Obviously the composition of 
two elements of H,, belongs to H,. According to Exercise 7.3, the 
symmetric of an element of H,, is an element of H,. Therefore H,, is a 
subgroup of G,,. 

Suppose that f € H,, then 


PF (®)) = (F@))4 = F(a) = F(G(2)). 


Conversely let f(x) = }/aiz' € G,. Suppose that f(¢(x)) = (f(x), 
then f(x?) = f(x)? for any x € Fgn, ie. So a;(x%)’ = Jal? (x?)’ for 
any « € Fyn. Therefore > ayy’ = ay" for any y € Fyn. Now the 
polynomials f(y) and g(y) = >> a?y’ both have their sous smaller 
than gq” and are equal as functions over Fyn, hence they are equal as 
polynomials, which implies f € H,,. 

Let Na = {f(a0),f € Hn}. We first show that Nag C Ma, that is 
f(ao) € Mg for any f € H,,. For this purpose we prove that for any 
field F such that Fy C F C Fgn, and any f € H,,, we have f(F) = F. 
Let f and F' be such objects and let y € F, then since f(x) € F,[z], 
f(y) € F. Therefore f(F) Cc F. Since F is finite and f is injective, 
then f(F) = F. We have Fya = MgU le, Fye, hence f(ao) € Ma, thus 


Na C Mg. We prove the reverse iiphicione Let 8 € Mg, we show that 
there exists f € H, such that 6 = f(ao). If 6 is a conjugate of ag over 
*,, say B = $°(ag), then f = ¢* is suitable, where ¢* is the reduction 
of ¢° modulo x%" — x. Suppose that 8 and ag are not conjugate over 
*,. We define f as follows. First we define the images of the conjugates 
of ag and of 8 by putting them in the second line hereafter. 


a0, (a0), as ., 07 "(a0), B, o(6), ris 67 *(B) 


— 
i) 
— 


— 
w 
Ww 


6, 0(6), axe ., 67 (8), ao, d(a0), ie ., 67 * (ao). 


If x is not a conjugate of ao nor 8, we set f(x) = x. Clearly f isa 
permutation of Fy. and since fo¢ = ¢o0 f, then by (2), f € Mn. 


Exercise 7.15. 

Let q be a prime power and aj,...,a, be the distinct elements of Fy. 
For any b € F%, let ¢, be the permutation of {1,...,q} such that for 
any 7 €{1,...,q}, do(i) = Jj, where j is the unique index such that 
ba; = aj. For any b € Fj and any F(z1,...,%q) € Fy[x1,..-, 2], define 
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the polynomial F?(x1,...,2q) by F°(x1,...,%q) = ECE pi )\sh25 Balai ye ak 
F°(r,...,%q) = F(x1,...,%q), then F is said to be invariant under the 
action of b. 


(1) Let f(x) and F(a1,...,2,) be polynomials with coefficients in F, of 
degrees d and D respectively. Let G be a subgroup of F{ of order r 
such that F is invariant under the action of any b € G. If dD < r, show 
that 


F(f(a1),-++s faq) = F(F(0),-- +5 £(0)). 
(2) Let g(x) € Fy[x], d = deg g and let o1,...,04 € Fy such that 


[[@ — g(a;)) = x4 — oyzt 1 +++ + (-1)%04. 


Show that o, = 0 for 1 <k < (q—1)/d. 
(3) Let € be a root of x? + @ + 1 in an algebraic closure of Fy. 
(a) Show that Fg = {a;,i=1,...,8}, where a, = 0 and a; = £°~? for 
b= 9, 208 
(b) Let F(a1,...,£g) = 21 37°_, 2% and let G = F%. Show that F is 
invariant under the action of any b€ G. 
(c) Show that for any f(a) € Fg{a], such that 1 < deg f < 3, we have 


F(f(a1),-.-,f(as)) = f(0)?. 


Solution 7.15. 
(1) Let 


u(x) = F(f(ai2), seey Feg@))s 
then u(x) € F,[z] and degu < deg f deg F = dD < r. For any bE G, 


we have 
u(b) = F(f(a1b),..., f(a@q0)) 
= F(f(ag,()), +++ f(44.(4)) 
= F°(f(a1),..-,f(aq)) 


= F(f(ai),--++ f(aq)) 

= u(1). 
It follows that the polynomial u(a) — u(1) has at least r distinct roots. 
Taking into account of the degree of u(a) — u(1), we conclude that 
u(x) —u(1) = 0. Thus u(x) = u(1). In particular, we have u(0) = u(1), 
that is 


F(f(0),---,£(0)) = F(f(a1),-- + F(@q))- 


(2) For any integer 
f(x) = g(2), 


Here 
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k such that 1 < k < (¢—1)/d, we apply (1) with 
F(ai,...,%q) = oe Ti, +++, and G = F%. 


1<i1<...<in<q 


deg f = d, deg F =k, |G| = q—1 and dk < |G, 


so that the assumptions in (1) are satisfied. We conclude that 


It is easy to see 
(3)(a) Since x3 +24 


I= S- g(ai,) +++ 9(Gix) 


sola): rg) 
(0),...,9(0)) 


F 
F 
q k 
= 0)”. 
(7) a0) 
that (2) = 0 and the result follows. 
+ 1 has no root in F2, then this polynomial is irreducible 


= F(g 
= F(g 


over Fj and Fg = F2(€). The order of € in F§ must divide 7. Since 


é ¢ Fo, then 


this order is equal to 7. Thus the cyclic group F of 


order 7 is generated by € and then Fg = {a;, i = 1,...,8} with 


a; =Oanda 


rt as fori =2,...,8. 


(b) It is sufficient to prove that F is invariant under the action of €. We 


have 


so that @¢ is 
(c) We have 


fa, =0=a, 

fart =€ = 43 
fa3 = & = a4 
fa4 = & = a5 
fa5 = €° = ag 
fag = € = a7 
fa7 = é = ag 
fag = 1= a2, 

the cycle (2345678). 


F§(21,...,28) = 41(@3+a4+05+a6+27+%8+2%2) = F(21,...,28), 


hence F is invariant under the action of the elements of G. If f 
satisfies the condition 1 < deg f < 3, then deg f deg F = 2deg f < 


6 < |G| =7. 


Therefore, we may apply (1) and we obtain 


F(f(a1),---,f(as)) = F(F),---, £0) = (0). 
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Exercise 7.16. 


Let p be a prime number, r be a positive integer and q = p’. 


(1) Show that for k =0,...,q—1, (%') #0 (mod p). 
(2) Let f(x) € F,[x]. Denote by p,(f), the smallest positive integer k if it 
exists, such that Dicer, f(c)* £0. If not set pp(f) = oo. 


(a) If up(f) < oo, show that up(f) <q—-1. 
(b) Suppose that u,p(f) < co. Let 


Fe)=Deye'(*71) (Det) eh e role, 
k=? ceF, 


For any a € Fy, let Ny(a) = |f~'{a}|. Show that, for any a € Fy, 
F(a) = N;(a) and that deg F(x) = q—1—- pup (f). 
Deduce that up(f) < |f(F,)| — 1. 

(c) Suppose that u,(f) < co. Show that pp(f) < q—1-—4¢/p. 


Solution 7.16. 


(1) If k =0 then (47) =1 40 (mod p). Suppose that k > 1, then 


k k a nn 1 


—s _ (q—k)(q@-(k-1))_ (q@- 2) @—-1) 
Suppose that p* || k — j for some 0 < j < k—1, theni < r and 
p' || q—(k—j). Therefore pt (%;'). 
(2)(a) Let k be a positive integer such that >) cp, f(c)* £0. Divide k by 
q and obtain the equality k = qt; + 51, with 0 < s<q-—1. We have 


SiO = > for Fo. 


ceF, ceF, 


We repeat the euclidean divisions by g and obtain the sequence 
(s;,t;) until the stage r where s,+t, <q. The integer u = s,+t, < q 
satisfies the condition Docer, f(c)” £0 and then p,(f) <q-1. 
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(b) We have 


mae 2p (‘ Z *) faye 
-F-yr'(7) soto 


c€Fy 


Since ) icp, f(c)k = 0 for k = 0, then F(a) = Ny(a). From (1), 
we know that (e) 4 0 (mod p) for any k = 0,...,qg—1, hence 
deg F(x) = q—1-— 4u,(f). To prove the last statement in (b), 
we use the fact that the number of roots of a non zero polynomial 
in a field is at most equal to the degree of the polynomial. Since 
N;(a) = 0 for any a ¢ f(F,), then q—|f(F,)] < ¢—1—pp(f) and 
olf) < [FF ,)| — 1. 

By (2) (b), the polynomial function induced by F' takes its values 
in F,. Hence, for any a € F,, F(a)? — F(a) = 0. Therefore (x4 — x) | 
(F(x)? — F(x)). Since, for any a € Fy, F(a) = Np(a) then F(a) is 
not the zero polynomial. We deduce that 


— 
io) 
Nee 


q < deg(F (x)? — F(x)) = p(q—1— bp (f)) 
and then ptp(f) <q—1-q/p. 


Exercise 7.17. 
Let q be a prime power, f(x) = ag_2v7~* +-+-+a1x% + a9 be a polynomial 
with coefficients in F, of degree no greater than q — 2. Let 


ao at ses Agq—2 

Agq—2 ao see aq—3 

A= |dg-3  Gqg-2. «ss Ag—4 
ay ag ses ao 


and let P(x) be the characteristic polynomial of A. 
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(1) Show that A = 74-~ a;J*, where 


0 1 0 .. 0 
0 oO 1 0 
Le se 
0 0 0 1 
1 0 0 0 
(2) Show that, for any a € F%, 
1 1 
a a 


(3) Show that f(x) permutes F, if and only if P(x) = (x — ao)?! — 1. 
Solution 7.17. 


(1) We may write A in the form A = 3°47) a;A;, where A; is a (q — 
1) x (q— 1) matrix with coefficients in Fj, Aj = I and A, = J. Let 
{€1,.+-;€q—1} be the canonical basis of hee then viewing the linear 
map associated to J as a permutation of {e1,...,ég—1}, it is seen that 
this permutation is the cycle (e1 eg—1 €q—2:++€2) and then A; = J’. 

(2) For any a € K*, we have 


1 1 
a Qa 
J| a? =a] a? |, 
at? at? 
hence by (1), 
1 1 
a a 


(3) Suppose that f(x) permutes F,. From (2), we conclude that for any 
a € K*, f(a) is an eigenvalue of A. Since f(ai) 4 f(a2) for a1 4 a2, 
then 


P(e) = [] (@-F(@))=  [] (@-8)=(e- a) 4-1. 


aeF* BEFq\{ao} 
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Conversely, suppose that P(x) = (x — ag)?! — 1, then P(x) = 
II BEF, \ {ao} (2 — £), hence all the eigenvalues of A have multiplicity 
1 and belong to F,. Therefore any eigeinspace of A has dimension 1 
over F,. Let a; and az be distinct elements of F, such that f(a1) 
and f(a2) # ap. From (2), we conclude that f(a1) (resp. f(a2)) is 
an eigenvalue of A and (1,a1,...,a4~”) (resp. (1,a2,...,a477)) is a 
related eigenvector. Since (1,a1,...,a!~*) and (1,a9,...,a477) are 
linearly independent over F,, then f(a1) # f(az). We deduce that 


l{ f(a), aE Fy, f(a) Faof}|=q-1 
and then 
Fy ={f(O)}U{f(a), aE Fy, f(a) F ao}. 


This implies that f(x) is surjective, thus f(x) permutes Fy. 


Exercise 7.18. 
Let g be a prime power. For any polynomial g(x) with coefficients in F,, 
denote by g(x) be the unique polynomial with coefficients in F, such that 


deg g(x) < q—1 and g(x) = g(x) (mod a? — x). 


(1) Let f(x) be a polynomial with coefficients in F, of degree at most q—1. 
Show that the following conditions are equivalent. 


(i) f(x) permutes Fy. 

(ii) For any c € Fy, (f(x) — c)¢~! is monic of degree q — 1. 
(iii) For any c € Fy, (f(x) —c)t-1 A 1. 
(iv) For any c € Fy, (f(z) — f(c))¢"! = («@— ett. 


Hint. One may use the following result [Small (1991), Remarks, 
Chap. 2]. Let o : F, — Fy, be a map. Then the unique polynomial 
g(x) with coefficients in F, such that deg g < q—1 and o(a) = g(a) for 
any a € F, is given by 


g(x) = S5 o(a)(1— (w —a)™). (Eq 1) 


acF, 
(2) Fix ¢ € F, and consider the following propositions. 


(a) The equation f(x) = c has one and only one solution in Fy. 
(b) The polynomial (f(x) — c)4~! is monic of degree gq — 1. 


Show that (a) > (b) but the converse does not hold. 
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Solution 7.18. 


(1) ¢ (i) © (ii). For any c € Fg, set 


q-1 
(Fle) — t= So aa. 
k=0 
Using the given hint, we obtain 
q-1 
S>a* = (F(a) — 1 = S7 (F(a) - 0) 1 - @— a) ). 
k=0 a€Fy 
Hence 


= —-l{ae a f(a) i c}| 
= —(q—|{a € Fy, f(a) = c}I) 
"qo F(a) = c}| 


| 
_— 
a 
Mm 


where N(c) denotes the number of solutions of the equation f(x) = 
c. We deduce that if f(x) permutes F, then N(c) = 1 for any c € Fy. 
Hence a = 1, which means that (f(x) — c)¢~! is monic of degree 
q—1. Conversely if (ii) holds for any c € F,, then N(c) = 1 (mod p), 
hence N(c) # 0 for any c € F,, which means that the polynomial 
map f(x) is onto, thus f(x) permutes Fy. 

e (i) = (iii). The proposition (iii) is equivalent to saying that the 
function a + (f(a)—c)%~! is not the constant function a > 1. Since 
the equation f(x) = c has a solution a € Fy, then (f(a) — c)?7! = 
OA. 

e (iii) > (i). Let c € Fy, then (f(x) — c)¢-! #1, hence there exists 
a € F, such that (f(a) —c)?~! #1, thus f(a) — c = 0, which means 
that f(x) permutes F,. 

e (i) > (iv). We must show that the functions 


o1:a— (a—c)4' and a2: a— (f(a) — f(e))*! 
coincide. If a = c, then o1(a) = 0 = o2(a). Ifa # c, then oj(a) = 
1 = 02(a). 
e (iv) > (i). Let a andc € Fy. Suppose that f(a) = f(c), then 
0 = (f(a) — f(e)** = (a-e)™, 


hence a = c, which implies that f(a) is a permutation polynomial. 
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(2) e (a) = (b). Use similar arguments as in the proof of (i) = (ii). 

e For the converse let g = 4, K = Fy, = Fo(a), where a is a root of 
xe? +aet+1. Let f(x) = 2? +072? +<a2, then f(0) = f(1) = f(a) =0 
and f(a?) = 1, so that the equation f(x) = 0 has 3 solutions in F4. 
On the other hand, we have f(x)? = f(a). It follows that (b) holds 
while (a) does not. 


Exercise 7.19. 

Let q be a prime power, G be the group of permutation polynomials f(a) € 
F, [x] of Fy such that deg f = 1. Show that G is 2-transitive on F, but not 
3-transitive if g > 3. 


Solution 7.19. 

Let {a1, a2} and {b1, b2} be subsets of F, of cardinality 2. Let f(x) = ar+8 
be an element of G. Then the conditions f(a,) = 6; and f(az) = b2 are 
equivalent to the following system of linear equations aa, = b1, aaz = bo. 
The determinant of this system is equal to aj—a2, hence non zero. It follows 
that it has a unique solution in F,, given by a = (b; — b2)/(ai — az) #0 
and 6 = (a bz — a2b,)/(a, — az). Therefore G is 2-transitive. 

Suppose that g > 3. Let a € F, such that a £ 0 and a # 1. Suppose 
that there exists f(a) € G such that f(0) = 1, f(1) = 0 and f(a) =a. 
Then f(a) may be computed by application of the Lagrange interpolation 
formula [Small (1991), Remarks, Chap. 2]. We find 


f(z) = FO)(@ — 1) — a)/(-1)(-a) 
+ F)a(a — a)/(1)A — a) 
+ f(a)ax(a — 1)/a(a — 1) 
2a-1 5, 1l-a-da? 


ole 1) | a(a — 1) aaa 


If qg is a power of 2, then the coefficient of x? is equal to —1/a(a—1) hence 
non zero. If g is odd, we choose a 4 1/2 and we get the same conclusion. 
In any case deg f = 2. Therefore G is not 3-transitive. 

Remark. Here is an alternative proof of the fact that G is 2- 
transitive. Given {a),a2} and {b),b2} be subsets of F, of cardinality 2, by 
Lagrange interpolation theorem [Bourbaki (1950), Application: Formule 
d’interpollation de Lagrange, Chap. 4.2] or [Ayad (1997), Exercice 1.14], 
there exists f(x) € F,[z] such that deg f < 1, f(a1) = bi and f(a2) = be. 
Since b; ¥ bg, then f(x) is not constant. Therefore f(x) € G. 
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Exercise 8.1. 


(1) Let K be a field, (un) new be the sequence defined by ug = 0, van = Un 
and Ugn41 = 1— uy. Show that the values of u, are 0 or 1. This 
sequence is called the Thue-Morse sequence. 

(2) For any non negative integer n, let n = )/js9 aj2' be its 2-adic ex- 

pansion and let vp, = (30;59 ai) (mod 2), where (mod 2) means that 

Un is the residue modulo 2 of S>,., vi; belonging to {0,1}. Show that 

Un = Un for any n EN. 

Suppose that K = F2 and let (un)nen be the sequence defined in (1), 

let f(z) = YO,s5Unv” € Fol[z]]. Show that f(a) is algebraic over 

Fo (x). 


— 
w 
So 


Solution 8.1. 


(1) Easy by induction on n. 
(2) We have vg = up = 0. Let n = ag + 12 +--+ + Gm2™, then 


In = ap2 +4427 +--+ ap 2er} aid 
Fi PT 1 ag? are? + ago, 


hence 
m 
Un = S ai, 
i=0 


m 
von => Qj; = Un and 


1=0 
m m 


vongr =1+ 5 >a; =1- Soa; =1- up. 
1=0 i=0 
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Therefore v,; = un for any n > 0. The preceding computations are 
made in F) = {0, 1}. 


(3) We have 
f(x) = S- Unxw” = S- ego + 3 oie 
n>0 n>0 n>0 
= Sune + F(t 
n>0 n>0 
= S- Une” +2 Se Une” + S- pene 
n>0 n>0 n>0 
=(1+2) .y Une” +4 ye a 
n>0 n>0 
Gay G2) = AG a= 
_ 1+22 — (14+ 2)?" 
Hence 


(1+2)° f(x)? + (1+2)’f(@)+2=0. 
This shows that f(a) is algebraic over F(z). 


Exercise 8.2. 

Let Kk be a field, E and F be algebraic extensions of K contained in a field 
Q. Let ay,...,Qn € 2 be algebraically independent over kK. Suppose that 
E(ay,...,Qn) = F(a1,...,Q,). Show that E = F. 


Solution 8.2. 
Let Ko be the algebraic closure of K in 


L= E(qm,...,Q@n) = F(ai,...,Qn). 


Since F is algebraically closed in E(a1,...,Q@n) then Ko = E. A similar 
argument shows that Ko = F, hence E = F. 

Second method. Since qj,...,@, are algebraically independent over 
E, then E(a,,...,Q@,) is isomorphic to a field of rational functions in n 
variables say E(x1,...,2%,) over FE and E is the set of constant rational 
functions. Similarly F'(a1,...,@p) is isomorphic to a field of rational func- 
tions in n variables F(a1,...,U%,) over F and F is the set of constant 
rational functions. Since these fields are equal, then E = F’. 

Third method. It is sufficient to prove that E C F. Let 6 € E, then 
BEK=F and GB € F(ay,...,Qn). Therefore 8 € KN F(ay,...,Qn) =F, 
since the fields which are the terms of the intersection are linearly disjoint 
over F’ [Lang (1965), Pro. 3, Chap. 10.5]. 
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Exercise 8.3. 
Let K be an algebraically closed field, E be an extension of K of finite 
type. Let LC E be an algebraically closed field. Show that Dc k. 

Hint. One may use the fact that an intermediate field between a given 
field and an extension of finite type is of finite type over the base field (see 
[Clark (1993), Theorem 11.18] or [Schinzel (2000), Th. 2, Chap. 1.1]). 


Solution 8.3. 

Suppose, by contradiction, that D is not contained in K, then there exists 
a € LE such that a is transcendental over kK. Let P be the prime subfield 
of K and P its algebraic closure in E, then PC KML. Let R= P(a) and 
R be the algebraic closure of R in E (or in L) and let M = K - R. We may 
visualize these fields in the following diagram. 


E 


P(a)=R 


P 


We have R = P(a) = PP(a), hence 


R= PP(a) = P(a) and M=K- P(a). 


Any element 6 € M has the form 6 = (> ab)/()> cd) where a,c € K 
and b,d € P(a). Clearly a, b, c and d are algebraic over K(a), hence M 
is algebraic over K(a). Moreover since K C M C E and E is of finite 
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type over K, then so is M. It follows M is algebraic of finite degree over 
K(a). Let gq = [M: K(a)]. Let 1 be a prime number such that | > ¢ and 
let f(z) = x! —a € K(a)[x]. This polynomial is irreducible over K(q). 
Otherwise a@ would be an [-th power in K(qa), implying that @ would be 
algebraic over K contradicting our assumptions. Let y be a root of f(x), 
then p € RC M. We deduce that 


g=[M: K(a)] = [K(a)(u) : K(@)] =1> 4, 
hence a contradiction. 


Exercise 8.4. 

Let K be a field, E and F be finite extensions of K. Suppose that F 
is separable over K and let N be the normal closure of F' over Kk. If 
EQN = K, show that F and F are linearly disjoint over K. Show that 
the converse is false. 


Solution 8.4. 
Since N is a Galois extension of K, then EN is Galois over E, see [Lang 
(1965), Th. 4, Chap. 8.1]. We deduce that Gal(E'N, E) ~ Gal(N, ENN). 
Since ENN = K, then Gal(EN, EF) is isomorphic to Gal(N, Kk). We deduce 
[EN : E] =[N: K] and then 
[EN: K\|=([EN: E/E: K) =(N: KE: K] 

which means that EF and N are linearly disjoint over Kk. It follows that EF 
and F are linearly disjoint over kK. That the converse is false may be seen 
through the following example, where j is a primitive cube root of unity: 

kK=Q, E=Q(y), F=Qv2), N = Qj, V2), ENN =Q(j) #Q 


Here F and F are linearly disjoint over Q since 
[E-F:Q)=6=[E: Q|F: Q. 


Exercise 8.5. 

Let K be a field of characteristic 0, f(#,y) and g(x,y) be non-constant 
polynomials with coefficients in K. Suppose that f and g are absolutely 
irreducible over K. Show that f and g are algebraically dependent over K 
if and only if there exists (a,b) € K? such that a 40 and g=af + b. 


Solution 8.5. 

The sufficiency of the condition is obvious. We prove the necessity. Let 
o(u,v) € K[u,v] be the unique (up to multiplication by an element of K*) 
irreducible polynomial such that ¢(f,g) = 0. Write ¢ in the form 


b(u, v) = an(u)u” + an—1(u)u" 1 +++ + ag(u), 
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where a;(u) € K[u] and an(u)ao(u) 4 0. Let a € K(x) such that g(u, a) = 
0, where K(x) denotes an algebraic closure of K(x). Since ¢(f,g) = 0, 
then (f(x, a), 9(a,a)) = 0, hence ao(f(x,a)) = 0. Since ap(u) 4 0, then 
f(a, @) is algebraic over K. Therefore f(2,a) € KM K(x,a). Since g(a, y) 
is absolutely irreducible then KM K(x,a) = K (see Exercise 11.7 (2)), 
thus f(z,a) € K. Let X € K such that f(z,a) = X. Since g(x,y) is the 
minimal polynomial of a over K(x), then g(x,y) | f(a,y) — A in K(x)[y]. 
Let g(a, y) € K(x)[y] such that 


f(x,y) —A = g(z, y)a(z, y)- 


Write q(x, y) in the form q(x, y) = aoalz, y), where gcd( A(x), D(a)) =1 
and A(x)/D(x) = cont(q). We have 
A(x) A(e) 


cont( f(x,y) — A) = Do) ont(g) = DG): 


Since cont(f(z,y) — A) € K[z], then D(x) | A(x), that is D(x) € K*. 
Therefore g(x,y) | f(#,y) — A for some A € K. Similarly, we may prove 
the existence of uw € K such that f(x,y) | g(x,y) — u. We deduce that 
deg f = degg. Let a € K* such that 


g(x,y) b= af(x,y), 
then g(x,y) = af(x,y) + yu. 


Exercise 8.6. 

Let K be a field, u(s) and v(t) be polynomials with coefficients in K, not 

both constant. Let ¢(s,t) be an irreducible polynomial over K of the form 

o(s,t) =as™+ Litem a;;s't? + bt” with a, b #0 and let S and T such that 
gcn 


o(S,T) =0. 


(1) Show that, up to multiplication by a constant in K*, there exists an 
irreducible polynomial P(x, y) € K[x,y] such that P(u(S),v(T)) = 0. 
Show that if F(x, y) € K[x, y] satisfies the condition F'(u(S), v(T)) = 0, 
then P(x, y) divides F(x, y) in K[a, y]. 

(2) Let I be the ideal of K[s, t, x,y] generated by u(s)— 2, v(t) —y, (a, y). 
Show that I K[z,y] = (P(2,y)). 

(3)(a) Show that there exist A, w € K* and an irreducible polynomial 

G(t,z) € K[t, x] such that 
Res, (¢(s, t), u(s) — 2) = AG(t, 2)™ (Eq 1) 
and 


Res; (G(t, x), v(t) ~~ y) = uP(z, y)"?, (Eq 2) 
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where ky and kz are positive integers. Show that G(x, y) and P(z, y), 
viewed as elements of K(x)[y], (resp. K(y)|[a]), have their leading 
coefficients in K. 
(b) Show that kiky = [K(S,T) : K(u(S), v(Z)]. 
(c) Show that 
deg u deg, 9(s, t) deg, P(x, y) = deg v deg, o(s, t) deg, P(x, y) 
(Eq 3) 
and 
kiko | gcd(deg u deg, $(s, t), deg v deg, 9(s, t)). (Eq 4) 
(4) Show that 4(2,y) | P(u(x),v(y) in K[2,y) 

(4) Let a(z) and b(z) be polynomials with coefficients in K, not both con- 
stant. Show that, up to multiplication by a constant in K*, there 
exists one and only one irreducible polynomial P(«,y) € K[x,y] such 
that P(a(z), b(z)) = 0. Show that P(x, y) is given by 

Res,(a(z) — x,b(z) — y) = uP(x,y)", (Eq 5) 
where pp € K* and k = [K(z) : K(a(z), b(z))]. 


Solution 8.6. 


(1) Consider the chain of fields 
K Cc K(u(S), vo(L)) C K(S,T). 


Since S and T are algebraically dependent over A’, then so are u(S) and 
v(T). Hence, there exists an irreducible polynomial P(x, y) € K[az,y] 
such that P(u(S),v(T)) = 0. Let C(x) be the leading coefficient of 
P, as a polynomial in y, then P(x,y)/C(x) is the minimal polyno- 
mial of v(T’) over K(u(S')). We deduce that if a polynomial F(x, y) 
with coefficients in K satisfies the condition F(u($),v(T)) = 0, then 
P(«,y)/C(«) divides F(x, y) in K(x)[y], thus P(x,y) divides F(x, y) 
in K(ax)[y]. Set F(x, y) = P(x, y)Q(a, y), where Q(x, y) € K(x)[y]. We 
have 


cont(F’) = cont(P) cont(Q) = cont(Q), 
hence cont(Q) € K[a] and then Q(z,y) € K[x,y]. This implies that 
P(z,y) | F(z,y) in K[x, y] 
Remark. We may prove this property of divisibility in the following 


way. Let 0: K[x,y] > K[S,T] be the unique K-morphism of algebras 
such that 0(x) = u(S) and @(y) = v(T), then 


K{a,y|/Kerw ~ Imé = K[u(S), o(T)]. 
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Therefore Ker @ is a non zero prime ideal of K |x, y] containing P(x, y). 
We prove that Ker? = P(x,y)K [x,y]. Since the image of @ is not a 
field, then Ker @ is not maximal. Let M be a maximal ideal of K[z, y] 
containing Ker @. Consider the chain of prime ideals 


{0} c P(a,y)K[a,y] C Ker€ cM. 


Since the Krull dimension of K[a, y] is equal to 2, then Ker@ = (P). 
Hence P(x,y) | F(x,y) for any F(x,y) € K[x,y] satisfying the condi- 
tion F(u(S),v(L)) = 0. 

Let a: K[s,t,x2,y] > K[S,T] be the unique K-morphism of algebras 
such that 


a(s) = S, a(t) = T, a(x) = u(S) and a(y) = v(T). 


Then Ker a is a prime ideal of K[s,t, x,y]. We first show that Kera = 
I. Clearly I c Kera. For the reverse inclusion, let f(s,t,x,y) be an 
element of Ker a. By successive Euclidean divisions, we obtain 


f =(e@-u(s))a +ri,71 = (y—v(t))g2+r2 and rz = 6(s,t)a3 +73, 


where qi € K[s,t,x,y], m1 € K[s,t,y], a2 € Kls,t,y], ro € K[s,t], 
q3,73 € K[s,t] and deg, rs < deg, ¢. Since r1,7r2,7r3 € Kera, we have 
r3(S,T) = 0, hence ¢(s,t) divides r3(s,t) and then r3 = 0. We deduce 
successively that ro € I, r; € I and f € I. Thus Kera Cc I. We now 
have 


IN K{z,y] = Keran K[z,y| = (P(2,y)). 


(3)(a) Let 1 = degu and (1,..., 8m be the roots of $(s,t) in K(t). Then 


Res,((s, t), u(s) — 2) = -«'TTts (8;) — x) 


= (aya TT — 080) 


= (-1)a! Char(u(61), K(t), 7) 

= (-1)a' Irr(u(61), K(t),2)™, 
where Char(u(61), A(t), x) is the characteristic polynomial of u(61) 
in the extension K(t, 61)/K(t) and 


ky = [K(t, 61) : K(t,u(61))]. 


Since §; is integral over At], then so is u(,), thus 
Irr(u(G1), K(t),x) € K{t,a]. If we set G(t,x) = Irr(u(61), K(t), x) 
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and A = (—1)'"a!, then formula (Eq 1) is proved and it is seen that 
the leading term of G(t,x) viewed as a polynomial in x does not 
depend on t. 

We prove that G(t, x) considered as a polynomial in t has a leading 
term independent from x. Let u; be the leading coefficient of u(s) 
and y1,...,7 be the roots of u(s) — # in K(x). Then 


l 


Res, (4(s, t),u(s) — 2) = (-1)™ [] (o(u.t) 


i=l 


l 
= Conrue [[@ 4 bn—i(q)t" Et ate bo(va) 
t=1 


= (1) ate + Shi, 


where S;,,; is the sum of the terms of degree in t less than nl. This 
proves that the leading term of G(t,z), as a polynomial in t does 
not depend on x. Using similar arguments as in the computation 
of the preceding resultant, we conclude that there exist a positive 
integer ke, a non zero constant 44 € K and an irreducible polynomial 
H(ax,y) € K{x,y] such that 


Res;(G(t, x), u(t) — y) = pH (2, y)”?. 
Moreover kg = [K(a,61) : K(a)], where 6; satisfies the condition 
G(d1,2) = 0. To obtain (Eq 2), we must verify that H(x,y) = 
yP(a,y) for some y € K*, that is H(u(S),v(T)) = 0. 
Since the polynomials in s, 6(s,T) and u(s)—u(S) have the common 
root s = S, then 


Res, ((s,T), u(s) — u(S) = AG(t, u(S))* = 0, 


hence G(T, u(S)) = 0. Because the polynomials G(t, u(s)) and v(t)— 
v(T) have the common root t = T, then 


Res;(G(t,u($)), v(t) — v(¢)) = nH (u(8), v(7))* = 0, 


hence H(u(S),v(T)) = 0. Thus H(2,y) = yP(a,y). Using simi- 
lar arguments than those used above for G(x, y), we conclude that 
P(x,y), viewed as an element of K(x)[y], (resp. K(y)[z]), has its 
leading coefficient in Kk. 


(b) Set ¢ = T in (Eq 1) and obtain 


Res, ((s,T), u(s) — x) = AG(T, x)*. 
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This shows that G(T, x) = Irr(u($), K(T), x), hence 
ky = deg, ¢(s, t)/ deg, G(t, x) 
= [K(S,T) : K(T)|/[K(T, u(S)) : K(T)] 
= [K(T,S): K(T,u(S))]. 
Set x = u(S) in (Eq 2) and obtain 
Res; (G(t, u(S)), v(t) — y) = wP(u(S),y)™, 


hence 
and then 
It follows that 


kiko = [K(S,T) : K(u(S), o(T))]. 
(c) From the diagram, hereafter, it is easy to deduce (Eq 3) and (Eq 4). 


et Pa 
fem ON 


(d) We have 
P(u(S),o(T) = 0 = ¢(S,T). 


By (1), we conclude that ¢(«, y) | P(u(x), v(y) in K[a, y]. 
(4) Let ¢(s,t) = s—t. Here (Eq 1) reads 


Res, (0(s, t), a(s) — x) = Res,(s — t,a(s) — x) =a(t)-—2« 
so that G(t,x) = a(t) — x. According to (2), we have 
Res;(G(t, x), b(t) — y) = uP(2,y)™, 
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where P(x, y) is the unique (up to multiplication by a constant in K*) 
irreducible polynomial with coefficients in AK such that P(a(z), b(z)) = 
0. Since ky = 1, then by (3)(a), 


k = kg = kyko = [K(z) : K(a(z), W(z))]. 


Remark. This exercise shows that for any point (s,t) € K lying on 
the curve $(x, y) = 0, the point (u(s), v(¢)) lyes on the curve P(x, y) = 
0. Is this last curve completely recovered by the points (u(s), v(t))? 
In (3)(d) it is proved that (x,y) | P(u(x),v(y) in K[a,y]. May it 
happen that the equality ¢(z,y) = aP(u(x), v(y) holds with a € K*. 


Exercise 8.7. 
Let K be a field, Q an algebraic closure of K, E and F be extensions of kK 
contained in Q. Show that the following assertions are equivalent. 


(i) E and F are linearly disjoint over K. 
(ii) For any a € E, K(qa) and F are linearly disjoint over K. 
(iii) For any (a, 8) € E x F and any K-embeddings 


a: K(a) 39,7: K(8) > Q, 


there exists a K-embedding p : K(a, 8) — Q such that p(a) = o(a) 
and p(f) = 7(8). 
(iv) For any (a, 8) € E x F, K(a) and K(£) are linearly disjoint over K. 
(v) For any a € F, Irr(a, F’) = Irr(a, K). 


Solution 8.7. 


e (4) = (tt). Obvious. 
© (ii) = (iti). Let (a, 8) € Ex F and let 
a0: K(a)>Q and 7: K(B) 3 


be K-embeddings. Let n = [K(8) : K], then 1,8,...,8" + are 
linearly independent over K, hence linearly independent over K (a). 
Since Irr(, K(a)) | Irr(6, K), then Irr(8, K(a)) = Irr(6, K) and then 
[K(a, 8) : K(a)] =n. Since 7(8) is a root of Irr(3, K) then 78) is a 
conjugate of 6 over K(a). Therefore there exists an extension p of o 
to K(a,{) such that p(3) = r(£). 

e (iit) > (iv). We show that 
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Since K(@) (resp. K(a,{)) is separable over K (resp. K(a@)) it is 
equivalent to prove that 


[K(a, 8) : K(a)|s = [K(8) : K]s. 


Let +: K(8) > Q be any K embedding and let i : K(a) > © be the 
canonical injection then by (#7) there exists p: K(a, 8) > Q such that 
p(a) = i(a) = a and p(8) = r(8). 

Therefore 7 has at least [K(8) : K] extensions to K(a,). Since this 
number of extensions is smaller than [(3) : K], we obtain 


[K(a, 8): K(a)]s = [K(8) : K] = [K(6) : K]s. 


(iv) > (v). Let a € E,n = [K(q): K] and let {61,..., 85} be the set of 
coefficients of Irr(a, F’). By the primitive element theorem, let 6 € F 
such that K((1,...,8;) = K(@), then Irr(a, F) = Irr(a, K()). By 
(iv), K(a) and K() are linearly disjoint over K, hence 1,a,...,a”~! 
are linearly independent over K({). Therefore 


[K(8, a) : K(8)] 2 [K(a) : 4]. 
Since the reverse inequality is obvious, then 
[K(8, a) : K(8)] = [K(a) : K]. 
We deduce that 
Irr(a, F) = Irr(a, K(8)) = Inr(a, K). 


(v) => (i). Let ai,...,Q@m be elements of E linearly independent 
over K. We show that they are linearly independent over F’. Let 
a € E such that K(a) = K(aj,...,a@m). Let n = [K(a) : K], then 
n > m and by (v), l,a,...,a%1 
and [F(a) : F] = n. Complete the family aj,...,a@ m by elements 
Qm4t1,--+;Qn © K(a) and obtain a basis of K(a@) over K. We show 
that {a1,..-,Q@m,Q%m+1;---;@n} generates F(a) over F. Let 6 € F. 
Then 6 = 3°"") fia’, where f, € F fori =0,...,.n—1. 


are linearly independent over F 


For any i € {0,...,n — 1} we have a* = S°"_, aijaj, hence 
n-1 n n n-1 

a= F'n (Somes) =¥0(¥ sins) os 
i=0 j=l j=1 \i=o 


therefore our claim on the generating set of F(a) over F' is proved. 
Since [F(a : F] =n, then aj,...,@, are linearly independent over F’. 
We deduce that a1,...,Q@m are linearly independent over F’. 
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Exercise 8.8. 
Let K be a field, F and F be algebraic extensions of K contained in some 
field Q. Recall that if we define a multiplication in E®, F by setting 


(n@u) ; (x2 ®ve) ; 2122 (%) niyo, 


then E®,, F is a K-algebra. 


(1) Let © : E®,F — E-F be the unique K-linear map such that 
O(2® y) = zy. Show that ® is a surjective morphism of K-algebras. 
Deduce that E®, F/Ker@ is a field isomorphic to E- F. 

(2) Let (e:)ier (resp. (f;)je7) be a basis of E (resp. F’) over K. Let 
V = {(aiyj) ¢ KIX, S aijexf; = 0}. Show that V is a vector space 
over K and V ~ Ker ®. 

(3) Show that & and F are linearly disjoint over K if and only if ® is 
injective. 

(4) Suppose that F/K and F'/K are finite of degree m and n respectively. 
Let 6 = lem(m,n). Show that 


[E-F : K] = 6, Dimx Ker ® = pd, 


where A, 4 are non negative integers, A> 1 and A+ p= 7. 

(5) Compute Ker ® when K = Q, EF = Q(¥/2) and F = Q(j/2), where j 
is a primitive cube root of unity. 

(6) Let g(x) and h(x) be non constant polynomials with coefficients in K 
of degree m and n respectively. Let a1,...,@m (resp. (1,..-,28n) be 
the roots of g(x) (resp. h(x)) in an algebraic closure of K. Define the 


polynomial (g ® h)(a) by 


(9@Qr) (w) = anor T] T] @ - 218), 
j=li=l 

where a, (resp, b,) is the leading coefficient of g(a) (resp. h(x)). Show 

that (¢®h)(x) € K[a]. 
(7) Show that 2* +1 may be represented in the form 24 +1 = (g@®h)(z), 
where g(x) € Q(V2)[z] and h(x) € Q(i)[z]. 
Let f(x) be a non constant polynomial with coefficients in K and let 
y be a root of f(a) in an algebraic closure of K. Suppose that f(a) is 
irreducible over kK and f(x) = (g®h)(«x), where g(x) and h(x) € K [a]. 
Show that g(x) and h(a) are irreducible over kK. Show that there exist 
two subfields EF and F of K(y7), linearly disjoint over K such that 
K()) =E-F. 


— 
Co 
we 
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Solution 8.8. 


(1) To prove that ® is a morphism of K-algebras, it is sufficient to show 


nN 


that ®((v1 @ y1) (x2 & y2)) = O(a1 @ 1) - O(z2 @ yz). 
We have 


#((4@n) (e@x)) =# («-m@e-w) 


= © LQY1Y2 = T%1%2° Yi Y2 


= 0 (1 @m) © (22 ®)y2). 


We show that ® is surjective. Since E/K and F'/K are algebraic, then 


E.F ={e.f,ec E, f € F}. Leta= >> .ce e-f bean element of E-F, 
eF 


where the sum is finite, then a = )> ®(e® f) = ®OQ > ef), hence 
a€Im®. Therefore ® is surjective. We deduce that 


(e@-) /Ker®~Im®=E-F 


K 
and then EF ®@), F/Ker © is a field isomorphic to E- F. 
Since the elements e® f for e € E and f € F generate E®, F, then 
the family (e;® fi pnerxs is also a generating set of E®@®, F. Let 
= 1G.) %jei ® fj be an element of B®), F, then 
PE Ker ® & S> aij® (:® Ji) =0 
(1,9) 
S S- aijei fj =0 
(1,9) 
o (413) G3) € V, 


hence V is a vector space over K isomorphic to Ker ®. 


(3) We have 


® injective = Ker 6 = {0} 
= V ={0} > {e:f;} is a basis of E- F over K 
< E and F are linearly disjoint over K. 


(4) We have 


mn = Dim E- Dim F = Dime E®)F. 
K 
By the isomorphism established in (1) we deduce that 
Dimg E®) F — Dimg Ker $ = Dimg E- F, 
K 
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hence 
mn = Dimx Ker ® + Dimg E- F. (Eq 1) 


Obviously [EF - F : K] is a common multiple of m and n. Therefore 
[E. F : K| = Ad, where X is a positive integer. From (Eq 1), it 
follows immediately that 6 divides Dimy Ker ®, hence Dimyx Ker ® = 
uO, where p is a non negative integer. From (Eq 1) again, we get 
Atp="™%. 

Let a = V/2 and 6 = jV2. Set ; = a’ for i =0,1,2 and y% = G* for 
k = 0,1,2, then (x; Q yp) for (i,k) € {0, 1,2}? is a basis of E® F over 
K. Let z= Sl air; ® yx be an element of E®, F, then 


— 
ou 
wa 


z€ Keds ys a;,pa’ B* =0 
(i,k)€{0,1,2}? 
=> 400 + ang V2 + ao2j72 74 + arp 7/24 aij V4 
+ 2a12j7 + a9 V4 + 2421) + 2a22j7 V2 = 0. 


Since j? = —1—j and since 1, a, a7, j, ja, ja? are linearly independent 
over K, we obtain 


z € Ker ® © ago — 2a12 + (2021 — 2a12)7 + (a10 2az2) V2 
+ (a29 — do2) V4 + (91 — 2a22)j V2 + (a11 — ao2)j V4 = 0 

= doo — 2a12 = 0, ai — aig = 0, dio — 2a22 = 0, 

420 — doz = 0, ao1 — 2a22 = 0, aii — dog = 0 


igo = 2aiex Onn =aippdig’ = aor = Qed; dog = Gir = tg? 
oo a4 (2 (1@1) + V2Q) i? V4+ VAQ@iv2) 
+ ax (2(1@)iV2) +2(V2@1) + UB iP7V) 
+ a2 (1@P?7V4+ VIR IV2+ VAQ!1). 
It is obvious that the elements of 
Be {2 (11) + V2Q@jiP7V44 VAQiV2, 
2 (1@iv2) +2 (2@ 1) + VAQPv4, 
1@QPiP7V4t+ AQ IiV2+ Va@i} 


belong to Ker ® and are linearly independent over Q. Therefore Ker & 
is a sub algebra of EF ®), F of dimension 3 over Q whose basis is B. 
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(6) We have 


= by’ Res, (g(y), ae Res,(h(z), x — yz) 


= Resy(g(y), Resz(h(z), @ — yz). 
This implies that g ® h(a) € K[a]. 
(7) The roots of z+ + 1 in C are given by 


2 2 
a= ve + i), —a, a= aa and — a, 
hence «* +1 = g@®h(zx) where 


1 
g(a) = 2? — 5 and h(x) = x? — 244 2. 
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(8) Since f(x) = g& h(x), there exist a root a (resp. £) of g(x) (resp. 
h(a)) such that y = a-G. The following diagram describes the situation. 


K(a, 8) 


K(q) K (a8) K(8) 
K 


Since f(a) is irreducible over K, then 
[K (a8) : K] = deg f = deg gdeg h, 


212 


Galois Theory and Applications: Solved Exercises and Problems 
hence K(a, 3) = K(a@). We deduce that [K(a, 8) : K] = deggdegh 
and since 
[K(a: K)] < deg g, [K(B) : K] < degh, 


then [K(a) : K] = degg and [K(6) : K] = degh, which implies that g 
and fh are irreducible over K. Now since 


then K(a) and K() are linearly disjoint over K. 


Exercise 8.9. 
Let K be a field, R be an integral domain containing K and F be its fraction 
field. Suppose that Trdeg F/K < 1. 


(1) 
(2) 


Show that Dim R < 1. 
Give an example where Trdeg F'/K = 1 and Dim R = 0. 


Solution 8.9. 


(1) 


If Trdeg F/K = 0, then F is algebraic over K. Since K C RC F, then 
R itself is a field. Therefore R = F and then Dim R = Dim F = 0. 
Suppose now that Trdeg F/K = 1 and that Dim R > 2. There exist 
two prime ideals of R, P and Q such that {0} ¢ P G QO. Choose 
elements p € P and q € QO such that p 4 0 and q ¢ P. If p is algebraic 
over K, then there exist ao,...,@n—1 € K such that 


p” + dn—1p""* + +++ +a9 =0 


and a9 # 0. Moreover since p ¢ K, then n > 2. We deduce that 
pr = —1, where 


r= (p* a eT aia aoe +a1)ag* 


belongs to R, hence p € R* which is a contradiction. Therefore p is 
transcendental over K. The same method of proof, used for p, shows 
that q is transcendental over Kk. Since Trdeg F/K = 1, then p and q 
are algebraically dependent over K. Therefore, there exists f(x,y) € 
Ka, y], irreducible such that f(p,q) = 0. We may write this equation 
in the form: 


fm(q)p™ + fm-1(q)p”* + +++ + fila)p + fo(a) = 9, 
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where m is a positive integer, f;(q) € K[q] fori =0,...,m and fo(q) 4 
0. Set fo(q) = ang” +--:+ a0, where n is a nonnegative integer and 
do,---,@4n € K, with a, 4 0. Since 


ag = —> hilar’ S Soa; EQ, 
i=l j=l 
we conclude that ag = 0 and then 
S> fila)’ = — D5 ajay. 
i=1 j=l 


We have established an identity of the form p’ = Ba b;q? where 
p’ € P and b; € K for j = 1,...,n. We may suppose that for these 
kind of identities, n is minimal. We have qj=1 a;qi—') € P. Since 
q € P and P is a prime ideal, then pale ajqg-| = p" € P. Therefore 
My aj4ig? = p” and we have found a smaller relation which is a 
contradiction. We conclude that Dim R < 1. 

(2) Let K be a field and F' be a transcendental extension of K of tran- 
scendence degree equal to 1 and let R = F, then Trdeg F/K = 1 and 
Dim R = 0. 


Exercise 8.10. 
Let K be a field and x be an indeterminate over K. 


(1) Let F be a field such that kK ¢€ F C K(x). Show that the following 
assertions are equivalent. 
(i) There exists P(x) € K[a] such that F = K(P). 
(ii) F contains a non-constant polynomial with coefficients in K. 

(2) Let f(x) € K [a]. Show that the following propositions are equivalent. 
(a) There exist g(x), h(x) € K[a] such that degg > 2, degh > 2 and 

f(x) = g(h(a)). 

(b) There exists a field F' such that K C F ¢ K(x). 


(3) Let f(y) € Ky] and g(z) € K[z] be two non constant polynomials. 
Suppose that f(y) (resp. g(z)) is not the composition of two polyno- 
mials of degree > 2 in K[y] (resp. K[z]). Suppose that f(y) — g(z) is 
reducible in K[y, z] and has a factorization of the form 


f(y) — g(2) = Aly, 2) Bly, 2). 
(u) Show that deg, A, deg, A, deg, B and deg, B are non zero. 
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(v) Let m = deg f, n = degg, a1,...,Qm (resp. (1,...,Bn) be the 


roots of f(y) — x (resp. g(z) — x) in an algebraic closure of K(x). 
Show that there exists 7 € {1,...,n} such that A(ai,,;) = 0. 
Show that K(6;) and K(a1,...,Q@m) are not linearly disjoint over 


(w) Deduce that K(a1,...,@m) = K(61,..-, Bn). 


Solution 8.10. 


(1) e (%) = (it). Since K € F and F = K(P), then P is non constant. 


Therefore F' contains a non constant polynomial. 

e (it) = (ti). Suppose that F contains a non constant polyno- 
mial R(x) € Ka]. Luroth’s Theorem [Schinzel (2000), Th. 2, 
Chap. 1.1] implies that F = K(a), where a = ula) € K(x) with 


(x) 


gcd(u(x),v(@)) = 1. We show that a(x) € K[az] or there exists 
c € K such that —4+— € K[2]. We choose P(x) = a(x) in the first 


a(a)—e 


case and P(x) = —+— in the second case and we are done. Since 


jc 


R(x) € F = K(a), there exists 6(2) € K(x) such that R(x) = O(a). 
Set 0 = A(x)/B(«x) with 


A(x) = aga” + aja") +--+ + ap, 
B(x)) = bon™ + bye™ 1) +--+ + Bm, 


agbo # 0 and gcd(A(x), B(x)) = 1. We distinguish three cases: 


x degu > deg v. 


We have 


agu” + ayu"—*u +++++a,u")v™ 


(bou™ + byu™—ly +++» + byv™)u”’ 


hence 
deg R = ndegu + mdegu — mdeg u — ndeg v 
= (n — m)(deg u — deg v) > 0, 
where the degree of a rational function over K is the difference 


between the degree of the numerator and the degree of the denom- 
inator. We deduce that n > m and 


agu” + ayu"—tv +--+ + anu” 
(bou™ + dbpu™~Ly +--+ +dmu™)ur—™ 


R(x) = 


It follows that any prime factor of v(x) divides u(x), thus a(x) € 
K[a]. 
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x degu < deg v. 
Let p(x) = 6(4). Then 


R(x) = o(a(2)) =n (>) =u (2). 


Therefore we are moved to the preceding case. We conclude that 


ae = aty € K([s]. 


x deg u = deg v. 
Let c be the quotient of the leading coefficient of u by that of v. 
We have 
deg(u — cv) < deg(u) = degvu 
and 


R(x) =a) =7(—), 


U 


where 7(2) = 0(a +c). In this case, we are moved to the second 
case. We conclude that 


2 ee K (zl. 


u(x) —cv(@) a(x)—c¢ 
(2) © (a) => (b). Since f(x) = g(h(x)), then K(f) C K(h) C K(x). Since 
[A (a): K(f)] = deg f, [K(x) : K(h)] = degh 


and degh < deg f, then F = K(h) is a strict intermediate field 
between K(f) and K(x). 

e (b) = (a). Let F be a field such that K(f) ¢ F ¢ K(a). Since 
F contains the non-constant polynomial f(x) € K[a], then there 
exists h(x) € K[a], non-constant, such that F = K(h). We have 
f(x) = g(h(«)), where g(a) = ula) € K(x) and ged(u(x), v(x) =1, 
hence f(z) = ae Since f(x) is a polynomial then v(h(x)) | 
u(h(x)). By Bezout’s identity there exist A(x), B(x) € K[x] such 
that A(x)u(x) + B(x)v(a) = 1. We deduce that 


A(h(x))u(h(2)) + B(A(@))V (A(z) = 1, 


hence u(h(a)) is a constant. Therefore v(x) is constant (recall that 
h(a) is not constant). It follows that g(z) € K[a] and f(x) = 
g(h(x)). The assertion on the degrees of g and h is easy to prove 
and will be omitted. 

(3)(u) Obvious. 
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(v) For any j € {1,...,n} we have 


0 = f(a1) — 9(8;) = Alar, B;)B(a1, 85). 
From (1), it follows that there exists 7 € {1,...,n} such that 
A(a1, 8;) = 0. We deduce that 

[A (a, Bj) : K(a1)] <n = [K(6;) : K(@)], 
hence K(6;) and K(a1,...,@m) are not linearly disjoint over K (a). 

(w) Since K(ay,...,Qm) is a Galois extension of K(x), by [Lang (1965), 
Th. 4, Chap. 8.1], it is linearly disjoint over K(x) from any extension 
F of K(a) such that 
FO K(ay,...,Q@m) = K(2). 
We deduce that 
K(x) S Ets 003 yOm) NK (65). 

We now have 
x = g(8;) and g(x) is indecomposable over K’, then by (1), there is 
no strict intermediate field between K(x) and K(6;). Therefore 
This implies K'(3;) C K(a1,...,Qm). By conjugating, we conclude 
that K(61,...,B8n) C K(a1,...,@m). By symmetry, we obtain the 


reverse inclusion. Therefore f(y) — x and g(z) — x have the same 
splitting field over K (a). 


Exercise 8.11. 
Let K be a field, f(x) and g(x) be non constant polynomials with coeffi- 
cients in Kk. 


(1) Show that K(f) and K(g) are not linearly disjoint over K. 
(2) Suppose that K = C. 


(a) Show that C(f) C(g) = C if and only if C[f] N C[g] = C. 

(b) Show that C(a?+x)NC(x?) = C and C(x")NC(z™) = C(x*), where 
m and n are given positive integers and k is their least common 
multiple. 


(3) Give an example of two fields E and F contained in some field 2 such 
that there exists a € Q, algebraic over EF and over F but transcendental 
over ENF. 
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Solution 8.11. 


(1) Since f(a) and g(x) are elements of K(x) and Trdeg K(x)/K = 1, then 
f(x) and g(a) are algebraically dependent over K. It follows that there 
exist ao(g),---,@m(g) € K[g], with a,,(g) 4 0 such that 

ao(g) + a1(9)f +++ + Om(g)f” = 0. 


Therefore 1, f,...,f7 are linearly dependent over K(g). Since f is 
transcendental over K, then these elements are linearly independent 
over K, hence K(f) and K(g) are not linearly disjoint over K. 
(2)(a) The necessity of the condition is obvious. We prove its sufficiency. 
Suppose by contradiction that there exists 


h(a) € (C(f) NC) \C. 
Write h(«z) in the forms 
h(x) = A(f(2))/B((F(2)) = C(g(@))/D(g@)), 


where A(x), B(x),C(ax) and D(x) are polynomials with complex co- 
efficients such that 


ged(A(a), B(a)) = ged(C(), D(@)) = 1. 


We may suppose that h(a) is chosen in order to satisfy the condition 
deg B + deg D is minimal. Then 


A(f(#)) D(g(2)) = BUF) C(g(@)). 


Since ged(A(f(x)), BUf(@))) = ged(C(g(@)), Dg((a))) = 1, then 
A(f(x)) | C(g(x)) and C(g(x)) | ACf(x)), hence there exists A € C 
such that C(g(x)) = AA(f(«)). It follows that D(g(x)) = AB(f(a)). 
By differentiating the preceding identities, we get 

C'(g(x))g'(@) = AA'(F(@)) f'(@)- 
It follows that 


D'(g(a))9'(x) = AB f(x) f(x). 
If B'(f(x)) = 0, then B’(x#) = 0 and D'(g(x)) = D’(x) = 0, so that 
h(a) € (Ci f]N C[g]) \ C, which is a contradiction. We now have 
A'( f(x) /B'((F(a)) = C'(g(x))/D'(9()), 


which contradicts our assumption on the minimality of deg B + 
deg D. 
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(b) To show that C(a? + x) C(a?) = C, it is sufficient according to 


(a), to prove that C[x? + 2] NC[x?] = C. Let h(a) be an element of 
Cia? + 2] NC[x?], then 
h(x) = An (x? + ey + On—1(2" + Ps +---+ag 
= bp (a?)” + bp_1(x?)"1 +--+ + do, 


where ag,...,@n and bo,...,b, are complex numbers. Suppose that 
n > 1 and a,b, 4 0. Equating the leading coefficients (resp. the 
coefficients of 2?”~') 
Qn = by and na, = 0, which is a contradiction. Thus n = 0 
and h(x) € C. We now consider the other intersection. Obviously 
C(x*) C C(x") NC(a™). We prove the reverse inclusion. Let h(2) 
be an element of the intersection then 


h(x) = A(a™)/B((2™) = C(a")/D(x"), 


in these two expressions of h(a), we obtain: 


where A(x), B(x),C(x) and D(z) are polynomials with complex co- 
efficients such that gcd(A(x), B(x)) = ged(C(a), D(x)) = 1. As in 
(a), we obtain 


C(a") = \A(az™) and D(a”) = AB(a"™). 


Let U(x) = SS ajax" be the polynomial appearing on the left (and 
on the right) side of the first identity, then if a; 4 0, we have i # 
0 (mod m) and i # 0 (mod n). It follows that « # 0 (mod &), 
whenever a; # 0, that is U(x) € C{a*]. We may obtain the same 
conclusion for V(a) = D(a")) = AB(a™). We conclude that h(x) € 
C[x*]. 


(3) Consider FE = C(x”), F=C(2? +2), 2 =EH=C(z) anda=z. 


Exercise 8.12. 
Let K bea field, f(x,y), g(x, y) and h(x, y) be polynomials with coefficients 
in K such that f(x,y) is not constant. 


(1) If f is irreducible over K, show that there exist R(a,y) and q(x,y) € 


K[x,y] such that R is irreducible and R(g,h) = f(x, y)q(a, y). 


(2) If f is irreducible over K, let 


I={A(a,y) € K[ax,y], such that A(g,h) =0 (mod f(a, y))}. 


Show that J is a principal prime ideal of K [x,y] generated by R(z, y). 
Deduce that K[g,h]|N fk [x,y] 4 (0) if and only if g and h are alge- 
braically independent over K. 
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(3) If f is arbitrary (irreducible or not), show that there exists S(x,y) € 


K{a,y] \ K such that S(g,h) =0 (mod f(z, y)). 


Solution 8.12. 


(1) Since f is non constant, then deg, f > 1 or deg, f > 1. Suppose that 


New 


deg, f = 1, the proof is similar if deg, f > 1 and let a be a root of 
f(x,y) in an algebraic closure of K(x). Let E = K(a,qa), then E is 
a transcendental extension of K and Trdeg F/K(a) = 1. Therefore 
there exists R(u,v) € K[u,v] such that R(g(x, a), h(x,a)) = 0 and we 
may suppose that R is irreducible over K. It follows that there exists 
g(x,y) € K(x)[y] such that 


R(g(z,y), h(z,y)) = Fes y)q(x,y)- 


Using the content in K(x), we obtain 


cont(R(g(x, y), h(x, y))) = cont( f(x, y)) cont(¢q(x, y)) = cont (q(x, y)). 


We conclude that cont(q¢(x, y)) € K[], which implies q(x, y) € K[z, y}. 
Let w: K[z,y] > K(x, y]/fK [x,y] be the morphism of rings such that 
W(A(a,y)) = A(g,h), then Keryw = I so that I is a prime ideal of 
K[ax,y] and we have R(x, y)K[x,y] C I. Since the image of w is not a 
field, then Ker y is not maximal. Let M be a maximal ideal of K[z, y] 
containing Ker w. Consider the chain of prime ideals 


{0} c R(a,y)K [x,y C Ker cM. 
Since the Krull dimension of K[z, y] is equal to 2, then 
R(x, y)K [x,y] = Ker =I. 


Suppose that g(x,y) and h(z,y) are algebraically dependent over K 
and let A(u,v) be an irreducible polynomial with coefficients in K such 
that A(g,h) = 0. Since A € J, then up to a multiplicative constant, 
the polynomials A(x, y) and R(x, y) are equal. Let u(x, y) € K[g,h]N 
fK[z,y], then u(x,y) = v(g,h) = 0 (mod f), hence v(x, y) € I and 
then Az,y) | v(x,y). Since A(g,h) = 0, then u(x, y) = v(g,h) = 0. 
Suppose that K[g,h] NO fK[x,y] = (0). Since R(g,h) belongs to this 
intersection, then R(g,h) = 0, which implies g and h are algebraically 
dependent over K. 


(3) Let 


f(a,y) > filz,y) +++ fre(z,y) 
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be the factorization of f into irreducible factors over K, distinct or 
not. For each i € {1,...,r} let Rj(z,y) be the polynomial defined 
in (1) and satisfying the condition R;(g,h) = 0 (mod fi(#,y)), then 
ILE_, Ri(g,h) = 0 (mod f(z, y)), so that S(x,y) = [];_, Ri(x,y) sat- 
isfies the required conditions. 


Exercise 8.13. 

Let m,n be coprime positive integers and q be a prime power. Let a € Fg», 
BE Fgm and y = af. Show that y generates a normal basis of Fgm» if and 
only if a (resp. 8) generates a normal basis of Fgn (resp. Fgm) over Fy. 


Solution 8.13. 


Necessity of the conditions. We prove that $ generates a normal 
basis of Fym. The same proof works for a and will be omitted. Since 
Fym and Fy» are linearly disjoint over F,, we have 

Tre gmn /Fgm (Y) = Trrymn /Fgm (OB) = B Tre ymn (Fam (0) = 8 Tregn jp, (a): 
Since y generates a normal basis of Fgmn, then the left side of the 
above identity is non zero. Therefore Trg, /r,(a@) 4 0. It follows that 
B generates a normal basis of Fgm over Fy if and only if 6 Try,,, x, (@) 
does, that is Trpjmn/Fjm(7) does. This last claim is true by Exercise 
6.19. So 8 generates a normal basis of Fym over Fg. 

Sufficiency of the conditions. Consider the following diagram of 
fields. 


Ban 
Fyn Fyn 
Fy 


Since gcd(m,n) = 1, then the fields Fym and Fy» are linearly disjoint 
over Fy and 
Gal(Fgmn,F,) ~ Gal(Fgm,Fq) x Gal(F gn, F,). 
The list of conjugates of y is given by at BY fori = 0,...,2 —1 and 
j =0,...,m—1. Now {a,...,a7 '} is a basis of ‘gn over Fy and 
LB ais Br} is a basis of Fgmn over Fgn, hence 
{al Br , fori =0,...,n—1 and j =0,...,m-—1} 


is a basis of Fgmn» over Fy. 
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Exercise 8.14. 
Let q be a prime power, {a1,...,@n} be a normal basis of Fyn over Fy and 
{61,..-, Bn} be its dual basis. Show that this second basis is a normal basis 
of Fyn over Fy. 

One may use the following matrices 


Gi “05 ey “OH By Bo aes Bn 
q qe | a 52 q 
fale a ae eT Nell ee 5 
toute ie ae 8 68 ee, Pea ener one 
An at... at" Bt BS a #0 


Solution 8.14. 

For any matrix C, we denote by C® its transpose. We may suppose that 
i-1 

Q1,...,@n are labeled such that a; = ad . Our assumption implies that 


AB =I,, hence BA = I,. Since A is symmetric, we deduce that 


(AB) = BA’ = BA = Jy, 
Therefore BtA = I, = BA, which implies Bt = B and then 8; = BY. 
This means that {f1,...,8,} is a normal basis of Fgn over Fy. 


Exercise 8.15. 

Let q be a prime power, m and n be coprime positive integers, a1,...,Q@m 
be elements of Fym. Show that they form a basis of Fgm over Fy if and only 
if they form a basis of Fgmn over Fyn. 


Solution 8.15. 
Consider the following diagram of fields: 


Fgmn 

Fgm Fan 
Fy 

Since gcd(m,n) = 1, then the fields Fym and Fn are linearly disjoint 

over F,. Therefore a1,...,Q@m are linearly independent over F, if and only 


if they are linearly independent over Fyn. To complete the proof, we observe 
that [Fgmn : Fqn] = [Fam : Fy] =m. 
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Exercise 8.16. 
Let K be field, FE and F linearly disjoint extensions of K. Show that 
EQ F=K. Show that the converse is false. 


Solution 8.16. 
Suppose that ENF 4 K and let a€ ENF \K, then 1, a are linearly inde- 
pendent over K, but linearly dependent over F', a contradiction. Therefore 
ENF=K. 

For the converse, let E = Q(2'/°) and F = Q(j2'/%), where 7 is a 
primitive cube root of unity, then EN F = Q and EL, F are not linearly 
disjoint over Q. 


Exercise 8.17. 

Let K be a field, f(a) and g(y) be irreducible polynomials over kK. Let a 
(resp. 3) be a root of f(a) (rep. g(y) in an algebraic closure of kK. Show 
that the ideal generated by f(x) and g(y) in K |x, y] is maximal if and only 
K(qa) and K() are linearly disjoint over K. 


Solution 8.17. 
We first show that 


Let 
6: K{[z,y] > K(a)[yl/(g(y)) 


be the unique K-morphism of rings such that 


o(x) = a and o(y) = y + (9(y)). 

Obviously ¢ is surjective. Let m = deg g and let F(x, y) € K [x,y] such that 
o(F’) = 0. Performing an Euclidean division of F (x,y) by g(y) in K[z][y], 
we obtain F(x,y) = g(y)¢(z,y) + r(x,y), where g and r € Klq, y] and 
deg, r < _m. Since ¢(F) = 0, then ¢(r) = 0. Set r(x,y) = not ai(a)y? 
then 7")! a;(a)y* = 0. Since {1,9,..., 91} is a basis of K(a)[y]/(g(y )) 
over K(a), then a;(a) = 0 fori =0,...,m—1. It follows that f(x) | a;(x) 
for i =0,...,m—1. Set a;(x) = f(ax)bi(x) for i =0,...,m—1, then 


F(x,y) = g(y)q(x,y) + f(x ) ST ailay 


Thus F belongs to the ideal generated by f(x) and g(y), that is Ker ¢ is 
contained in this ideal. The proof of the reverse inclusion is obvious, so that 
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Ker ¢ = (f(x), g(y)). The first isomorphism theorem implies the mentioned 
isomorphism. We now have (f(x), g(y)) is maximal in K[z, y] if and only if 
K(a)[y|/(g(y)) is a field, thus if and only if g(y) is irreducible over K(q). 
Therefore if and only K(a) and K() are linearly disjoint over K. 


Exercise 8.18. 
Let K be a field, f(x,y) and g(u,z) be irreducible polynomials with co- 


efficients in K such that deg, f = d, and deg,g = dz. Let a € K(z) 


and 6 € K(u) such that f(x,a) = 0 and g(u,(@) = 0. Suppose that f is 
absolutely irreducible. 


(1) Show that [K(a,u, 6) : K(x,u)] = dz and [K(a,u, 8,a) : K(x,u, B)] = 
d,. Deduce that K(x,u,8) and K(x,u,q@) are linearly disjoint over 
K(a,u). 

(2) By considering the example K = Q, f(x,y) = y* — 2x? and g(u,z) = 
2? — 2u?, show that the conclusion of (1) does not hold if we remove 
the condition of absolute irreducibility. 


Solution 8.18. 


(1) Consider the following diagram of fields: 


We first prove that [K(x,u, 8): K(x,u)] = dg. We have K(u, x)/K(u) 
is purely transcendental while K(u, 3)/K(u) is algebraic, hence K(u, x) 
and K(u,() are linearly disjoint over K(u) [Lang (1965), Pro. 3, 
Chap. 10.5]. It follows that 


[K(a,u, 8): K(x, u)] = [K(u, 8): K(u)] = de. 


We now prove that [K(a,u,G,a) : K(a,u,8)| = dy. It is sufficient to 
prove that f(x,y) is irreducible over K(u, 8) = K(u)[6]. Suppose that 
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f(a,y = filx,y)fa(a,y), where f; and fo € K(u)[6][x,y] with deg, fi 
and deg, fo > 1. Set 


file,y) = So ajga?y* and fo(a,y) = D7 bjxx?y*, 


where aj;x and bj, € K(u)[6]. We may write a;, and 6;, in the form 


an = (S44, (w)B") /D(u) and bj, = (D> Bi(w)s") /Dw). 
Choose ug € K such that D(uo) 4 0 and such that, when the poly- 
nomial g(u,z) is expressed through the decreasing powers of z, then 
its leading coefficient does not vanish at u = uo. Choose zo € K 
such that g(ug, 20) 4 0. If we substitute ug for u and zg for z, we 
obtain the factorization f(x,y) = f,(x,y)fo(x,y), where f,; and fs, 
are the polynomials obtained by the substitution from f, and f 2 re- 
spectively. This contradicts the absolute irreducibility of f(a, y), hence 
[K(u,2,8,a): K(u,2,8)) = dy. 
It follows that 

[K(u, x, B, a) : K(u,2)] = dd 

= [K(u,a,a): K(u,2)|[K(u, 2, 8) : K(u,«)] 

which means that K(u,2,a@) and K(u,z, 3) are linearly disjoint over 
K(u, 2). 


(2) Here we have 6 = tuyV/2 and a? = +2V2, d, = 4 and dz = 2. We have 
the following diagram: 
K(a,u, a, 2) 
Kwa 
fae L) 


hence 
8 = did, ¥ [K(u, 2, 6, a): K(u,x)] = 4. 


Exercise 8.19. 

Let K be a field, A be a graded commutative K-algebra without divisors 
of 0, L be its fraction field and d be a non negative integer. A rational 
function f = g/h € L is said to be homogeneous of degree d if g and h are 
homogeneous and deg g — degh = d. Let 


Io = {f € L, f homogeneous, deg f = 0} U {0}. 


(4 


) 
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Show that Lo is a field and K C Lo C L. 

Let g € L, homogeneous, of degree e > 1. Show that g is transcendental 
over Lo. If moreover g is chosen to satisfy the condition that its degree 
e > 1 is minimal, show that L = Lo(g). 

Suppose that there exist f1,...,f, © I be homogeneous such that 
L= K(fi,...,f-). Show that there exist g1,...,gr—1 € Lo such that 
Lo = K(g1,---,Gr—1). Prove that ged(deg f,...,deg f,) = e, where e 
is defined in (2). 

Hint. One may use Exercise 1.5 and Exercise 10.26. 

Let x1,...,%, be a set of algebraically independent variables over K. 
Suppose that A = K[x,...,2,]. Determine in this case Lo. 


Solution 8.19. 


(1) Clear. 
(2) Set g = gi/g2 where g1,g2 € A, homogeneous with deg g; > deg go. 


nN 


Suppose that g is algebraic over Lo, then g satisfies an equation of the 
form 


(an/bn)g” +++ + (ax/be)g* ++++ + (ao/bo) = 0 


with n > 1 and dega; = deg b;. Let D = lem(bo,..., bn). Replacing g 
by its value and multiplying by D, this equation becomes 


(Dan/bn)gt + +++ + (Dax/bu)gtgs—* +++ + (Dao/bo)g2 = 0. 
We have deg(Day/bn)gi = deg D + ndeg g; and for any k < n, 
deg(Dax/b;)g gh * = deg D + k deg gi + (n — k) deg go 
< deg D + k deg gi + (n — k) deg gi 


= deg D+ ndeg gi, 


hence a contradiction. We conclude that g is transcendental over Lo. 
Suppose now that e is minimal. To prove that L C Lo(g) it is sufficient 
to show that any f € A, homogeneous, belongs to Lg(g). The inclusion 
in the opposite direction is obvious and will be omitted. Let f € A 
homogeneous, then deg f = eq +r, where g and r are integers and 0 < 
r<e. We have deg(f/g?) = deg f — ge =r and f/g? is homogeneous. 
Since e is minimal, then r = 0, hence f/g? € Lo and f € Lo(g). 

Let d; = deg f; for i = 1,...,r and d = gcd(d1,...,d,). By Bezout’s 
identity, there exist integers u1,...,u, such that ujd, +--+ + upd, = 
1. The integers ui,...,u, are coprime (see Exercise 1.5), hence by 
Exercise 10.26, there exists a matrix with integral coefficients M = 


226 


wa 
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(c}) € Z*" such that c} = u; and det M = 1. Set M~! = (b/). Let 
oi = jas fe for i=1,...,r, which means 
(GL PM Fivaihine) 
We deduce that 
(het) = Cree) 


hence f; = TTj=1 on. This shows that L = K(d1,...,¢,). We have 
deg di = S > cldj=d and degd;= 5 cd; =0 (mod d) 


fori > 2. Fori=1,...,r—1, let g; = Gator, Then deg g; = 
0, hence g; € Lo. We have proved that L = K(¢1,...,¢,). It is easy 
to see that L = K(g1,...,9r—1, 1). Consider the chain of fields: 


KGigse Gra) G Lo Cc EY Gigs sy Qe—is Pi) = L, 


By (2), L/Lo is a purely transcendental extension, hence ¢, is tran- 
scendental over Lo, thus also over K(g1,...,gr—1). It follows that 
L/K(g1,---;9r—1) is purely transcendental. Since L is algebraic over 
any field F such that 


AGiji og Ge) GF CL, 
then 
Io = K(M1,---,9r—-1), L = Lo(¢1) 
and that the degree of ¢; is minimal. Hence 
e = deg @; = d = gcd(deg fi,..., deg f,). 
In this case LD = K(a1,...,%). Let a € Lo. We may write a in the 


form 
> j,i, D+ grin 
pte tinad Vi1--in PY] n 


ee ee 
So decid Diy jn LY tr 


a= 


Dividing numerator and denominator of this fraction by x@, we get 
tee er eee ot arte Cece eo ica 

pte bined Oin-dn (C1/2n)% +++ (n—1/2n)Ir— | 

hence a € K(a1/a@n,.--,2n—-1/@n), thus Lo C K(a1/@n,..-,2n-1/2n). 


The reverse inclusion is obvious. We claim and we omit the prof that 
L= K(a1/tn,..-)fn—1/£n,2n)- 


a 
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Exercise 8.20. 

Let K be a field of characteristic 0, 71,...,2%p be algebraically independent 
variables over K. Denote by @ the n-tuple (a1,...,2%n). Let Q be an 
algebraic closure of K(a1,...,2n). 


(1) Let f,(@),...,fn(@) be elements of © and let J be the matrix, 


NN 


nN 


called the Jacobian matrix of f\(@),...,fn(@), and given by J = 


Of, .., Ofn 
O24 O24 
: Lo . Show that the following conditions are equivalent. 
Of... Ofn 
O02 Oy 


(i) The elements f;(@),..., fn(@) are algebraically independent over 
K. 
(ii) The matrix J is non singular. 


Show that the condition on the characteristic of K cannot be omitted. 
Deduce that if g:(@),..., gn (a) are rational functions with coefficients 
in K such that gi( 2) € K(x1,...,%;) and deg, 9; > lfori=1,...,n, 
then g:(a@),...,9n(@’) are algebraically independent over K. Here 
deg... g; denotes the maximum among the degrees in x; of the numerator 
and the denominator of g;(2). 

Let r be a positive integer such that r < n and hi(a),...,h,(a) be 


Ohy ,,, Ohy 
Ox, Ox, 
elements of Q. Let J, = : a . Show that the following 
Ohy .,, Ohy 
Orn Orn 


assertions are equivalent. 


(i) The elements hy(2’),..., h(a) are algebraically independent over 
K. 
(ii) The rank of the matrix J, is equal to r. 


(4) Let r, hy(2),...,h,(@) and J, as in (3). Show that 


Rank(J,-) = Trdeg(K(hi(2’),...,hy(@))/K). 


Solution 8.20. 


(1) © (ii) > (i). Suppose that f1(@’),..., fn(@) are algebraically depen- 


dent over K and let d(y1,.--,Yn) € Klyi,---,Yn], irreducible such 
that ¢(f1,-.--, fn) = 0. Then differentiating this identity relatively 
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to xz, for any k € {1,...,n}, we get 


Ox} 


This shows that 


Og Og 
By fdas By Pio fr) 


is a solution of a homogeneous system of linear equations, where the 
coefficients appearing in the 7-th equation are the ones in the 7-th 
row of J. Since the characteristic of K is 0, then 


Oo 
deg, Dy, Ue a deg, P(Y1,--+5Yn) — 1. 


If 52 (fis---+ fn) =0 for some i € {1,...,n}, then 


P(Y1s +++ Yn) | wy, 1165 Yn)s 

Yi 
thus sey, ..+;Yn) = 0 which implies that ¢ does not depend on y;. 
It follows that there exists i € {1,...,n} such that Be (fis eagahin 
0, hence the mentioned solution of the homogeneous system is non 
trivial. We conclude that the determinant of the system, that is 
Det(J), is zero. 
(i) > (i). Let BE = K(21,...,%n, fi,.--,; fn). Since fi,..., fn are 
algebraic over K(x ,...,U,), then Trdeg(E/k) = n. The assump- 
tions show that {f),..., f,} is a transcendence basis of E over K. 
It follows that for any i € {1,...,n}, ;, fi,..., fn are algebraically 
dependent over kK. Hence there exist 


Pi(Yos Y1,-++>Yn) © K[yo, y1,---, Yn] 


such that 

oi(ai, fi,---; fn) = 0, ve Logs 
Moreover for any i € {1,...,n}, we have deg,, ¢; > 1. Differentiate 
each of the preceding equations relatively to x, fork =1,...,n and 
obtain 


n 


Ob. OF) OG e i. _ 
Oi gy, Pen) Da, a ent 


Transcendental extensions, Linearly disjoint extensions, Luroth’s theorem 229 


where 6;, = 1 ifi = k and 0 otherwise. We may write these equations 
in the form 


Odi 
j=l vk Bot (aa, fis--+s fn) 


Hatt btn 


This set of equations shows that there exists an n x n matrix H such 
that JH =I, where I, is the identity matrix. This implies that J 
is non singular. 
Here we look at the condition on the characteristic of K. Let K be 
any field of characteristic p > 0, n = 2, fi(x1, 22) = x} and fo(a1, 22) 
be any polynomial with coefficients in kK such that deg... fo = 1, then 
while these polynomials are algebraically independent over K, their 
Jacobian matrix is 0. Therefore the equivalence of (i) with (ii) cannot 
be generalized for arbitrary characteristic. 
Here the Jacobian matrix of g1,..., Gn is triangular and has no zero on 
its main diagonal, hence Det(J) 4 0 and then by (1), g1,..-,gn are 
algebraically independent over K. 
e (i) = (ti). Since Trdeg(Q/K) = n and hi,...,h, are algebraically 
independent over K, then we may complete this set of algebraic 


function by say h,+41,...,n and obtain a transcendence basis of 2 
over kK. The rank of the Jacobian matrix (is) i<icn Of hy,...,hy is 
IT1<j<n 


equal to n, hence the extracted matrix formed by the r first columns 
has rank r. Therefore Rank(J,) =r. 


e (ii) = (t). We may suppose that the matrix H = (gis) 1<i<r @X- 
I) 1<5<r 

tracted from J; is non singular. Let h; = 2; fori = r+1,...,n 

and let J be the Jacobian matrix of hy,...,hn, then it is seen that 


Det(J) = Det(H) # 0. Thus, by (1), hi,...,hn are algebraically 

independent over K. It follows that hi,...,h, are algebraically in- 

dependent over K. 
Let s = Rank(J,) and t = Trdeg(K(hi(@),...,hp(a))/K). We may 
suppose that the s first column of J; are linearly independent. The 
matrix extracted from J, and constituted by these scolumn has rank 
s, hence by (3), hi,..., hs; are algebraically independent over kK. Thus 
s <t. On the other hand, since t < r, we may suppose that hy,..., hz 
are algebraically independent over K. The Jacobian matrix H of 
hy,...,h¢ is then of rank t, by (3). Since H is extracted from J,., 
then s = Rank(J,) > t. We conclude that s = t. 
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Exercise 8.21. 
Let K bea field, f(x) = tte and g(x) = it be non constant rational func- 
tions with coefficients in K such that ged(a(x), b(x)) = gcd(c(x), d(a)) = 1. 


(1) Show that the following propositions are equivalent. 


(i) There exists h(x) € K(x)\K such that f =hog. 
(ii) The polynomial d(x)d(y) (g(x) — g(y)) divides b(x)b(y)(f(@) — f(y) 
in K[a, y]. 

(2) Let J(x,y) € K[x,y]. Show that if there exist u(x), v(a) € K[z] such 
that J(x,y) = u(x)v(y) — v(x)u(y), then 
(a) J(y,2) = —J(#,y) 

(b) J(w, x) J(y, 2) + S(w,y)J(z, 0) + S(w, z) F(a, y) = 0. 
Show that the converse holds if K is infinite. 

(3) Let f(x) = (a* — 2? — 82 —1)/(224+ 23 —162+1) € C(x). Decompose 
f(x) in the form f(a) = h(g(x)), where g(x) and h(x) € C(x) with 
deg g = degh = 2. 

(4) Deduce that there exist exactly three fields F; for i = 1,2,3 such that 
C(f) ¢ F; ¢ C(x). Moreover they are given by F; = k(g;), where 

g1(2) = (x? — 2u)/(22? — 32 + 1), 
go(x) = (2? — 2jx)/(2a? — 3jr+ 57) and 
93(x) = (2 — 2j?x)/ (2a? — 37?a + j). 

(5) Show that C(g;,9;) = C(x) for i,j € {1,2,3},i # 7. Express x as a 

rational function in g1,g2 with complex coefficients. 


Solution 8.21. 
(1) © (i) = (ii). We have 


d(a)d(y)(g(x) — g(y)) = e(@)d(y) — e(y)d(x) and 

b(x)b(y) (F(a) — F(y)) = a(a)b(y) — ay)d(a). 
The assumption (i) implies that K(f) C K(g) C K(x). Moreover 
x is a root of a(z) — b(z)f € K(f)[z] and of c(z) — d(z)g € K(g)[z]. 
This last polynomial is irreducible in K[g, z], hence also in K(g)[z], 
then it is equal to the minimal polynomial of x over K(g) up to a 
multiplication by some element of the form > — yg € Kg]. Since x 
is also a root of 


a(z) — b(z)f = a(z) — W(z)h(g), 
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(z)g divides a(z)—h(g)b(z) in K(g)[z], hence c(z)—d(z)g 
— h(g)b(z) in K |g, z]. Set 
a(z) — h(g)b(z) = (c(z) — gd(2))a(g, 2); 
where q(g, z) € K[g][z]. We deduce that 
2) py fey - Oars He) 
ale) — F}2) = (ol2) - $2hate)) o (F,2). 


then c(z)— 
divides a(z) 


b(a) 
Multiply by b(ax)d(ax)e++ and obtain: 
d(ax)°+! (a(z)b(a) — a(x)b(z)) = (e(z)d(x) — e(x)d(z))d(a)°q ( - 2) 


e (ii) > (i). Since c(x)d(y) — c(y)d(x) divides a(x)b(y) — a(y)b(x) in 
K [x,y], then c(y) — $2d(y) divides a(y) — #2.6(y) in K(a)[y], that 
is c(y) — g(x)d(y) divides a(y) — f(a)b(y) in K(x)[y]. Performing 
Euclidean divisions in K(g(x))[y], we obtain 
aly) = (ely) — g(@)dy))n(g.y) +ri(g,y) and 
b(y) = (ely) — g(@)d(y))a2(9, 4) + r2(9, 9), 
where q1, 92,71, 72 € K(g(x))[y] and degr; < degg. deg, ra < deg g. 


Moreover r; 4 0 and rz #4 0. We deduce that 
(ar — f(x)q2) +11 — f(x)re. 


aly) — f(x)b(y) = (ely) — g(a)dly 
f(x)r2 = 0. Let p(g) (resp. q(g)) be 


Our assumption implies r; — 
ra) as a polynomial in y with 
— p(x) 


the leading coefficient of r; (res 
coefficients in K(g), then f(x) = x(a) = h(g) with h(x) = 22}. 


(2) Let u(x), v(x) € K [a] such that 
I(x, y) = u(a)o(y) — o(@)uly), 


then clearly (a) holds. The identity (b) is a particular case of the 


following one: 
(AB—CD)(FG—HE)+(AE-—FD)(HB—-CG)+(AG—HD)(CE-—FB) =0 


after setting 
A=u(w), B=v(x2),C =u 
E=vly), F= uly), G = vf 
This last identity may be verified by writing its left side in the form 
Ay+ Du. It is readily seen that y = yw = 0. 


(x), D= ww), 
z), and H =u(z). 


232 Galois Theory and Applications: Solved Exercises and Problems 


We now prove the converse. Suppose that J(x,y) satisfies (a) and (b). 
Let w = a and z = @ in (b), where a and £ are elements of K to be 
determined. Then 


J(a, x) I(y, B) + J(a,y)I(8, x) + J(a, B)I (x,y) = 0. 
Since K is infinite and J 4 0, then there exists (a, 3) € K? such that 
I(a, 8) #0. 


Therefore, we get: 


son=—rantel ra Bah 
Using the identity (a), we obtain 
Hayy) = Hea) FED — yay FOS, 


so that 


I(x, y) = u(ayo(y) — u(yjo(x) 


where u(x) = J(x,q@) and v(x) = AG B The assumption J(a, 3) 4 0, 
made on (a, 3) implies that J(x, 8) £0, hence v(x) £ 0. 

(3) We begin with a claim. Let J(z,y) € K[x,y] such that J(y,z) = 
—J(x,y), then J(z,y) = (x — y)H(az,y), where H(z,y) € K[z,y] is 
symmetric. For the proof, let 

I(x, y) = (@— y)H (a, y) + R(x) 
be the Euclidean division of J by « —y in K[a][y], then R € K[x]. We 
have 0 = J(a,x) = R(x). We deduce that H(x,y) is symmetric. 
Let g(a) € K(x), deg g = 2 such that f(x) = h(g(x)) for some h(x) € 
K(x). Let a(x), b(2) € K [a] such that ged(a(x), b(x)) = 1 and g(x) = 
a(x)/b(x). By (1) the polynomial 


a(x )b(y) — a(y)b(a) divides u(a)u(y) — u(y)v(@), 


where u(x) (resp. v(a)) is the numerator (resp. denominator) of f(z). 
Easy computations show that 


F(z,y):= weyety) — welts = 3x y3 + 3(a2+y) (2? +y? + Bay) — 24. 


Let G(z,y) = ee Write this polynomial in the form of a 
sum of its homogeneous components. Its leading homogeneous compo- 


nent say Gt (x,y) divides 3x°y? and is symmetric. Suppose first that 
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u(x) € C*, that is g(x) € C[z], then we may express the numerator and 
the denominator of f(a) in the form: 
z* — a2? —82—1=a(g(r)) and 
2r4 + 2? — 16 + 1 = b(g(x)), 
where a(x), b(x) € C[a] and gcd(a(x), b(x)) = 1. Differentiating these 
equations, we obtain 
Aa® — 327 — 8 =a'(g(x))g'(x) and 
8x? + 3x? — 16 = U'(g(x))g' (a). 
It follows that g'(x) divides the polynomials 4x? — 3x? — 8 and 


8a + 3x? — 16. But is easy to see that these two polynomials have no 
common root, hence they are relatively prime which implies g’(a) € C 


and then degg = 1, which contradicts our assumption. We con- 
clude that g(x) is not polynomial. Now g(x) = ne with u,v non 
constant and Maz(degu,degv) = 2. In this case it is seen that 


deg G* (x,y) < 2. Since Gt is symmetric and divides 3x3y?, then 
Gt (x,y) = ary, where a € C*. Moreover, replacing u(x) by u(x) /a, if 
necessary, we may suppose that Gt (x,y) = ry. Let H(z,y) € C[z, y] 
such that F (x,y) = G(x, y)A(a2,y). Set 


G(a,y)=Go+Gi+G and 
A(«,y) = H4+ H3+ Hp + H, + Ho, 


where Go,G1,Go (resp. Hu, H3, H2,H1, Ho) represent the homoge- 
neous components of G' (resp. H). Here the indices of the components 
are equal to their degrees. By identification in the identity F = G- H, 
we obtain the following equations 


GoH, = 32° y? (Eq 1) 

GoH3 + GH, =0 (Eq 2) 

GoH2 + G1 H3 + GoHs =0 (Eq 3) 
GoH, + Gi He + GoHs = 3(x + y)(2? + y? + 82y) (Eq 4) 
GoHo + Gi, + GoH2 = 0 (Eq 5) 
G Hy + GoH; =0 (Eq 6) 

GoHo = —24. (Eq 7) 


Since Gz = ry, then by (Eq 1), Hy = 3x7y?. Replacing in (Eq 2), 
G2 and Hy, by their values, we obtain: H3 = —3xyG ,. Since G is 
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homogeneous of degree 1 and symmetric, then G; = a(x + y) with 
a € C*, hence H3 = —3axry(x4 + y). Set Go = b with b € C, then 
replacing in (Eq 3), Gi, Go, H3, H4 and Go by their values, we get: 
Hp = 3a?(x+y)?—3bzry. From (Eq 6), we deduce that H, = 744 (x+y). 
We put in (Eq 4) the values of Go, H1,G1, H2,Go and H3 and we 
obtain 
3 mn2 2 24a 3 2 2 
3a°(a" + y )+ (Gy + 6a — 6ab)xy = 3(a* + 8ry+y*), 

hence a? = 1 and = 4. Therefore a and b are determined 
by the following equations a? = 1 and ab? + 3b? — 4a = 0. Now aisa 
cube root of unity and 6 is a root of the polynomial 


a(4—b? +a7b?) 
b2 


ce(x) = ax* + 3x —4a = a(x —a?) (2? + 40724 4a) = a(x —a”)(2+2a7)?. 


We deduce that 6 = a? or b = —2a?. We examine each of these values 
of b. 


e Case b = a?. 
Recall the preceding computations of the H;, G;. We have: 


Go=a’, Gi=a(rt+y), Go=sxzy, Hy = —24a, 
H,=24(2+y), He =3a7(2?4+y? 4+ ay), 
H3=—3ary(e+y) and Hyg =327y’. 


Replace them in (Eq 5), and obtain x? + y? + 2ry = 0, which is a 
contradiction. Therefore, this value of b must be rejected. 
e Case b = —2a?. 


Here we have 
Go = 287, Gi = a(x + y) and Go = LY. 


It follows that the polynomial J(x, y) = a(x)b(y) — a(y)b(x) is given 
by: 


(a — y)G(x,y) = (a — y)(—2a? + a(x + y) + ty) 
= x*y — zy? + ax* — ay? — 2a*x + 2a*y. 


J(x,y) 


l 


We verify if the conditions (a) and (b) of (2) are satisfied. 
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Obviously (a) is fulfilled. We have 


J(w,x)J(y, z) + J(w, y) J (z, 2) + J(u, z) J (2, y) 


= (w*a — wa? + aw? — ax? — 2a?w + 2072) 


yz — 2y? + ay? — az? — 2a7y + 2a?z) 


2 


+ (w?y — wy? + aw? — ay? — 2a2w + 2a7y) 

(z?a — 2z* + az — ax? — 2a?z + 2072) 

+ (w?2— 22 + aw? — az” — 2a7w + 2a7z) 
2 2 2 


(a?y — xy? + ax? — ay? — 2a?x + 2a7y) = 0. 


So that condition (b) is satisfied. Since C is infinite, we may choose 
(a, 8) € C? such that J(a, 8) 4 0. For example a = 0 and 8 =a 
works. We have J(0,a) = 1 and then 


a(x) = G(2a, 0) = ax? — 2a?x and b(x) = G(a,a) = 2ax” — 3072 + 1. 
Therefore 


ax? — 2a*x x? — 2ax 
gx) = Qaz2—3ar+1 2x2 —3ar+a2’ 
We now compute the rational function h(x) € C(x) such that f(a) = 
h(g(a)). Set h(a) = 33. where c(x), d(x) € C[a], ged(c(x), d(x)) = 
1 and Maz(degc,degd) = 2. Suppose first that degc = 2 and 
deg d = 1, then 


a(x) 
(we ($3) fe) vt —a—8xr-1 
BG Ne Ope gs = 
b2(e)d (#2) 24 +2 16x+4+1 


hence b(x)|2z4++2?—16x+1, that is 2x? -3ax+a?|2x2*+2>—-16r+1. 
This is a contradiction since b(a) = 0 and v(a) 4 0. Similarly we 
eliminate the case degc = 1 and degd = 2. It remains to consider 
the case deg c = deg d = 2. We may suppose that c(x) is monic. Set 


c(x) = 2? +x +p and d(x) = ax? + Br +74. 
Using the identity h(g(x)) = f(x), we obtain 
(x? — 2ax)? + A(x? — 2ax)(2x? — 3ax + a?) + p(2x? — 3ax + a”)? 
a(x? — ax)? + B(x? — ax)(2x? — 38ax + a?) + y(2x? — 3ax 4+ a?)? 
xt — 2° — 82-1 


~ 9944 93 — 16r +1 
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This identity may be written in the form 


v*—2? —8xr-1 


AN EO) oe 16E tL 
where 
A(z) = (1+20+4p)a* — a(4+ 7d + 12p)2° 
sae (44+ 7\4+ 13p)x? — (2 4+ 6u)a + ap 
and 


B(a) = (a+ 28 + 4y)x* — a(4a + 76 + 12y)2° 
+ a?(4a +76 + 13y)x? — (26 + 6y)x + ay 


It follows that: 


—a(4+ 7A + 12u)/(1+ 2A 4+ 4p) = -1 
a? (4+ 7A + 12y)/(1 + 24 + 4p) = 
—(44+ 7A 4+ 124)/(1 + 2A 4 4) = -8 
au /(1+2r+ 4p) = -1 
and 
(4a + 764+ 127)/(1+ 2A + 4p) = 2 
—a(4a + 78 + 12y)/(1+ 2A 4+ 4) =1 
a*(4a + 76 + 12y)/(1 +24 + 4p) =0 
—(28 + 6y)/(1 + 2A 4 4) = —16 
ay/(1 + 2A + 4) = 1. 
Solving the first four equations, we obtain \ = — atm and pp = are 


We deduce that 1+ 2+ 4 = —a/(2+ 7a). The five last equations 
lead to 


a = (—24+14a)/(2+7a), 6 = (83—8a)/(2+7a) and y = —-1/(2+7a). 
We conclude that 
(24+ 7a)x? — (34+ 4a)r+1 


a) = (—2 + 14a)x? + (3 — 8a)x2 — 1° 
Conversely, it is easy to verify that this h(x) satisfies the identity 
g(h(x)) = f(a). Indeed there are three decompositions of f(a) in 
the form f(x) = h(g(x)), where degg = degh = 2. Each one cor- 
responds to the values of g(z) and h(x) computed above and to the 
choice a € {1,7,j7}, where j is a primitive cube root of unity in C. 


a 


nN 
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Let F' be a field such that C(f) CA F C4 C(x). By Luroth’s Theorem 
[Schinzel (2000), Th. 2, Chap. 1.1], there exists g(x) € C(x) such that 
F =(C(g). Moreover since [C(x) : C(f)] = d = 2, then [C(x) : F] = 2, 
then degg = 2. Since f € F, then f = h(g) where h(x) € C(x) and 
deg h = 2. It follows by (3) that g(x) = ae where a is a cube 
root of unity in C. Fix a primitive cube root of unity 7 and let F), Fo, F 
be the fields corresponding to a = 1 or a = j or a = j” respectively. 
Denote by g1(), go(x) and g3(x) the corresponding rational functions. 
We show that the fields F,, F2, F3 are pairwise distinct. Suppose that 
Fy = F;, then there exist p,q,r,s € C such that 


2 
x? _ 292 = Pa a qd 
20? —3ja+j? rg eae ts 


and ps — rq # 0. Hence 
(p+2q)a7—(Qp+3g)a+q 2? — 2jar 


(r+ 2s)x? —(2r+3s)a+s 22x? -—3jx4+ 5? 
We conclude immediately that q = 0, and then 


x? — Ix L. ae 
ee area . D2 — RYE + 7?’ 
which is a contradiction. Similarly we may prove that F, 4 F3 and 


Fy # F3. 
The assertion on the composition of the fields F; is obvious. We write 
x in the form: x = $(91, 92)/(t(g1, g2), with 
gi(z) = (x? — 2x) /(2x? —32+1) and 
g2(x) = (a? — 2jx)/(2u? — 3jx + j?). 
From the first equation, we deduce that 
a? = (22 + 91 (1 — 3x))/(1 — 291). 
Replace this value of x? in the second equation and obtain: 
Be a(2— 2+ n(47-3))+o. 
a(4— 37 + g1(6j — 6)) + 7? + gi(2 — 29?) 


Therefore 


jf? — 9. t+ (2-257) or 92 
2— 27 + (Aj — 3)q1 + (37 — 4) 92 + (6 — 67) 91.92 


i — 


Exercise 8.22. 
Let K be a field, 2 be a algebraic closure of K, u(t) and v(t) be non 
constant polynomials with coefficients in K. 
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(1) Show that there exists P(x,y) € K[x,y] irreducible such that 
P(u(t), o(t)) = 0. Show that, for any f(x,y) € K(x, y], if f(u(t), v(t)) = 
0 then P(x, y) | f(x,y). 
(2)(a) Show that there exist uj(t) and u(t) € Kt] such that 
P(ur(t), v1(t)) = 0, deg, P = degv; and deg, P = deg ui. 
(b) Considered as a polynomial in x (resp. y) with coefficients in K[y] 
(resp. K[x]), show that the leading coefficients of P(x, y) is in K*. 
(3) Show that P(z, y) is irreducible in Q[z, yJ. 
(4) Show that P(a,y) is irreducible in 2((4))[y] and in Q((5))[]- 
Solution 8.22. 


(1) Consider the chain of fields K(u) C K(u,v) C K(t) = K(u,t). Since t 
is algebraic over K(u), then v is algebraic over K(u). Let 


Om—1(¥) yl ao(w) 

D(u) D(u) 
be the minimal polynomial of v over K(u), where D(x), a;(x) € K[z] 
and gced(D(a), ao(x),...,@m—1(#)) = 1. Let 


P(z,y) = D(x)y™ + am—1(x)y™"! +--+ + ao(z), 


then P(x, y) is irreducible over K and P(u(t), v(t)) =0. Let f(x,y) € 
K[x,y] such that f(u(t), o(t)) = 0. Let q(x, y),r(a,y) € K(x)[y] such 
that f = Pq+r and deg,r < deg, P. We have r(u(t),v(t)) = 0, 
hence P(x, y) divides r(x, y) in K(«)[y]. It follows that r(x, y) = 0 and 
then f = Pg. We compare the contents in K (a) of the polynomials 
appearing in the two sides of this identity. We obtain 


Ce eg 


cont(f) = cont(P) cont(q) = cont(q). 


It follows that cont(q) € K [a]. Therefore gq € K [x,y] and then P(z, y) | 
f(z, y) in K[a, y}. 
Remark. We may prove this property of divisibility in the following 
way. Let w: K[x,y] — K{[t] be the unique K-morphism of algebras 
such that (x) = u(t) and w(y) = v(t), then 

K[z,y|/Kerw ~Imwv c KE]. 
Therefore Ker w is a non zero prime ideal of K[x, y] containing P(x, y). 
We prove that Kery = P(x,y)K [x,y]. Since the image of w is not a 
field, then Ker y is not maximal. Let M be a maximal ideal of K[z, y] 
containing Ker yw. Consider the chain of prime ideals 


{0} c P(a,y)K [x,y C Ker CM. 
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Since the Krull dimension of K[x,y] is equal to 2, then Kery = (P). 
Hence P(x, y) | f(x,y) for any f(z, y) € K[z, y] satisfying the condition 
f(u(t), v(t) = 0. 

(2)(a) Luroth’s Theorem [Schinzel (2000), Th. 2, Chap. 1.1], shows that 
there exists ¢(t) € K(t) such that K(u,v) = K(¢). Moreover Exer- 
cise 8.10 implies that we may choose $(t) € K[t]. This choice being 
made, let u;(x) = A(x)/B(ax) € K(x) such that gcd(A, B) = 1 and 


u(t) = ui (O(t)) = A(O(4))/B(e@). 


Bezout’s Theorem implies that there exist A(a) and p(x) € K [a] 
such that A() A(x) + u(a) B(x) = 1. We deduce that 


MPH)AOE)) + HGH) B(OH) = 1. 
Since B(¢(t)) | A(A(t)), then B(d(t)) € K*. Therefore B(t) € K%, ie 
ui(x) € K[z]. Similarly if we set v(t) = v1 (@(t)), then v1 (x) € K [a]. 
We have 


0 = P(u(t), v(t)) = P(ur(9(t)), v1 (G@))), 
hence P(u(t), v1(t)) = 0. Since 


) 
K(ui(9(t)), v1 (O(t))) = K(O(6)), 
= 


then K(u1(z), vi(z)) = K(z). Let A(x) (resp. B(y)) be the leading 
coefficient of P(x, y) considered as a polynomial in y (resp. in 2), 
then ee is the minimal polynomial of vj(z) over K(ui(z))], 
hence 


deg, P = [K(ui,u1) : K(u1)] = [K(z) : K(ui(z))] = deg ur. 


A similar reasoning leads to deg, P(x, y) = deg v1. 

Clearly z is integral over K[u1(z)]. Therefore v1(z) in integral over 

K[ui(z)] and then the leading coefficient of P(x, y) as a polynomial 

in « is in K*. Therefore we may suppose that P(x,y) is monic 

relatively to y. 

(3) We apply the results proved in (1), (2)(a) and (2)(b) for w(t), u(t) 
when K is replaced by 2. We obtain the polynomials P(az, y) € O[z, y], 
o(t), u(t), Bi (t) € Q[t] such that P(x, y) is irreducible, monic in 2 with 
moreover the following properties 


P(u(t), v(t) = P(ai(t), 1 (4) = 0, 


S 


deg, P = deg v;, deg, P(x, y) = deg t and Q(u(t), v(t)) = Q(d(t)). 
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By (1) we conclude that P(x,y) | P(x, y) in Q[z,y]. From 


K(u(t), eo) = K(¢(é) 


(u(t), o(t 
we deduce that Q(u(t), v(t)) = O(¢(t)), hence we may suppose that 
o(t) = ¢(t) and then u;(t) = u(t) and v(t) = v(t). 

Now since 


deg, Bias y) = deg a (t) = deg, Pe; y), 


P(a,y)|P(2,y) and these two polynomials are monic in y, then 
P(a,y) = P(a,y). We conclude that P(a, y) is irreducible over Q. 
Let n = deg ui(t) = deg, P(x,y). Set 


— 
ye 
Nu 


P(z,y) =y" + an—1(a)y"! + +++ + a0(z), 


where a;(x) € K[2] for i=1,...,n—1. Let © be an algebraic closure 
of Q((#)) and let 6 : w(ur(t)) > Q((x)) be the unique Q-embedding 
such that B(u;) = 4+. Since v, is algebraic over K(u;), there exists 
an extension 8 : Q(u,,v1) = A(t) > Q. Since P(u1,v,) = 0, then 
B(P(u1,01)) = 0, hence P(+, B(v1)) = 0. Therefore 8(v;) is a root of 


the monic polynomial P(4,y) € 2((x))[y] of degree n. Since 


O(ur)(v1) = A) = Our) @ | 


t 
then 


uz(t) = apt” + at? 1 +--+ + ap, 
where ao,.--,@n € K and ap £ 0, then 


peepee aed =a 
ao ao ao 


Set c= 2 and ¢ = © forie {1,...,n}, then 


t? tet? 14--- +e, — cm =0. 
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Divide this equation by uit” and obtain 


1 n 1 n—1 1 
(cnuy — ©) (+) tenis! ( ) bees 4 cyuy turt=0. 


t 


The element w = c,u;' —c is non zero and we obtain: 


1 n n-1 1 
() oh Cn—uy wo? (=) +r + C1 Uy tw - + Uy tw} =0. 


i 
We deduce that 


(0 (9) ventor (0) 
+++ +e28(w)71B @ + 2B(w)! = 0. 
We have 


B(w) = Blenu* —C) =Cn@—C, 


w) is a unit of Q[[z]] and then 8(w)! € Q[[z]] is also a unit. 
) is a root of the polynomial h(x, y) € Q((x))[y], 


hence B 
Now 6( 


1A SN 


h(z,y) = y” + Cn—1¢B(w) ty"? +--+ +e12B(w) 7! + 2B(w). 


By application of Eisenstein’s irreducibility criterion we conclude that 
h(a, y) is irreducible over Q((x)). It follows that 


jac) (4(F)) :2¢2)] =aee, n= n 
and then, by (Eq 1), 
[((2))(B(01)) + ((e))] =n = degy P (2). 


We conclude that P(4,y) is irreducible over ((z)). 
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Chapter 9 


Multivariate polynomials 


Exercise 9.1. 
Let f(x,y) and g(x,y) be polynomials with integral coefficients. Suppose 
that C[f,g] = Cla, y] and 3£(0,0)$2(0,0) — $£(0, 0) 32 (0,0) = +1. 


(1) Show that Z[f, g] = Z[z, y}. 
(2) Show that the condition on the partial derivatives of of f(x) and g(x) 
cannot be omitted. 


Solution 9.1. 


(1) Let fi(z,y) = f(x,y) = f(0,0) and g(x,y) = g(x,y) _ g(0, 0), then 
f(x,y), (2, y) €Z[z,y}, 


Cli, 91] = C[f, g] = Cle, y] 
and 
oft 691 oft bq1 
Ox (0,0) oy (0,0) by (0, 0) ae (0,0) = +1. 


Clearly if Z[fi,g:] = Zla,y], then Z[f,g) = Zlx,y], hence we may 
suppose that f(0,0) = 0 and g(0,0) = 0. Set 


f(z,y) = fiox + fory + higher degree terms and 


g(x,y) = giot + Gory + higher degree terms, 


where fio901 — foigio = +1. Making the following change of variables, 
a’ = fiow+ fory, y' = 910% + gory, 


allows us to write f and g in the form: f = x’+ higher degree terms 
and y = y’+ higher degree terms, hence we may suppose that 


f =x-+ higher degree terms 
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and 
g=yt+ higher degree terms. 


Since C[f,g] = C[z,y], then x = 37; ;) ci; f'g?, where cj; € C for any 
(i,7). We are going to prove that c;; € Z, that is x € Z[f,g]. It will 
appear from the proof that the same reasoning works for y. 

Define the following order relation in Z?. We say that (i,j) > (i, 7’) 
ife+ty > 4+7 orit+ 7 = 47’ andi > 7. It is a total order 
in Z?. We prove by induction that c;; € Z. Since f(0,0) = g(0,0), 
then co) = 0. Let (i,j) € Z? such that (i,7) > (0,0) and suppose 
that c;; € Z for any (i’, j’) satisfying the condition (7’, 7’) < (i,j). The 
polynomial  — Yr 5) <(,j) ci; f* g? has integral coefficients, hence 
ei) > (ii) cy f  gF € Z[x,y]. This last polynomial has the form: 


iy Sas i442 5-2 
cig fg? + Gigaj—i ft Gg? | + cip2j-2f?*? 9? 
i+j+1 i+j 
peti peg yay yo” a enpy TOO! ett: 


Note that the monomial x'y appears only once in the above summation 
and that its coefficient is equal to c;;. In particular c,; € Z and thus 
concludes the proof. 

Let f(x,y) = 2x and g(x,y) = y then « = $f and y = g, hence 
Cif,g| = Clx,y]. We prove by two methods that Z[f,g] 4 Z[x, y]. 
Clearly 


— 
i) 
ue 


Z[f,9] S yZ[a] @ 2@Z [2] Hz 


and «x does not belong to the right hand side. 
Second method. Suppose that x € Z[f,g] then 


sf = dn(g)f” + an—i1(g)f"* + +++ + a0(g). 


Since f and g are transcendental over C and algebraically independent, 
we may differentiate relatively to g and obtain: 


0=a,(g)f" +a,_i(g)f" +--+ +.a9(9), 


hence 


/ 


ay, (9) = an—1(g) = +++ = ag(g) = 0. 


It follows that an(g),@n—1(g),---,@0(g) € Z and then n = 1, $f =anf, 
hence a contradiction. 
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Exercise 9.2. 

Let D be an integral domain and {x;}ie; be a family of indeterminates 
over D. Let A be a ring such that DC AC D[{a;}ier] and A satisfies the 
descending chain condition on prime ideals. Show that A = D or there exist 
i1,---,4m € I and a morphism of algebras ¢: D[{x;}ier] > D[xi,,.--,%i,,] 
such that its restriction to A is one to one. 


Solution 9.2. 
Let R = D{{xi}ier] and let Mo be the ideal of R generated by the x; for 
i € I. Then Mo is prime, since a polynomial in n variables with coefficients 
in D belongs to Mp if and only if it vanishes for the n-tuple (0,...,0). Let 
Po = Mon A, then Po is a prime ideal of A. Suppose that A # D and let 
G(Xi,,---,Xi,) € A\D. Clearly 

G(@i,,---,2i,) — g(0,...,0) € A\D. 

Any monomial of this polynomial has the form dz; --- 25" where d € D, 
€1,---,€n are non negative integers and e; +---+e, > 1. Therefore one of 
these exponents say €1 is positive. 

It follows that this monomial has the form cr (a ---g,"), hence it 
is an element of My. We deduce that g(a;,,...,2:,)—g(0,...,0) € Mo and 
then Po £ {0}. Let fo € Po\{0}, then fo is a polynomial in a finite number 
variables, say 2j,,...,2;,,- Let My be the ideal of R generated by {zi}ien,, 
where I; = I\{i1,..., 44, }, then Mj is prime and M/A is a prime ideal of 
A. Set P) = Mi NA, then Po > Py. If P; 4 {0} select f; € Pi\{0}. This 
polynomial depends on finite number of variables say %j,,,,,---;Zirg4e,- 

Let Ig = I1/{tio4i,---;tto+t,}. We define similarly Mz and P:. Con- 
tinuing in this way, we construct a sequence of prime ideals of A, 

PDPD:::DRmD:::, 

which must be finite by hypothesis. We conclude that there exists k > 
1 such that Py = {0}. It follows that there exists a finite number of 
indeterminates x;,,...,7;, such that the ideal M of R generated by the 
variables x; for j € I\{t1,...,is} satisfies the condition MM A = {0}. Let 
@:R—- D{xi,,...,2i,] be the unique morphism of algebras such ¢(«;) = 2; 
if i € {i1,...,is} and d(a;) =O if i Z {i1,...,i,}. Clearly Ker¢d = M. We 
deduce that Ker ¢)4 = MM A = {0}. Therefore ¢),4 is one to one. 


Exercise 9.3. 
Let K be a field, n > 2 be an integer and f(x1,...,%n) be a non constant 
polynomial with coefficients in K of degree d. Let 


Y1 = %1,Y2 = Fo 4+ €2X1,---,Yn = In + Cn L1 
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and let 


G(Y1, +++. Yn) = F (Yrs, Yo — C2¥1,---5Yn — Cny)- 
Suppose that || > d. Show that there exist co,...,¢n € K such that 
WY15+++5Yn) = ay? + Ag—1(yo,---, Yn) | +++ + Ao(ya,---5Yn)s 


where a € K* and the polynomials A; have their coefficients in K. 
Solution 9.3. 
Write f(a1,...,%) in the form 

f(@1,.--,2n) = fa(ai,---,Un) + fa-1(@1,--- Un) +-++ + fo(a1,---,2n), 
where f;(21,...,%n) is 0 or homogeneous of degree j and fa(r1,...,%n) A 
0. Then 

G(Y1, +++ Yn) = falyr, 2 — C2Y15---5 Yn — Cn) 

+ fa-1(Y1s Y2 — C2¥is +++ Yn — Cn) 
+ +++ + fo(yi, y2— C2¥1,---)Yn — Cnt): 


It is clear that deg,, fj(Y1,Y2—C2¥1,---,Yn—Cny1) < d for j =0,...,d—1. 
Set 


fa(t1,..-,;2n) = S- j,i, U4 ogi, 


tite +in=d 


galYis---Yn)= >) igi YE (Y2 — C291)? +++ (Yn — Cny)™- 
tit: -+in=d 
From this we conclude that the coefficient, say a, of y# belongs to K and 
is given by 
a= ye Qiy ein (—c2)*? vee (—cn)** = fa(l, FCF sed —Cn). 
tit--+in=d 

The polynomial fa(1,y2,---,;Yn) is non zero. Otherwise the non zero ho- 
mogeneous polynomial fa(y1,.-., Yn) would be divisible by y, — 1, which 
is a contradiction. (A divisor of an non zero homogeneous polynomial is 
itself homogeneous!) The degree d’ of the polynomial in n — 1 variables, 
fa(1, y2,---,Yn) satisfies the condition d’ < d < |K]|, hence there exists 
(—c2,...;—-Cn) € K"~+ such that fa(1,—ce,...,-Cn) #0, that is a £0. 


Exercise 9.4. 

Let m and n be positive integers such that 1 <m <n. Let K be a field 
and 21,...,@, be algebraically independent variables over kK. Denote by # 
the n-tuple (#1,...,@n). For any i = 1,...,m, let g;(a;) be a non constant 
polynomial with coefficients in Kk. 
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(1) Show that any f(z) € K[z] may be written in one and only one way in 
the form 


ee peck £)1 (x1)! - Qe baa) 


where the sum is finite, aj,...;,,(@) € K[Z], deg,, aj,...j,,(@) < deg gi for 
¢=1,...4m and deg,..a;,...9,.(2) < deg, f form <¢ <n: 

(2) Suppose that for any 7 = 1,...,m, degg; > 2. Show that for any 
t=1,...,m, a € K[gi(21),---,9m(Lm)]- 


Solution 9.4. 


(1) We proceed by induction on m. Suppose first that m = 1. The proof 
follows the one given in [Lang (1965), Th. 9, Chap. 5.5]. In this the- 
orem, the involved polynomials are polynomials in one variable with 
coefficients in a field K, which is not the case in this exercise. 

The Euclidean division in K[x2,...,2n]|[21] of f(#) by gi(a1) leads to 


F(£) = 91 (21) q(2) + b0(2), 

where q(#) and bo(#) € K[Z] and deg,, bo < deggi. We show that 

deg,, bo < deg,, f for i = 2,...,n. We fix i and we distinguish three 

cases. 

e deg... q = deg,, bo. 
Let B(a1,...,£i,.--,@n) and C(a1,...,@;,...,%n) be the leading 
coefficients of g(Z) and bo9(Z) respectively, when these polynomials 
are written as decreasing powers of x;. Here the hated variable x; 
in the given polynomials means that this variable is not present in 
the polynomials. If Bg, +C = 0, then g; | C, hence deg, bo = 
deg, C = deg g, which is a contradiction. Therefore, Bg; + C 4 0 
and then deg,, q = deg,,, bo = deg,,, f. 

e deg,, q < deg,,, bo. 
In this case, we have deg,,. by = deg... f. 

e deg, q > deg... bo. 
Here we have deg,,. bo < deg,, ¢ = deg,, f. 

In any case, we have proved that deg, bo < deg,., f. 

By induction, suppose that 


q(@) = by (@) + b2(@)gi (a1) +++ + ba(@) gi (x1), 


where deg,,, b; < deg g; and deg,,, bj < deg,,, q for 1 > 2, then 
f (@) = bo(®) + bi (B) gu (wi) + ++ + bay1 (Bon (a1). (Eq 1) 
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Here the conditions on the degrees of the b;, relatively to x and rela- 
tively to x; are satisfied. Since b;(%) is the remainder of the Euclidean 
division of 

(£(@) — bo(@) — bs @)gu(ar) — ++ ia (@gu(@1)*) /gu (er) 
by gi(#1), then this representation of f(Z) is unique. 
Suppose that the representation of any polynomial, with the conditions 
on the degrees, exists and is unique for any system of m— 1 polynomi- 
als. Write each polynomial 6;(Z) appearing above as a polynomial in 
g2(Z),.--,9m(£) with coefficients in K[(z)] and with the degrees con- 
ditions, that is 


bi(@) = Doc 4, B)ga (a2) © gn (Bm, 


with deg, , Cees (Z) < deg g; for j = 2,...,m and deg,, een Fi DS 


deg, bi( a Then 


See 2) gi (a1)*go(@2)"? ++ gm(#)?"™, 


so that i. ae : f(@) exists. We prove the uniqueness of 
the eine 5 Suppose that beside the representation 


=) Giunta, 
we have the so one 


= tie bgt) ga (a1) 29:Gia (Bei) 

Rewriting m iF these expressions as sums of linear combinations of 
ascending powers of gi(%1), we conclude by the uniqueness of the rep- 
resentation in the unique oe gi(#1), that for fixed k, 

s O54 mn ( #)gi (a1) -** Gm(&m)!™ 

Jisk 

= = Dig vim (B)91 (x1) + Oral San) 

jisk 
Here we have two representations of the same polynomial in the system 
{92(11),---,;9m(%m)}. By the inductive hypothesis we conclude that 
the coefficients in the representations are equal. 
The unique representation of x; in the system {91,..., 9m} is given by 


=a jm (2) 91 (21)* +++ gm(tm)?™, 
where @j,...;,, (% na = Of (71,404 54m) FE 10, 0150) and e497 (2) = 2,8 
(J1,---;Jm) = (0,...,0). Therefore x; cannot be expressed in the form 
vi = U(gi(21),---;9m(Xm)), where u(yi,.-.,;Ym) is a polynomial with 
coefficients in K because such an expression is a representation in the 
system {g1,..-,9m}- 
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Exercise 9.5. 


(1) Let f(x) and h(x) be polynomials with integral coefficients of degree m 
and n respectively and let p be a prime number. Suppose that h(x) is 
monic, irreducible over F,, m and n > 2, gcd(m,n) # 1 and p does not 
divide the leading coefficient of f(x). Let g(x) = h(a)/p. Show that 
f(QNg(Q® =8. 

Given a polynomial F(x) with rational coefficients of degree m > 2 and 
a positive integer n such that gcd(m,n) 4 1, show that there exists a 
polynomial G(x) of degree n for which the equation F(x) = G(y) has 
no solution (x,y) € Q?. 


— 
i) 
wake 


Solution 9.5. 


(1) Suppose that f(Q) NM g(Q) # @ and let (a,b) € @ such that pf(a) = 
h(d). 


e Case vp(b) > 0. 

Since A(x) is irreducible modulo p, then vp(h(b)) = 0. From the 
above equation, we conclude that v,(f(a)) = —1. It follows that 
Vp(a) < 0 and then v,(f(a)) = mv,(a) = —1, which is a contradic- 
tion since m > 2. 

Case v,(b) < 0. 

In this case, we have v,(h(b)) < 0, and by the above equation sat- 
isfied by (a,b), we get v,(f(a)) < 0 and then v,(a) < 0. We now 
have 


Vp>(f(a)) =mr,(a) and v,(h(b)) = nvp(b). 


The equation relating a and b implies that 1+ mv,(a) = nv,(b), 
which in turn shows that gcd(m,n) = 1, which contradicts our as- 
sumptions. Thus the intersection is empty. 


(2) We may write F(x) in the form F(#) = $ f(a), where a and d are rela- 
tively prime integers and f(a) is a polynomial with integral coefficients. 
Let p be prime number which is not a divisor of the leading coefficient 
of f(x). Since m = deg f > 2, we may find a polynomial h(a) of degree 
n such that according to (1), the equation f(x) = h(x)/p has no ratio- 
nal solution. Put G(x) = ah(x)/p, then degG = n and the equation 
F(x) = G(y) has no rational solution. 


250 


Galois Theory and Applications: Solved Exercises and Problems 


Exercise 9.6. 
Let K be a field, n > 2 be an integer and g,h € K[x1,...,2,] be non 
constant. Suppose that the leading homogeneous form of g(x)h(x) is square 
free. Show that 


gK[a1,.-.,2n] + AK[a1,..-,2n] # K[x1,...,2n]. 
Hint. Use Exercise 3 of this chapter. 


Solution 9.6. 


e We may suppose that K is infinite. For if K were finite, let kK, = K(t), 


where ¢ is a new variable, then if 
gy [@1,-.--,%n] (hi [21,...,¢n] A Ki[x1,..-,2¢n], 
we conclude that 
1¢gKy[m,...,¢n] +hKy[21,..-,¢n], 


hence 


1¢égK[a1,...,¢n] +hK[a1,..., en], 


so that the same property will hold for K. 
Let f(x) = g(x)h(x) and d = deg f(x). According to Exercise 9.3, we 
may suppose that f has the form 


fiona) = a? + Ag-1(ao,...,2n)a¢+ +-+++ Ag(xa,...,2n). 


It follows that the factors g and h of f, considered as polynomials in 
x1, with coefficients in K[x2,23,...,2n], may be supposed to be monic. 
In particular, deg,, f = deg f*. 

In the sequel, we denote by W* the leading homogeneous component 
of the arbitrary polynomial W. Since the result asked for is true 
if the polynomials g and h are not coprime, we may suppose that 
gcd(g,h) = 1. Suppose by contradiction that there exist u(a1,...,@n) 
and v(a1,...,0n) € K[ay,...,¢,] such that ug + vh = 1. Perform- 
ing the Euclidean division of v by g in K[x,...,@n][x1], we obtain 
v = gq+r, where r 4 0 and deg,, r < deg,, g. Since (ut+qh)g+rh = 1, 
then gt | rtht. Since deg, rt = deg, r < deg,, g = deg,, gt, then 
some non constant factor of g* divides h*. Therefore f* is not square 
free, contradicting the hypotheses. 


Exercise 9.7. 


y 


3 


Let a,b € Z such that (a,b) 4 (0,0). Show that the polynomial f(x,y) = 
2 


xy? — 3x2y + xty — ax? +) is irreducible over Q. 
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Solution 9.7. 

Suppose that f(z,y) = g(a,y)h(a,y) is a non trivial factorization of f in 
Q|z,y]. Since f is monic in y, we must have deg, g > 1 and deg, h > 1. 
Without loss of generality, we may suppose that deg, g = 1, deg, h = 2 
and g(x,y) = cy — P(x), where c € Q and P(x) € Q|z], deg P > 1, then 
we may suppose that c = 1. It follows that f(#,P(a#)) = 0 and therefore 
P(x) | ax? — b in Q[z]. Since this condition is impossible if a = 0, we 
suppose that a 4 0. If deg P = 1, set P(x) = Ax +p with A 4 0. The 
identity f(a, P(x)) = 0, immediately implies X = 0, a contradiction. If 
deg P = 2, then P(x) = \(ax? — b) with A € Q*. Using again the same 
identity, we get the equation (Aa)? — (Aa)? + (Aa) = 0, which has no non 
zero rational solution Aa. In particular, such a factorization f = gh cannot 
exist, and therefore f must be irreducible. 


Exercise 9.8. 


Let K be a field, a1,...,@m be non zero, algebraic and separable over K of 
degree dj,...,dm respectively and uj,,...,Um be algebraically independent 
variables. Set W@ = (u1,...,Um) and @ = (a1,...,Qm). 


(1) Show that aj,...,@m are algebraic, separable over K(@7) and 
[K(a@, a) : K(@)| = [K(@) : K). 

(2) Show that y = way +--:+ Umm is a primitive element of K(W, @) 
over K(7). 

(3) Let P(@,x) € K(7)[a] be the minimal polynomial of y over K(7). 
Show that P € K[7v, 1]. 

(4) Let d = d,---d». We denote the elements aj* --- aS" with 0 < e; < 
d; — 1 as follows: 


d,—1 
0, =1,02 =a4,...,04a, = ay! ,Oa,41 = O2,.--, 
d—1 dy—1 dm —1 
Ood, = Af Q2,...,0¢g = ay ce 6 lace 


(a) Show that for any j € {1,...,d}, y@; may be written in the form 
d 
i=1 


where 1;; € K[w] and deg lj; = 1. 
(b) Show that P(@?,«) divides the polynomial 
liy iG lye tae hia 
D(w, x) = lo4 log — 2@ 3 ie log 


lay lao oe lad —2x 
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(5) Show that for any i € {1,...,mb}, 


oy be 
© SE(CH,9) 
(6) Let uw = (uy,...,u%,) € K™ such that BP (yf, y*) #0, where y* = 


uxa, +++: +u*,dm. Show that 7* is a primitive element of K(@) over 
K, 
(7) Let 


Ou 
(b) Let U = K™\ F. Show that for any we U, P(uF, x) is irreducible 
over Ix. 
(8) Let K = Q, a = 2)/? and ag = 2/4. Compute D(u1,u2,7) and 
deduce P(u1, u2, 2). 


F={itexm = (#7) <0 (ay ) 2Gadeny: 


Solution 9.8. 


(1) It is trivial that for any i € {1,...,m}, a; is algebraic and separable 
over K (77). Consider the diagram 


The extensions K(7@) and K(@) are linearly disjoint over K, hence 
the result on the degrees. 
(2) Let © be an algebraic closure of K(7@). Suppose that there exist two 
K(%)-isomorphisms O,T: K(@, a) + Q such that o(y) = 7(y), then 
uyo(ay) +++: +Umo(Qm) = uiT(a1) +++» +UmT(am), 


hence o(a;) = T(a;) for i = 1,...,m. Therefore o = 7 and 7 is a 
primitive element of K(w, @) over K(7@). 


Multivariate polynomials 253 


(3) The polynomial P(7, x) is given by 


P(@, 2x) = Il [ = oz vate) , 


where the product runs over the set of K(@)-embeddings of K(7/, @) 
into 2, hence the result. Notice that any of these embeddings is an 
extension of one and only one embedding of K(@) into © fixing the 
elements of K. 
(4) (a) Each 6; has the form 0; = aj ---a&™ with 0 < e; < d; — 1, hence 
ao . Se 


1 
70; =ma -al™ + upastas?tt ...a2™ + unas! ---a 


If e + 1 < mm, — 1, then there exists k such that 
aft... Q%tl...qem = 6,,. Ife; +1 =m, then 


el e;tl e el d;—-1 : e 
Ay OZ Oy” = Ay ++ (—@a,-105' +++ GQ; — ap): + ay” 
d;—1 
= —a4,-104' ++ ay ar — aay ++ ays apm 
el €i-1 C141 e 
= AA TT AT + Ay. 


This shows that 0; is a linear combination of the 6;, k = 1,...,d, 
where the coefficients are linear polynomials in u4,...,Um, with 
coefficients in K. 
(b) The preceding equations may be written in the form: 
(lia — y)01 + loo +++» + laa = 0 
Io11 + (lo2 — 7)02 + +++ + loa8a = 0 
1a1O1 + lg202 +--+ + (laa — ¥)0a = 9. 
This implies that the homogeneous system 


(i — y)a1 + here +--+ +hata =0 


lora1 + (log — y)to +--+ + loata =0 


laa + laze +++: + (lad — 7) 2a = 0 
has a non trivial solution, namely 6,,...,@q. Therefore the de- 
terminant D of this system is zero, ie. D(u1,...,Um,7) = 0. 
Since P(@7,x) is the minimal polynomial of y over K (7), then 
P(@,x) | D(W?,x). It is possible to compute D(W@,x) without 
using the above determinant. Indeed we have 


D(w, 2) = II (a — uyoi(Q1) —...—UmOm(Am)) ; 


where the product runs over all the m-tuples (o1,...,@m) and o; 
is a K isomorphism of K(a,) into 2. 
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(5) We fix 7 € {1,...,m} and we differentiate the identity 


P (#. Xm) = 0 


relatively to u;. We obtain 


aye (ti9) + 5 (7) =0. (Bq 1) 
Since K(@, @)/K(77) is separable then aP(at,y) # 0, hence 
_ tee a) 
oS SECt, 9) 


(6) Since BP (yt ,Y*) #0, then the preceding identity shows that for any 


j=l,...,m, aj € K(y*), hence K(@) = K(y*) and 7’ is a primitive 
element of K(@). 
(7) (a) Easy application of equations (Eq 1). 

(b) Since P(u*,*) = 0, then Irr(y*, K) | P(u*, x). These two polyno- 
mials being monic in x, to get their equality it is sufficient to show 
that they have the same degree. We have 

deg, P(u*,x) = deg, P(@, x) 
=([K(w,7) : K(#)| 
=[K(W, @): K(@)] 
=[K(@) : K] 
= [K(7*) : 4], 
hence the result. Here are some explanations of the preceding 
equalities. The first one is due to the fact that P is monic in z. 
Since y is a root of P, we obtain the second one. The third equality 
comes from the fact that 7 is a primitive element of K(@, @) over 
K(%). From (1), we deduce the fourth equality. The last equality 
is due to the fact that y* is a primitive element of K(@) over K. 
(8) We have 
D(uj,u2,x) = (@t+ uVv2+ u22/4) (x +uv2- u22"/4) 
(a — uyV2 + ugi2"/4) (a — urV2 — ugi2"/*4) 
(a — uVv2— 22/4) (x —uV2+ uz2'/4) 
(a+ uv2— ugi2/4) (x Pagal as ugi2/4) 
= (x? + 2u?)? — 2(2u,2 — uF)? 
(a? + 2u?)? — 2(2u,2 + us)? 
=P 


(uz, U2, ©) Q(u1, uz, v) 
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with 
P(uy, U2, 2) = (x? + 2u?)? — 2(2ui2 — ub)? 
and 


Q(u1, U2, 2) = (x? + 2u?)? — 2(2Quya + uz)?. 


Question. May it happen that there exists (ut,...,u*,,2*) © K™t} 
such that 

OP OP 

so (ul2") = = 0, du; (uF, i 0 
for 7 =1,...,m and such that one of the following conditions holds? 


(i) There exists i such that ux, ¢ K. 
(ii) For any i, ux, € K but 2* #0" utaj. 


Exercise 9.9. 
Let K be a field, fi(a1,...,2n) € Klai,...,2%»] for i = 1,...,n be alge- 
braically independent over K. 


(1) Suppose that x;, for i = 1,...,n, is integral over K[f1,..., fn], show 
that 


K(fi,---> fn) VK [a1,---,2n] =K{fi,.--, fn]. 


(2) Let f(a,y) = x?y? and g(x,y) = xy(x + y) and suppose that the 
characteristic of the field K is not equal to 2. 


(a) Show that f and g are algebraically independent over K. 
(b) Show that a is algebraic over K(f,g), but not integral over K[f, g]. 
(c) Show that K(f,g) 1 K[z,y] 4 K[f, gl. 


Solution 9.9. 


(1) Let h(a1,...,2%,) be an element of the intersection of the two rings, 
then h is integral over K[f1,..., fn] and belongs to the fraction field of 
this last ring. This ring is isomorphic to K[a1,..., 2%], hence factorial. 
Therefore K[fi,..., fn] is integrally closed and then h € K[fi,..., fr}. 
The other inclusion is trivial. 

(2) (a) Suppose that there exists (u,v) € K[u, v]\K such that (f,g) =0 

Let ¢*(u,v) be the the leading form of (u,v). We may write 
o* (u,v) in the form 


ot ( 0) = at TY or 00, 
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where e,k are non negative integers, the product may be empty 
and the 6; are algebraic over K. Since f and g are homogeneous, 
then @*(f,g) is the leading form of ¢(f,g), hence *(f,g) = 0. 
We deduce that f = 0 or g = 0 or f = 0;g for some i € {1,...,m} 
which is impossible. 

We have xy = €\/f, with « = +1 and x+y =g/e/f. Hence x and 
y are roots of the polynomial u? — g/(e/f)u + ef. Therefore 


Qe = g/e/f+92/f —4e/f. 


We deduce that 
(a: ~ fe)" =a/f ~4e/F 
hence €/ fx? = xg — f and then 
fo’ — g*a* + 2fgx — f? =0. 


This means that x is algebraic over K(f,g) and is a root of the 
polynomial 


WH 


o(z) = fz — gx? + 2fgz—f?. 


We can use another method to find again this polynomial. Since x 
is a common root of the polynomials 


di(z) =a? —f and do(z)=a22 +222 -g, 


then Res, (¢1(z), 62(z)) = 0. Using standard formulas on the re- 
sultant, we obtain 


Res, (¢1(z), ¢2(z)) = 2* (2 J +ooF 0) (« : eat s) 


x x? x 
x (f? + g?a” — 2fgr fey 
Since x # 0 then g(a) = 0. It remains to show that x is not 


integral over K[f,g]. It is enough to show that ¢(z) is irreducible 
over K[f,g]. This equivalent to prove that the polynomial 


(u,v, z) = uz* — v?2z? + Quvz — uv? 


is irreducible over K. We consider this polynomial as a polynomial 
in v of degree 2 and we find that its discriminant is equal to 4uz°. 
Therefore w is irreducible over K. 
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(c) We have 


@/f =(@+y) €K(f,g) NK[z, y]. 


Suppose that g?/f € K[f,g], then there exists p(u,v) € K[u,v] 
such that g? = fp(f,g). Since f and g are algebraically indepen- 
dent over kK, we may compare the degrees in f of the two sides of 
this identity and get a contradiction. Therefore K|f,g] is strictly 
contained in K(f,g)N K[a, y]. 


Exercise 9.10. 

Let K be field, d > 2 be an integer and 71,...,2» be algebraically inde- 
pendent variables. Set @ = (a#1,...,%). For any F(Z) € K[zZ], denote by 
Sa(F) the univariate polynomial defined by Su(F) = F(y,y%,..., yt”). 


(1) Show that the map Sq: F > Sqa(F) is a surjective morphism of K- 
algebras from K [2] into K[y]. 

(2) Show that the restriction of Sg to the set of polynomials F'(#), such 
that deg,, <d fori=1,...,n, is injective. 

(3) Let Q be an algebraically closed field containing K and F(Z) € K[Z]. 
Suppose that F is reducible over Q. Show that F is reducible over K, 
where K is the algebraic closure of K contained in . 

(4) Factorize F (21,22) = 6x3 + 3xqx7 + 23 + 2x2x1 + 6x1 + 3x2 into irre- 
ducible factors in Q[x1, x2]. 


Solution 9.10. 


(1) Clearly Sq is a morphism of algebras. Let f(y) € K[y], then f(y) = 

Sa(f(a1)), thus Sq is surjective. 

Since the image of a monomial by Sg is a monomial, it is sufficient 

to prove that any monomial ay’ is the image of one monomial M = 

G21 +++ Ep, € K[z). 

Suppose that Sq(M) = ay’, then ay’ = ay tdiat+4" "in hence i = 

i, +dig+---+d"—1i,,. This implies that i,,...,2,, are the digits in base 

d of i. Since the representation in base d exists and is unique, then the 

restriction of Sq is injective and also bijective by (1). 

(3) Choose a total order (for example the lexicographic order) in the set 
of monomials az; +--+, € K[z]. In order to prove the result, we may 
suppose that F' is monic relatively to this order. Suppose that F(z) = 
F\(£)F2(Z) is a non trivial factorization of F(Z) in Q[z]. We may 
suppose that F, and F) are monic. Let d be a positive integer such 


(2 


nN 
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that d > deg,, F fori =1,...,n, then 


m—1 m—1 m—1 
F (yy, Jan (wit? ) Fa (y.o%---9" Me 
This is a factorization in Q[y] of a polynomial in one variable with 
coefficients in Kk. Moreover, by (2), it is a non trivial factorization. 


The coefficients of Fy (y,y%,... ye) are symmetric functions of a set 
of roots of F(y, y%,... yy). Since these roots are elements of K, the 
coefficients of F,(y, y%,... yt?) belong to K. The same claim is true 


for Fo(y,y%,...,y% _). It follows that F,(Z) and F(Z) € K[a). 
Here we let d = 3 and we get 


F(y,y®) = y® + 3y° + 2y* + 9y? + 6y = y(y? + 3y4 + 2y? + 9y? + 6). 


We factorize 


oly) = y? + 3y* + 2y? + 9y? + 6 
over Q. It is easy to verify that ¢ does not vanish for +1, +2, +3, +6, 
so that $(y) has no factor of degree 1. It follows that if d(y) is reducible 
over Q, then o(y) = g(y)h(y), with g(y) and h(y) € Zy], deg g = 2 and 
deg h = 3. Since 6(y) = y?(y? + y? +1) (mod 2), then 
gy) =y? +2ay+2b and A(y) =y? 4+ (2c4 1)y? + 2dy 4 2e +1, 
where a,b,c,d,e € Z. Identifying the coefficients of x’, for i = 0,...,4, 
in the identity $(y) = g(y)h(y), we obtain the following equations 
b(2e + 1) = 3, 
a(2e + 1) + 2bd = 0, 
e+ 2ad + (2c + 1) = 4, 
d+b+a(2c+1)=1, 
otoeHA. 
The first equation shows that 2e + 1 = ¢, b = 3€ or 2e + 1 = 3¢€, b=€ 
with e = +1. 
e If 2e+1=€ and b=3e. 
The second equation implies a = —6d. The last equation gives 
c=1+6d. Substituting these values of a,b,c,e, in terms of d and 
e in the fourth equation leads to 72d? — 17d +1-—3e = 0. The 
discriminant of this quadratic equation is equal to A = 1 + 2883e. 
If « = —1, then A < 0 and the quadratic equation has no integral 
(nor real) solution. We conclude that ¢(y) is irreducible over Q. If 
¢ = 1, then A = 5-173. It follows that A = 0 (mod 5) but A 40 
(mod 57). We are led to the same conclusion as before. 
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e If 2e+1=3¢ and b=e. 

By the same method as above, we find that d satisfies the following 
equation 8d? — 8ed + 27(1 — «) = 0. Its discriminant is equal to 64 
ife = 1 and —52 if e = —1. If e = —1, then ¢(y) is irreducible over 
Q. If ¢ = 1, then the roots of the quadratic equation are given by 
d=0O0ord=1. If d = 0, the second equation implies that a = 0. 
The last equation gives c = 1. The fourth one implies 6 = 1. It 
follows that g(y) = y2 + 2 and h(y) = y? + 3y2 + 3. One verifies 
that these polynomials satisfy the relation ¢(y) = g(y)h(y). Notice 
that g(y) and h(y) are irreducible over Q, so that we have found the 
factorization of $(y) into irreducible factors over Q. We now have 


F(y,y?) = yy? + 2)(y? + 3y? +3). 


Suppose that F(a1,22) = Fi(#1, 22) F2(a1, 22) is a non trivial fac- 
torization of F' in Q[x1, x2], then 
Fy’) =F y) Foy. y?) = yy? + 2)(y? + 8y? + 3). 
Without loss of generality, we must consider the following cases 
(i) Fi(yy?) =u, Fo(y,y*) = (y? + 2)(y° + 3y? + 8). 

(ii) Fi(y,y?) =y? +2, Faly, y?) = y(y? + 8y? + 3). 

(iii) Fi(y,y®) = y(y? +2), Faly,y*) = (y? + 3y? +3). 
In the first case, Fi (21,22) = x1. Since x; { F(#1, 22), then we must 
reject this case. In the second case F)(x1, x2) = x7 +2. Since x7 + 24 
F(x, 22), this case does not hold. In the third case, we get 


Fy (21,22) = @2 + 221 and Fo(1, 22) = 2 + 307 +3. 


It is now easy to verify that these polynomials satisfy the relation 
F (21,22) = F,(a1, £2) Fo(#1, 22). 


Exercise 9.11. 
Let K be a field. 


(1) Let g(1,...,%n) € K[x1,...,2%,] and t a new variable. Suppose that 
g(txa1,...,ta@,) =t™u(a1,...,2%n), where m is a positive integer and u 
is a polynomial with coefficients in kK. Show that m = degg, u = g 
and g is homogeneous. 

(2) Let f(ai,...,%) an homogeneous polynomial with coefficients in K. 
Suppose that f = gh is a non trivial factorization of f in K[a1,..., 2p]. 
Show that g and h are homogeneous. 
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Solution 9.11. 


(1) Set 
Qt i4%-15Ba) Stee seein and 
u(x1,---;2n) = » bist ht ne 
Then 
g(txi, are , ttn) — be (= ‘) Qi, dete: i.e oes gin — t™ 2 bi, ete dn 4 a, 
It follows that for any (#1,...,%n), 42 t-++ Fin = m and ai, = 
bi,,...,in> Which implies that deg g =m, u = g and g is homogeneous. 


(2) e First proof. Suppose that g is not homogeneous. Let gt and g7 
(resp. ht and h~) be the homogeneous parts of g (resp. h) of highest 
and lowest degree. We have gt #4 g~ but we may have ht = h-. 
We also have f = gtht and g~h~ = 0, therefore h~ = 0. This 
implies h = 0 which is a contradiction. 
e Second proof. Let ¢ a new variable then, from the identity f = gh, 
we deduce that 


i f (ai eats ,2n) = g(ta1, ere ,tr,)h(ta1, sien ead 


where d = deg f. We consider this identity as a factorization of t¢f 
in K[#1,...,2p][t]. We deduce that 


Ga38 te SP Ga ay). and 
h(ta,..., ttn) = t'v(x1,...,¢n), 


where k+/=d and u,v are polynomials in 21,...,%,. We conclude 
from (1) that g and h are homogeneous. 


Exercise 9.12. 

Let f(X,Y) € Q[X, Y] be irreducible and let a be a root of f in an algebraic 
closure of Q(X). Let u( X,Y) = un(X)Y" +--+ + uo(X) € Q[X,Y], B= 
u(X, a) and let g(X,Y) € Q|X, Y] be the unique irreducible polynomial(up 
to a multiplication by a constant) satisfying g(X,G) = 0. Suppose that 
n > 1 and that u,(X) has no rational root. For any h(X,Y) denote 
by V(h) the set V(h) = {(a,b) € C?,h(a,b) = OF. If Vig) N Q, (resp. 
V(g) NZ?) is finite, show that V(f) MQ’, (resp. V(f) NZ?) is finite. 


Solution 9.12. 
We have g(X, u(X, a)) = g(X, GB) = 0, hence 


WX, u(X,Y)) = (X,Y )a(X,Y)/D(X), 
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where D(X) € Q[X], q(X,Y) € Q[X,Y]. Moreover, we may suppose that 
D is monic and gced(D(X), qo(X),.--,@m(X)) = 1, where go(X),.-.,dm(X) 
denote the coefficients of g as a polynomial in Y. Let P(X) be an irreducible 
factor of D(X), then since g(X, u(X,Y)) € Q[X, Y], we conclude that P(X) 
divides the content (in Q[X]) of f(X,Y), hence D(X) = 1 and 


g(X,u(X, Y)) sy F(X, Y)q(X,Y). 


Let (a,b) € Q? (resp. (a,b) € Z) such that f(a,b) = 0, then g(a, u(a, b)) = 
0. Set c = u(a,b), then (a,c) € V(g) N@ (resp. (a,c) € V(g) N Z?). 
The hypotheses implies that a and c have a finite number of values. To 
determine b, we must solve the equation 


u(a, b) = un(a)b” +--+ + uo(a) =. 


For a given c and a given a not a root of u,(X), this equation has a finite 
number of solutions 6 in Q and in Z and the proof is complete. 


Exercise 9.13. 


Let f(x) and g(x) € Q|az] be non constant polynomials. 


(1) Suppose that g(Q) Cc f(Q). Show that there exists P(x) € Q[z] such 
that g(r) = f(P(2)). 

(2) If g(Q) = f(Q), deduce that there exist a and b € Q, a £ 0 such that 
ola) = flax +0). 

(3) Show that a similar result to (1) does not hold over a finite field. 


Solution 9.13. 


(1) Let F(X,Y) = f(X) —9(Y) and let F(X, Y) = F\(X,Y)--- F.(X,Y) 
be its factorization into irreducible factors over Q. Clearly the leading 
coefficient of F;(X,Y) for i = 1,...,r as a polynomial in X and also 
as a polynomial in Y is a constant. Let A be the set of elements y 
of Q such that for any 7 € {1,...,r}, Fi(X,y) is irreducible over Q, 
then by Hilbert’s irreducibility theorem [Schinzel (2000), Chap. 4.4], 
A is infinite. Let y € A, then g(y) € f(Q), hence there exists « € Q 
such that f(a) — g(y) = 0. Therefore there exists ip € {1,...,r} such 
that for infinitely y € Q, the polynomial F;, (X,y) is irreducible over Q 
and has a root x € Q. Set F,,(X,Y) = 079 ai(Y)X"*, where n > 1, 
ai(Y) € QIY] fori =1,...,randa,(Y)=ceEQ. For ye A, Fi,(X,y) 
is irreducible and has a rational root, hence n = 1 and F;,(X,Y) = 
cX +a9(Y). We now have 


F(X) — GY) = (eX + ao(¥))G(X,Y), 
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with G(X,Y) € Q[X, Y]. Substituting for X the value —ag(Y)/c yields 
f(—a0(Y)/c) = g(Y) and the proof is complete. 

(2) Easy. 

(3) Consider the polynomials f(X) = X% and g(X) = X%— X over Fy, 
then clearly 


{0} = g(Fq) C f(Fq) = Fy. 


If there exists P(X) € F,[X] such that g(X) = f(P(X)), then deg P = 
1. Set P(X) = aX +b, then 


f(aX +b) =aX4+b4 G(X). 


Exercise 9.14. 

Let K be a field, f(a) € K[a] of degree d > 1. We say that f is func- 
tionally decomposable over K if there exist two non constant polynomials 
u(a),v(a%) € K[a] such that f(x) = u(v(x)). In this case u(x) (resp. v()) 
is called the left composition factor (resp. right composition factor) of f(x). 


(1) Show that the following propositions are equivalent. 


(i) f is functionally decomposable over K. 
(ii) There exists h(a) € K[a]\K, degh < deg f such that (h(x)—h(y)) | 
(f(a) — f(y)) in Ka, y}. 


(2) Let h(x) € K[a] be non constant. Suppose that degh < deg f. Show 
that the following propositions are equivalent. 


(i) h(a) is a right composition factor of f(x). 

(ii) There exists g(x) € K [x] such that h(x) — t divides f(a) — g(t) in 
K{[a, t]. 

(iii) For any a € K, there exists b € K such that (h(x) —a) | (f(a) —)). 

(iv) There exist a positive integer r > deg f/ deg h, distinct elements of 
K, a,,...,@, and elements of K, b1,...,b, not necessarily distinct 
such that for any i € {1,...,r}, h(w) — a; | f(x) — b. 

(v) There exist a € K, a positive integer k and a polynomial g(x) € 
K [a] such that 


Res, (f(x) — 2, h(a) — t) = a(z — g(t))*. 


(vi) There exists a polynomial g(a) € K[a] such that the remainder of 
the Euclidean division of f(x) — z by h(x) —t in K[E, z][a] is equal 
to g(t) — z. 
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Solution 9.14. 


(1) e 


(i) => (it). If f(x) = u(v(x)), where wu and v are non constant, then 


v(x) — v(y) | f(x) — fy) in Kx, y). 
(it) = (2). Let d = deg f, e = degh and D = |d/e|. The h(a)-adic 
expansion of f(x) [Lang (1965), Th. 9, Chap. 5.5] has the form: 


D 
=) fi(x)(A(x)) 
i=0 


where f;(x) is a polynomial with coefficients in K of degree at most 
e—1 fori =0,...,D. We have 


D D 
Ye fila)(h(a))' — SF fily)(A(Y))’ = 0 (mod h(a) — Aly). 
i=0 1=0 


Since 


then 

y (fi(x) — fi(h)) (A(y))' =0 (mod h(x) — h(y)). 
Therefore, there exists A(x, y) € K[z,y] such that 

3 (fi(x) — fi(h))(R(y))’ = A(x, y) (A(x) — A(y)). 


Comparing the degrees of the two sides of this identity leads to 
A(x, y) = 0 and then to 


D D 
So filx)(h(y))* = So fily) (Ay). 
i=0 i=0 


Substituting 0 for x in this identity, we obtain two h(y)-adic expan- 
sions of the same polynomial in K[y]. It follows that fi(y) € K for 
i=0,...,D. Set fi(y) = bj and gi(y) = ae bx’. Then 


D 
= S- bi(h(c))’ = g(h(z), 
i=0 


which means that h(a) is a right composition factor of f(z). 
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(2) We prove the following implications. 


(i) > (ii) > (ii) > (iv) > (i) © (v) and (ii) © (vi). 


The implications 


(i) => (it) > (ati) => (iv) 
are easy and will be omitted. 
e (iv) => (2). 
The conditions contained in (tv) express the fact that f(a) is a 
solution of the following system of congruence equations: 


f(x) =b; (mod A(x)—a;), t=1,...,7 
By the Chinese Remainder Theorem, a solution of this system is 


given by fo(x) = >7\_, bi: Yi(x), where Y;(x) is a polynomial satisfy- 
ing the conditions: 


Y;(x)=1 (mod A(z)—a;) and Y;(z)=0 {mod [ (h(x) — aj) 


We may take 
¥i(x) = ] [(n( x) —a;)/|[(a a; — a5). 
j#t Fi 
We thus have 


is 


f(a) = fo(x) + u(x) [] (h(x) — a), 


i=1 
where u(x) is a polynomial. We clearly have deg fo < rdegh and 
by (iv), deg f < rdegh, hence 


f(a -y TI Taece) He) — aj). 


jail j#i 
Set 
bj " 
Gg= , g(t) =a] [(w@-a;) and g(x) =~ gi(2), 
[Tj 4:(i — 45) ee i=l 
then 


= > gi(h(a)) = g(h(x)), 


hence h(x) is a right composition factor of f(z). 
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e (4) >(v). 

Using Exercise 8.6(4), we obtain 
Res, (f(a) — z, h(a) — t) = a(H(z,t))", 

where a € K, k is a positive integer and H(z,t) is an irreducible 
polynomial over K satisfying H(f (a), h(x)) = 0. This polynomial H 
satisfying this property is unique up to multiplication by a constant 
in K. Since h(x) is a right composition factor of f(a), there exists 
g(x) € K[a] such that f(x) — g(h(x)) = 0, hence H(z,t) = z — g(t) 
and the proof is complete. 

e (v) => (i). 
Substitute f(u) for z and h(u) for t, where u is a new variable, in 
the identity 


Res, (f(x) — z, h(a) — t) = a(z — g(t))* 
and obtain 


Res, (f(x) — f(u), h(x) — h(u)) = a(f(u) — g(h(u)))*. 
Since the polynomials for which we compute the resultant have the 
common root « = u, then the resultant vanishes, hence f(u) = 
g(h(u)) and h(x) is a right composition factor of f(x). 
© (ti) => (vi). 
Since h(x) —t | f(a) — g(t), there exists a polynomial g(x, t) such 
that f(a) — g(t) = (h(a) — t)¢(t, x), hence 


f(z) — z = (h(x) — t)g(t, x) + g(t) — 2. 
© (vi) > (2). 
Clear. 


Exercise 9.15. 
Let u(x), v(#) be two non constant polynomials with coefficients in a fac- 
torial ring A, p be a prime of A and K the fraction field of A. 


(1) Suppose that u(x) and v(x) satisfy the Eisenstein’s irreducibility crite- 
ria for the prime p. Show that the same property holds for u(v(z)). 

(2) Deduce that if the polynomial f(x) with coefficients in A is p-Eisenstein, 
then for any positive integer k, f!*! is irreducible over K, where f|*! is 
the k-th iterate (for the composition of functions) of f(x). 

(3) Let wi,...,Un,x be algebraically independent variables over K. Let 
F(x) =a" + ua" 14 -++ +n € K(ui,...,Un)[z]. Show that for any 
positive integer k, Fl"l(«) is irreducible over K, where Fl"! is the k-th 
iterate of F. 
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Solution 9.15. 


(1) Set 
u(x) = S- ue’ and v(x) = S- Use’, 
i=0 i=0 


where u; and v; € A. Then 
u(x) =Unz” (mod p) and v(#)=vmx™ (mod p). 


Therefore u(v(x)) = unvra™” (mod p). It follows that all the coeffi- 
cients of u(v(x)) except the leading one are congruent to 0 modulo p. 
We have 


u(uv(0)) = Unvg +--+ uivo + uo = Uo (mod p”), 


hence the result. 
The conclusion for the iterates of a polynomial is trivial. 


—_~— 
wn 
Se, 


Consider the unique morphism of rings 
®: K[ut,...,Un, 2] > K[T, 2] 
such that ®(u,;) = 7, fori =1,...,n and ®(#) = x, then 
O(F(x)) =a" +T2" *4+---+T, 


hence ®(F(a)) is T-Eisenstein. It follows that 6(F)!*! is T-Eisenstein, 
hence irreducible over K. Since 6(F'*!) = 6(F)), then F(zx)!*! is 
irreducible. 


Exercise 9.16. 


(1) Let K be field, E be an extension of K, f(x), g(x) and h(x) € K(a). 
If K(f, g) = K(h), show that E(f,g) = E(h). 

(2) Suppose that f nor g is constant. Show that there exists P(z,w) € 
K[z, w], irreducible such that P(f,g) = 0. Show that P(z, w) is abso- 
lutely irreducible. 


Solution 9.16. 


(1) Since E(f,g) is the smallest field containing E, f, g and since E(h) 
contains E, f, g, then E(f,g) C E(h). On the other hand, we have h € 
K(f,g) C E(f,g), hence E(h) C E(f,g). Therefore E(f,g) = E(h). 
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(2) We have 
KCK(f) C K(f,g) C K(a). 


Clearly the transcendence degree over K of K(x) and of K(f) is equal 
to 1. Therefore the same property is true for K(f,g). It follows that 
this last field is an algebraic extension of K(f). Let Q(f,w) € K(f)[w] 
be the minimal polynomial of g over K(f). Consider the set of the 
denominators of all the coefficients of this polynomial and let d(f) be 
their least common multiple. Then clearly P(z,w) := d(z)Q(z,w) is 
irreducible in K[z,w] and P(f,g) = 0. Let K be an algebraic clo- 
sure of kK. By Luroth’s Theorem [Schinzel (2000), Th. 2, Chap. 1.1], 
there exists h(x) in Ka] such that K(f,g) = K(h). By (1), we 
have K(f,g) = K(h). Let P(z,w) € K[z,w], irreducible such that 
P(f,g) =0. Clearly P(z,w) | P(z,w) in K[z, w]. 

Consider the following diagram and the similar one when K is replaced 
by K. 


K(f 


) K(g) 
K 


deg, P(z,w) = [K(f,g) : K(g)] 
= deg h/ deg g 
= [K(f,9): K(9)] 
= deg, P(z,w). 


We have 


Therefore P(z,w) and P(z,w) are equal up to a multiplication by a 
constant in K and this implies that P(z,w) is absolutely irreducible. 
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Exercise 9.17. 

Let K be a field, 2 be an algebraic closure of K and F(a1,...,%n) € 
K[a1,...,2»]. Let A be a Cartesian subset of 2”, i.e. a set of the form A = 
A, x A2x--++XAy. Suppose that F(a1,...,@n) = 0 for any (a1,...,a,) € A. 


(1) If |A;| > deg,, F, show that F = 0. 

(2) Deduce that there exist hy,...,hn € K[x1,...,2,] such that 
F(a1,..-,2n) = 0y_, higi, degh; < deg F — deg g;, where g; € K[z;] 
and gi(vi) = [],e4,(vi — 6) for i=1,...,n. 


Solution 9.17. 


(1) We proceed by induction on n. If n = 1, the statement is trivial. Sup- 
pose that the result holds for n—1 indeterminates. Write F(a1,...,@n) 
in the form 


PGs ss sty) Sy Pita ee + Bae, y 


where Fj(a1,...,Un—-1) € K[a1,...,@n-1] for i = 0,...,m. Let 
(@1,---,@n—1) € Ai X Ag X +--+ X An_1. Consider the univariate poly- 
nomial 


f(an) = Fo(ai,..-,@n—1) + Fi(ai,.--,@n—1)@n +++: + Fin(Qi,---,@n—1) a7”. 
It satisfies the condition f(a,) = 0 for any a, € Ay, hence f(x,) = 0. 
It follows that for any 7 = 0,...,m, we have F;(a1,...,@,_1) = 0 for 
any (@1,...,@n—1) € A, X Ag X--+ x An_1. Therefore, by the inductive 
hypothesis, F;(a1,...,%,-1) =0 fori =0,...,m. 

We first show that F(a1,...,2,) may be written in the form 


— 
i) 
Rebs’, 


F(a1,...,2n) = So higi + F(ai,.--,2n), 
i=1 
where h; € K[21,...,@,], degh; < deg F — deg gi, 
gi(vi) = |] (i — 0) € K [ai] 
bE A; 
for i = 1,...,n and deg, F < degg;. If n = 1, the result follows 
from the euclidean division of F by g,. Suppose that n > 2. Divide 
F by g; in K[xo,...,%n][21]. We have F = g,h,; + F, where F, and 
hy € K[z,...,%][x1] with deg,, F, < deg gi, deg,, Fi < deg,, F for 
i #1 and deg,, hy < deg,, F — deg g,. We do the same operation with 
F\(1,...,2%n) instead of F and ge instead of g,. We obtain F, = goho+ 
F with similar conditions on the degrees of the polynomials. We iterate 
the process and obtain the announced identity with F = F,,. We apply 
(1) to F and conclude that F = 0 and F(21,.-.,2%n) = Dj higi- 
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Exercise 9.18. 
Let K bea field, f(x,y) € K[x,y) and ft (z, y) be the leading homogeneous 
form of f. Suppose that ft is square free. We say that two non trivial 
factorizations 

f(a, y) =ur(a,y)u2(v,y) and f(x,y) = (2x, y)v2(x,y) 
of f in K[z,y) are essentially the same if vu; = A;u; for i = 1,2 or vy = Ai U2 
and v2 = A2u1, where A; and Az € K*. In the opposite case we say that the 
factorizations are essentially different. Let d be the number of essentially 
different factorizations of f* in K[zx,y) 
(1) Let 

Vo(f) = {A € K, f(x,y) — » is reducible over kK}. 


Show that |Vo(f)| < d. 
(2) Determine these values of \ € Vo(f) when K = Q and f(z,y) = «+ — 
4 2 2 
yo — x — by”. 
(3) Show that the result in (1) does not hold if we remove the square free 
condition on ft. 
(4) Suppose that f* has no factor of degree 1 over K. Let 


Vi(f) = {(a,b,c) € K°, f(x,y) — (ax + by + ¢) is reducible over K}. 
Show that |Vi(f)| < d. 
Solution 9.18. 


(1) We define a one to one map ¢ from Vo(f) into the set of the distinct 
factorizations of f+, which will be denoted by F(f*). Let A € Vo(f) 
and 


f(t,y) —A = g(x, y)hy(z, y) 


a non trivial factorization of f — A over K. We may suppose that 
degg =k >l=degh. Set 


f(x,y) = > file), 
Se 
g(x,y) = S> 9i(a,y) and 
i=0 


l 
hy(x,y) = 3 hi(x,y), 
1=0 
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where k +1 =n, fi(x,y), (resp. gj(v,y)) (resp. he(x,y)) is 0 or 
homogeneous of degree i (resp. j), (resp. t). The existence of the 
factorization is equivalent to the solubility of the following system of 
equations: 


fn = Gehy 
fn—1 = gehi-1 + ge—1hi 

fe = geho + ge-1hi + +++ + ge—-ihu 
fr—-1 = Gk—-1ho + ge—-ghi + +++ + gr—i-ihi 

fr = geho + ge—-1hi + +++ + gr—thi 
fr—-1 = Gk—-1ho + ge—-2hi + +++ + gr—i-ihi 


fi = giho + m—1hi +--+ + gohi 
fe=Ghot+G-1hit-::-+ oh for 1<t<l-2 
fo — A = goho. 
These equations may be written in the form: 
fn = Gru (Eq 0) 
fn—-1 — i-1 | Qk-1 
= t Eq 1 
2 hi a (Eq 1) 
fr — ho , ge-1 ha Gk-l 
= 4 fogs Eq 1-k 
fn ge hy Ik ean) 
fr-1 — Gk-1 ho Gk—-2 hy Gk—-l-1 
= } | te, : E n- k-1 
fn Ge hy Ge hy Ik Cae) 
h _1h 
fi = Ji No Ji-1 1 aa Jo (Eq n-l) 
fn gk hu ge hy Ik 
fe 9 ho Gt-1 a Go hy 
= +-5°4 for O0<t<l Eq n-t 
fn Gk hi ge ty ge hy Pai) 
fo — A = goho. (Eq n) 


Now for any A € Vo(f), let d(A) be the factorization (Eq 0) of ft 
arising from the factorization of f — A. We show that this map is one 
to one. Given the factorization (Eq 0) of f*, we show that there 
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exists at most one value of A such that ue preceding system has a so- 
lution. (Eq 1) shows that expanding £ “=1 into partial fractions, this 
determines uniquely g,—; and hj_. The equations (Eq 1)-(Eq n- 
k) determine uniquely gp_1,..-,9—1 and hj_1,...,ho. The equations 
(Eq n-(k-1))—(Eq n-1) determine uniquely g,_1-1,..-,90. The equa- 
tions (Eq n-l-1)—(Eq n-1) may be compatible or not with the pre- 
ceding. In the positive case the last equation determines uniquely X. 
In the negative case there is no value of A corresponding to the given 
factorization of fT. 

Here 


ft(a,y) =a* —y* = (@—y)(xt+y)(e? +’) 


and the distinct factorizations of f+ over Q are given by: 


f¥(x,y) = ((@-y)(@* +y"))(@+y) (Eq a) 
f¥(a,y) = ((e@+y)(2* +y"))(e-y) (Eq b) 
f* (x,y) = (a? —y*)(2? +’). (Eq ¢) 
It follows that |Vo(f)| < 3. We compute explicitly the values of ) if any. 
e Case (Eq a). 
We have 
f-A= (93 + 92+ + Go) (ha + ho), 
93 = (a@—y)(x? +9"), 
hi(t,y) =a+y 
and 


fs = 93ho + gahi =0 
fa = g2ho + giki = —a? — Sy? 
fi = giho + gohi = 0 
fo — A= goho = -A. 
The first equation reads ho/hi + g2/g3 = 0, which implies gz = ho = 
0. The second equation gives 


91/93 = (—«? — 5y”)/(a* — y*), 
which is clearly impossible. Therefore there is no \ corresponding 
to case (1). 
Case (Eq b). 
Similar computations show that there is no A corresponding to case 


(2). 
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Case (Eq c). 
Here we have, 
f —A=(g2 + 91 + go)(h2 + hi + ho), 
g2 = 2? -y’, 
ho(a,y) = 2? +4? 
and 
fs = gahi + gih2 = 0 
fo = goho + gihi + gohe = —x? — 5y? 
fi = giho + gohi = 0 
fo — A = goho = -A. 
The first equation reads hy /h2+91/g2 = 0, which implies g) = hi = 
0. The second gives 


ho/he + 90/92 = (—x? — 5y”)/(a* — y*). 


We have 
-1 X745 


(—a? — 5y?)/(a* — y*) = POX ED 


ae 2 
gt Va Ke}? 
where X = x/y. Hence 


ho/h2 + 90/92 = 2/h2 — 3/go. 
Therefore ho = 2 and go) = —3. The third equation is satisfied and 
the fourth gives \ = 6. We deduce that Vo(f) = {6} and 
f(a,y) —6 = a4 — y* — 2? — Sy? — 6 = (2? — y? — 3) (a? + y? +2). 
(3) Let f(a, y) = (w+), then for any \ € Q which is a square, f(a, y)—A 
is reducible over Q so that Vo(f) is infinite. 
(4) Let (a,b,c) € K%, then f —(ar+by +c) is reducible over K if and only 
if the equations in (2) except the two last of them which are replaced 
by 


fi — (ax + by) = giho + gohi 


fo — € = goho, 
are satisfied. The equations (Eq 1)—(Eq n-1) determine go,..., gz, and 
ho,..-,hy and since 2 <1 <k, then the next equations are compatible 


or not with the preceding. In the affirmative case, equations (Eq n- 
1) and (Eq n) determine uniquely (a,b) and c respectively. In the 
negative case there is no value of A corresponding to this factorization 
of ft. 
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Exercise 9.19. 
Let {21,...,2%n} be a set of variables. The n-tuple (21,...,2,) will be 


denoted #. For k = 1,...,n let s,(@) be the elementary symmetric function 
of degree k in the variables 71,...,2,. For any k > 1 let o;,(%) = 0y_, 2?. 
Let (h,k) and Fyy4)(@) = ea, -++2%,, where the indices i,,...,%;, are 


distinct. Show that 
Fenn)(#) = Oe-1(€) $n (2) — Fen4i,e—1) (2)- 
Deduce that 
Fn,p) (2) i Op—1(Z) 8p (Z) am On—2(L)8n41(Z) =a 


Solution 9.19. 
We have 


on—1()sn(@) = (+--+ ah) (SO ai, + 2i,) 
= Fonz) (£) + Fongi,e-1)(2), 
hence 
Fin,ry(£) = On-1(Z) 8p (Z) — Fon41,k—1)(Z)- 
We deduce that, for any 1 <¢ < inf(n—h,k-—1), 
Fn,k)(£) = on-1(£) 8n(®) — Fongi,e—1) (2) 
= 04-1(£)8n(Z) — on-2(%)$n4i(Z) 
Si (- 1)~ top _4(Z)Sn4t-1 + (—1)' Fin+e,n—t) (Z). 
Let ¢ =inf(n-—h,k-—1). ft =n—h<k-1, then 
Fn,ry() = e-1() $n (LZ) — on-2(Z) Sn41(Z) 
feet (-1)0 onsen (B)8n—1 (2) 
+ (-1)"" Fen ng k—n) (2) 
= 04-1(£)8n(£) — h-2(X) $n 41 (Z) 
feet (=1)0 ony pn (B)8n—1 (2) 
+ (—1)"-"'sy(Z)onsn—1(Z). 
Ift=k-—1<n-—h, then 
Finny (®) = oh-1(£) 8p (Z) — on—-2(Z) Sh4i(Z) +++ + 
(—1)*-?01 (2) Spe eee ee Foge-iy) 
= 0n-1(£)8n(£) — On—2(#)Sn41 
+ (—1)*"701(€)8n44-2(#) + 
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Exercise 9.20. 

Let K be a field, f(t), g(t), A(t) and B(t) be non constant polynomials 
with coefficients in kK. If A(f(#)) — A(g(y)) divides B(f(x)) — B(g(y)), 
show that A(x) — A(y) divides B(x) — B(y). 


Solution 9.20. 
Performing the Euclidean division in K[y][xz], we obtain 


B(x) — Bly) = (A(x) — Ay) )Q(@, 9) + R(x, y), 
where Q(x,y), R(x,y) € K(x,y]) and deg, R < deg A. Substituting f(x) 
for x and g(y) for y, we get 


B(f(a)) — Big(y)) = (A(F(@)) — AG@)Q(F@), 9Y) + RUF (2), 9(y))- 


Moreover 


deg, R( f(x), g(y)) = deg, R(a, y) deg f < deg Adeg f = deg(A(fx)). 
Hence R( f(x), g(y)) = 0. We show that R(x, y) = 0. Suppose that this is 
not true. We may write the identity R( f(x), g(y)) = 0 in the form 


an (f(x))g(y)” + an—1(F(2))9(y)"™* +--+ + a0(f(z)) = 0 
with a,(a) 4 0, thus also a,(f(x)) 4 0. Pick an element 29, in the algebraic 
closure of K, say 0, such that a,(f(vo)) 4 0 and substitute it for x in the 
preceding identity. We obtain: 


an(f(xo))g(y)” + an—1(F(x0))g(y)"* +--+ + a0(f(a0)) = 0. 
This implies g(y) is algebraic over 0, hence over K, which is a contradiction. 
We conclude that R(x, y) = 0 as desired. 


Exercise 9.21. 

Let K be a field. The polynomial gi(t) € K[t] is said to be a right 
composition factor of g(t) € Kt] if there exists G(t) € K[é] such that 
g(t) = G(gi(t)). Let fi(t) and f(t) be non constant polynomials with co- 
efficients in K. Suppose that f,(a) — fi(y) divides f(x) — f(y) in K[a, y}. 
The purpose of the exercise is to prove that f,(£) is a right composition 
factor of f(t). 


(1) If f,(t) 4 0, show that f,(t) is a right composition factor of f(t). 

(2) If the characteristic of K is 0, show that f,(t) is a right composition 
factor of f(t). 

(3) If the characteristic of K is a prime number p, let e and d be non 
negative integers such that f(7) = fo(x?") and f(x) = f3(x?"), where 
fo(x) and f3(«) are polynomials with coefficients in K such that f5(x) 4 
0 and f3(x) 4 0. 
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(a) Show that e < d and fo(x) — fo(y) | fs(x?) — fs(y”’), where 
s=d-e. 
(b) Deduce, from (1), that f2(t) is a right composition factor of f3(t” ). 
(c) Conclude that f1(t) is a right composition factor of f(t). 
(4) Conversely, if fi(t) is a right composition factor of f(t), show that 
fi(z) — fily) divides f(x) — f(y) in K(x, y} 
Solution 9.21. 


(1) We prove the result by induction on the degree of fi (a). If deg f; = 1, 
then f(t) = F(fi(t)), where F(t) = f(f,‘(t)) and f,' is the unique 
polynomial such that fi(f;‘(t)) = t. Thus the result is obvious in 
this case. Suppose that deg fi > 2 and that the result holds for all 
polynomials gi(t)such that deg gi(t) < deg fi(t). We distinguish two 
cases. 


e Suppose that 


fila) — fily) = Li(w,y) ++ Lr(@,y); 
where Lj(z,y) = aja + biy + ci, ai, bi, | € K and a,b; i 0. By 
Exercise 4.6, K(t)/K(fi(t)) is normal. Moreover since f,(t) 4 0, 
then K(t)/K(fi(t)) is separable, thus Galois. Let g(x,y) € K[x, y] 
such that 

f(a) — fy) = (fil@) — Aly) )a(@, 9), 
then 


f(w) — f(t) = (file) — ft) a(@, t). 
Let o € Gal(K(t), K(fi(t))), then we may extend o to K(t,x) by 
setting o(a) = x. Applying o to the preceding identity, we get 

f(x) — Fo(t)) = (fie) — f(t) )a(@, a(t). 

It follows that fi (a) — f(t) divides both 

f(x) — f(t) and f(a) — flo(t)), 
thus fi(a) — fi(t) divides f(t) — f(a(t)). We conclude that f(t) = 
f(o(t)) for any o € Gal(K(t), K(fi(t))) and then f(t) € K(fi(#))). 
Set f(t) = A(fi(t))/B(filt)), where A(t), B(t) € K[t] and 
gcd(A(t), B(t)) = 1. By Bezout’s Theorem, there exist a(t) and 
b(t) € K[t] such that 


a(t) A(t) + 0(t)B(t) =1. 
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Substituting fi (t) for t, we obtain 


al fi(t))A(fi(t)) + (f(t) BUA) = 1. 


Since B(fi(t)) | A(fi(é)), then B(fi(t)) ¢ K, thus B(t) € K. We 
conclude that f;(¢) is a right composition factor of f(t). 

Suppose that f(a) —fi(y) has an irreducible factor 6(x, y), of degree 
at least 2 in K[a, y| and let u and v be variables such that ¢(u, v) = 0. 
Notice that 


fi(u) = fi(v) and f(u) = f(v). 
Consider the following diagram of fields. 


Here 


wi=filu)=fitv) and w= f(u) = flv). 
Since K(u) M K(v) is an intermediate field between K and K(u), 
then, by Luroth’s Theorem [Schinzel (2000), Th. 2, Chap. 1.1], 
K(u) 9 K(v) = K(we2). Moreover since this field contains w; = 
fi(u) € K[u], then we may suppose that we € K[u] (see Exercise 
8.10(1)). Set we = fo(u), where fo(t) € K[t]. We then have 


wi =gi(we) and w= g(wa), 


where g(t) and gi(t) are rational functions with coefficients in K. 
We show that indeed, gi(t) is a polynomial. A similar proof works 
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for g(t) and will be omitted. Set w,; = A(fo(u))/B(fo(u)), where 
A(t), B(t) € K[t] and gcd(A(t), B(t)) = 1. By Bezout’s Theorem, 
there exist a(t) and b(t) € K[t] such that a(t) A(t) + b(t)B(t) = 1. 
Substituting f(t) for t, we obtain 


( 
a( fa(t))A(fa(t)) + b(f2(t)) B(fa(t) = 


Since B(fo(u)) | A(fo(u)), then B(fo(u)) € K, thus B(u) € K. We 
conclude that fi(u) = gi(fo(u)), where gi(t) is a polynomial with 
coefficients in K. Similarly, we get f(u) = g(fo(u)), with g(t) € K[E]. 
Since u is transcendental over K, then we may substitute x or y as 
well, for u, in these expressions of f;(u) and f(u). We obtain 


fila) = gi(fo(a)), f(@) = g(fo(x)) 


and 


fily) =a(fely)), fly) = g( fey). 


Our assumption implies that gi (f2(x))—91(fo(y)) divides g(f2(a))— 
g(fa(y)), hence by Exercise 9.20, 


gi(z)—gily) divides g(x) — g(y). 


In order to use the inductive hypothesis, we compare deg f1(u) and 
deg gi(u). Since fi(u) = gi(fo(u)), then deg fi(u) 2 deg gi(u). Sup- 
pose that here we have equality. Then deg fo(w) = 1, hence K(u) = 
K(u) K(v), which implies K(u) C K(v). Set u = C(v)/D(v), 
where C(t) and D(t) are coprime polynomials with coefficients in K. 
Then D(v)u — C(v) = 0. this implies that ¢(x, y) = D(y)x — C(y). 
But it is easy to see that, being a divisor of fi(x) — fi(y), then or- 
dering the terms of ¢(x,y) in the ascending powers of x (resp. y), 
the leading coefficient is constant in both cases. This implies that 
D(t) € K*, thus u = h(v), where h(t) is a polynomial with coeffi- 
cients in kK. We have fi(v) = fi(u) = fi(h(v)). We deduce that 
deg h(t) = 1 and then deg (a, y) = 1, which contradicts our as- 
sumption. We conclude that deg fi(u) > deg gi(t), so that we may 
apply the result for gi(t) and get that g(t) is a right composition 
factor of g(t). Set g(t) = F(gi(t)), where F(t) is a polynomial with 
coefficients in K, then 


f(t) = o( fa(t)) = F(a (fa(t))) = F(A (t)) 


and the proof is complete. 
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(2) Since K is of characteristic 0 and f,(t) is non constant, then f;(t) 40, 
thus (1) applies and we conclude that f;(¢) is a right composition factor 


of f(t). 
(3)(a) Suppose that e > d and let r = e—d. Then r > 1 and since 


fala") — faly?”) divides fa(?") — f(y”), 
we get 
fo(a?") — fo(yP’) divides f3(x) — fs(y). 


Since r > 1, then (x — y)? | f3(x) — f(y). We deduce that f3(x) = 
f(y) = 0, which is a contradiction. We conclude that e < d. Since 


fo(a?") — fo(y?") divides fs(a?"™*) — fa(y?"”*), 
then 
f(x) — foly) divides f3(x?") — f3(y” ). 


(b) Since f,(t) #0, then, by (1), fo(t) is a right composition factor of 
f(t’). : 

(c) According to the result of (b), let F(t) € K[t] such that f3(t? ) = 
F(f2(t)). Then substituting t?° for t, we get f(t) = F(fi(t)), that 
is f(t) is a right composition factor of f(t). 


(4) Set f(t) = F(fi(t)), then 
f(x) — Fly) = F(fi(2)) — F(A). 
This shows that f(x) — fi(y) is a divisor of f(x) — f(y) in K[a, yJ. 


Chapter 10 


Integral elements, 
Algebraic number theory 


Exercise 10.1. 

Let K be a field, x be an indeterminate and 2 be an algebraic closure of 
K(x). For any positive integer n let «!/" 
polynomial y” — x in 2. Denote by Qt the set of non negative rational 
numbers. Let A be the subring of 2 whose elements f(x) have the form 
f(x) = Vo -eq+ Gr2", where a, € K, a, = 0 for all r except finitely many of 
them. 


denotes one fixed root of the 


(1) For any f(x) € A, f() = Yo pegt ara”, let S(f) = {r © Qt, a, F O}. 
Define the degree of f(x) as follows. If f(x) = 0 set deg f = —oo. If 
f(x) A 0, set deg f = max,esf) r. Let g(a) and h(x) be elements of A. 
Show that deg gh = deg g + deg h and deg(g +h) < max(deg g, deg h). 

(2) Show that A is an integral domain and A* = K*. 

(3) Show that A is integrally closed. 

(4) Show that A is integral over K [2]. 

(5) Let f(x) € K(x]. If f(x) is irreducible in A, show that f(z) is irre- 

ducible in K[z]. Show that the converse is false. 

(6) Let f(x) € A such that deg f > 0. If f(x) is irreducible in A, show 
that it is prime. 

(7) Let a € K* and r be a positive rational number. Show that any 
divisor (in A) of az” has the form ba*, where b € K*, s is a non 
negative rational number and s < r. 

(8) Show that x cannot be written in the form « = up,---p,, where 
u € A* and py,..., De are irreducible elements of A. 

(9) Let B be a Noetherian ring. Show that any b € B \ B*, b £0, may 
be expressed as a product of irreducible elements of B. 

(10) Deduce from (8) and (9) that A is not Noetherian. 
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(11) Show that A is not local. 


Hint. One may use the following result. A commutative ring B is 
local if and only if B \ B* is an ideal. 


Solution 10.1. 


(1) If f(x) =0 or g(x) = 0 then the assertion on the degrees of f(x)g(x) 


Ss 


Ww 


wna 


wm 


and f(x) + g(x) are satisfied. If f(x) 4 0 and g(x) 4 0, set f(x) = 
ir<ry Gre” and g(x) = D7 ,<,, bsx* with a,, #0 and bs, # 0. Then 
f(x)g(x) = Yo a,bsx"**, with a,,bs, #0 and r+s <7ro+So if (r,s) 
(ro, 80), hence deg fg = deg f + degg. We omit the proof for the 
degree of f(x) + g(a). 


Obvious. 
Let f(a) € Frac(A). Suppose that f(x) is integral over A, that 
is, there exist a positive integer n and ao(x),...,@n—1(%) € A such 


that f(x)” + an_1(x)f(x)"~1 +--+ + a(x) = 0. There exists a pos- 
itive integer N such that f(x) € K(a!/%) and a(x) € K[xV/]. 
Set f(x) = g(a!) = u(e/")/v(a¥®) with u(y), oly) € Ky] and 
gcd(u(y), v(y)) = 1. Substituting x for x in the integral equation sat- 
isfied by f(x), we obtain: g(x)" +an_1(2% )g(x)?~!+---+a0(ax¥) = 0. 
It follows that g(x) is integral over K [x]. Since g(a) € K(x) and K[z] 
is integrally closed, then g(x) € K[a], hence v(x) | u(x). We deduce 
that v(a#) € K* and then f(x) € A. 

Let f(t) = do ,<r, rt” be an element of A. To obtain that f(z) is 
integral over [x], it is sufficient to prove that x” is integral over K [2]. 
Set r = p/q, where p and gq are positive integers, then it is sufficient 
to prove that «1/4 is integral over K[a]. This claim is true since a!/4 
is a root of the monic polynomial y4 — x with coefficients in K (2). 
The first part of the statements of (5) is obvious and will be omitted. 
We prove the second part by finding a counterexample. Let f(x) = 
x, then f(x) is irreducible in K [a] but reducible in A since f(x) = 
(el?) 

Suppose that f(x) divides a(x)b(a) in A, then a(x)b(x%) = f(x)g(2), 
where g(x) € A. Let N be a positive integer such that f(x), g(x), 
a(x), b(z) € K[xV/%], then f(2%), g(a), a(a®), b(a@%) € K[a] and 
we have a(a%)b(x¥) = f(x )g(a@%). Since f(x) is irreducible in A, 
then f(x” )) is irreducible in A, hence irreducible in K [x] by (5). The 
preceding identity implies that f(x) divides one, say a(x"), among 
the polynomials a(x") and b(#™) in K[z]. Let c(x) € K[a] such 
that a(a%) = c(x) f(a). Substituting «'/% for x, we get a(x) = 
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c(a/) f(x), which proves that f(a) divides a(x) in A, establishing 
that f(a) is prime in A. 

(7) ve f(a) € A be a divisor of ax” and let g(x) € A such that 

= f(x)g(x). Let N be a positive integer such that ax’, f(x), 

ae es € K{x ae Then we get a factorization of ax™™ in K[z]: 

= f(x%)g(x%). It follows that f(2%) = bart, where b € K* 

6d t is a positive integer such that t < rN. Let s = t/N, then 

f(a) = ba’. 

(8) Suppose that « = up,---pe, where u € A®* and py,..., px are irre- 
ducible elements of A. Then by (7) p; = 0;2*', where s; < r. But 
bya’ = b;(a*/?)? is reducible in A. Thus a cannot be expressed as a 
product of irreducible elements of A. 

(9) Let 

T={te B\ B*,t #0, t is not a product of irreducibles of A}. 


Suppose that T 4 9. Consider the set Z of ideals tB for t € T. By 
the ascending chain condition, this set of ideals contains a maximal 
element, say toB. Since tgB € T, then to is not irreducible, thus 
to = tyte, where ¢; nor tg is a unit and tytz 4 0. Clearly t,; € T or 
tg € T. Without loss of generality, we may suppose that t; € T. We 
now have toB € t,B, contradicting the maximality of t9B in Z. We 
conclude that T = @, that is every non zero element of B, not a unit, 
may be expressed as a product of irreducible elements of B. 

(10) By (9), if one finds an element f(a) € A\ A*, f(x) #0, which cannot 
expressed as a product of irreducibles, then one may conclude that 
A is not Noetherian. By (8), x is such an element. Thus A is not 
Noetherian. 

Remark. We may prove that A is not Noetherian in the following 
way. Consider the chain of ideals 


tAcaV?Ac---cal*™ Aca AC 
It is seen that this chain never terminates. For if 21/2" A = ¢!/2""" A, 
then 2/2" | ¢1/2""" which is a contradiction to (7). 
(11) We use the hint. Here A* = K* and then 
A\ A* = {0} U{f(x) € A, deg f > 0}. 
Since z,7+1¢€A\A* andx+1—a2¢A\ A*, then A is not local. 
Exercise 10.2. 
Define the polynomials (*) for n € N by (§) = Land (%) = wen d)(@— (a Y) 
forn > 1. 
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(1) Show that these polynomials constitute a basis of Q[z] over Q. 
(2) Let 


A= {f(x) € Q[z], f(Z) C Z}. 

Show that A is a free Z-module and B = {(*), n € N} is one of its 
bases. 

(3) Show that A is a subring of Q{a] and A* = {-1, 1}. 

(4) Show that Frac(A) = Q(z). 

(5) Show that A is integrally closed. 

(6) Show that A is not Noetherian. 

(7) Show that for n > 1, (*) is irreducible in A. Give an example of an 
element of A which has at least two distinct factorizations. 

(8) For any f(x) € A\{0}, denote by d(f), the integer d(f) = gcdyez f(a). 
Let f(x) and g(x) € A\ {0}. Show that 


(i) d(f)d(g) | d(fg). 
(ii) d(f™) = d(f)™ for any m > 1. 
Show that we may have d(f)d(g) 4 d(fg). 
(9) Let f(x) = a9 +aix+-+++an(*) with a; € Z and a, 4 0. Show that 


d(f) = ged(f(0), f(1),---, f(m)) = ged(ao, a1,.--, an). 
Solution 10.2. 


(1) Suppose that a9 + aya +--+ + GS = 0, with ag,a1,...,a, € Q. Set 
f(x) =ag t+ ayr+- ee ). From f(0) = 0, we get ap = 0. Suppose 
that a; = 0 for any j < k—1, then 0 = f(k) = ax. To prove that B 
generates the vector space, it is sufficient to show that x’, for 7 > 0 
is a linear combination of the elements of 6 with rational coefficients. 
Since 


n! (*) = 2(4—1)---(a@—(n—1)) =x” + lower degree terms, 
n 


the conclusion follows by induction. 

(2) Obviously A is a Z-module. A similar reasoning as in (1), shows that 
B is a basis of A over Z. 

(3) It is clear that the product of two elements of A is an element of A. 
Let f(a) € A* and let g(x) € A such that f(x)g(a) = 1, then deg f = 
deg g = 0 and then f(x a S21. 

(4) From Z[z] C AC Q[z], we conclude that 


Q(a) = Frac(Z[a r C Frac(A) C Frac(Q[z]) = Q(x), 
thus Frac(A) = Q(z). 
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(5) Let f(z) € Q(x) be integral over A. Write f(x) in the form 
f(a) = u(x)/v(x) with u(x) and v(x) € Z[a] and gced(u(x), v(av)) = 1. 
Representing u(z) and v(x) in the form u(x#) = cont(u)ui(a) and 
v(x) = cont(v)u1(x), where ui(a) and v41(a) € Za], it is seen that 
gcd(cont(w), cont(v)) = 1 and gcd(ui(x),vi(x)) = 1. Since f(x) is 
integral over A, there exist ag(x),...,@,—1(x) such that 


f(z)" + an_i(x) f(x)™ + +--+ + ap(x) = 0. 


Since Z is integrally closed, this equation shows that for any m € Z 
such that v(m) 4 0, we have f(m) € Z. Let C be a positive real 
number greater than all the absolute values of the roots of v(a). We 
distinguish two cases. 


e cont(v) = 1. Here cont(v) | cont(u) and v(m) | u(m) for any integer 
m > C. Exercise 1.29 shows that v(x) | u(#) in Z[a], which in 
turn implies that f(a) € Z[x] and then f(x) € A. 

cont(v) # 1. We have cont(v1) | cont(w) and v(m) | u(m) for any 
integer m > C. Exercise 1.29 shows that v1(x) | u(x) in Z[z]. 
Since cont(v1) = 1 and Z[z] is a unique factorization domain, then 
v1(x) | ui(a) in Z[x]. Our assumptions on uw, and v; implies that 
vi(a) = +1. We may suppose that v;(2) = 1 and then f(z) = 
cont(wui(2) Where d is a positive integer such that gcd(cont(u),d) = 
1. Since f(m) € Z for any m > C, then d| ui(m) for any m > C. 
Set ui(x) = bo + bia +--+ + dg (Z) with bj € Z for j = 0,...,k. 
We claim and we omit the proof that, since uj(a) € Z[z], b; = 0 
(mod j!). We may write u;(x) in the form 


ui(a) = co tea +++ + cpu(a — 1)--- (a — (k-1)) 


with c; € Z for 7 = 0,...,k. Let q be a positive integer such that 
dq > C and let 7 € {0,...,k}. We have 0 = ui (dg) (mod d) = co 
(mod d), that is co = 0 (mod d). Suppose by induction that i!c; = 0 
(mod d) for any 1 = 0,...,7 — 1. We have 


ur(dq + j) = cr(dq + j)(dq+j —1)--- (dq+j —(k-1)) 
ej(dq + j)(dq +3 —1)-+- (dg +1) 
ci(dq+j)+co =0 (mod d), 
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hence 


ua(dq + j) = co + 1j + c2j(9 — 1) 
+e +6)-19(9 —1)---2+6;9! (mod d) 
(j= 1) 
2 


=Hcot lle a 4 Dent 


; jij —1)--+2 
The inductive hypothesis implies that j!c; = 0 (mod d). We now 
have 
cont(u) uy (x 
f(a) = Swe) 


co Fa +--+ +cpa(x —1)--- (a — (k-1)) 


= cont(u) 


d 
2! k! 
eC) ($+ S24 7(5) pe EAT), 


This shows that f(a) € A. 


(6) For any non negative integer j let P;(x) = (5). Let I; be the ideal 
of A generated by P;(x). For any prime number p let I, be the ideal 
generated by P,(x), Po(x),..., Pp-1(x), Pp(x), then 


Ty Geilo Ge Glee. : 


We show that this sequence of ideals is not stationary. Let p; and po 
be two consecutive primes with p; < pz. We are going to show that 
P2(x) ¢ Ip,, which will imply that I,, ¢ I,,. Suppose that P2(x) € Ip,, 
then P,,(x) = ai(x)Pi(x) + +++ + ap, (x)Pp, (x) with a;(x) € A for 
j=1,...,pi. Put x = po in this identity. We get 


1 = a1 (p2)Pi(p2) + @2(p2)Po(p2) + +++ + Gp, (p2)Pp,(p2). — (Eq 1) 


For any j = 1,...,p1, we have P;(p2) = ba(p2—1)-(P2-GV-1) Since 


j < pi < pe, then P;(p2) = 0 (mod pz). Now (Eq 1) reads 1 = 0 
(mod p,), which is a contradiction. 

(7) Let n be a positive integer. Suppose that (*) = g(x)h(x) with g(z) 
and h(x) € A. Let k = degg and m = degh, then k+m =n. We 
may suppose that k < m. Let b (resp. cm) be the coefficient of (7) 


(resp. (*)) in the representation of g(x) (resp. h(x)) in the basis B. 
Equating the leading coefficients of the two sides of the above identity, 
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we get 1/n! = (by /k!)(cn/m!). If k = 0 and m = n, then boc, = 1, 
hence bo = £1, thus g(a) € A*. Suppose that k 4 0, then 

(n — k)!k! = nlbpem = n(n — 1)---(n— (k—1))(n—k)}, 
hence k! = n(n — 1)---(n— (K—1))bgem. Since |by| > 1, |em| = 1 and 
n > k, we deduce that |n(n — 1)---(n— (k — 1))bpem| > k!, which is a 
contradiction. Thus (*) is irreducible in A. 
For any positive integer n, we have n(*) = (a — (n—1))(,,7,)- From 
what was just been proved the element of A in the right side of this 
identity has exactly 2 irreducible factors, while the element on the 
left side has 1+ r irreducible factors, where r is the number of prime 
numbers distinct or not dividing n, so that in general 1+ r > 2, which 
means that these factorizations are different. 
Even if n is a prime number, that is r = 1, these factorizations are 
different since n is not associate to neither of the factors appearing on 
the right side of the identity. 


(8) @) For any a € Z, d(f) | f(a) and d(g) | g(a), hence d(f)d(g) | f(a)g(@), 


NH 


thus d(f)d(g) | (fg). 

(ii) By (i), d(f)” | d(f”). Let p be a prime number such that p* || d(f)™, 
then e = rm and p” || d(f). It follows that for any a € Z, p” | f(a) 
and then prm | f(a)™. Therefore pe | d(f)™. 

For the last statement Let f(a) = 2 and g(x) = x — 1, then obviously 
d(f) = d(g) = 1 and d(fg) = 2, so that d(f)d(g) 4 d(fg) in this case. 


We have 
f(0) = ao 
f() =a0 + a1 


f(2) = ag + 2a4 + ag 


n 
f(n) = a9 + nay + n(n — 1)/2a2 +--+ 4+ ee 
These equations show that a given positive d divides f(0), 


f(1),..-.,f(m) if and only if d divides ao, a1,...,@n, thus ged(f(0), 
f(1),.--,f(m)) = ged(ao, a1,...,@n). 

In Exercise 1.8, the following result is proved. 

Let K be a field of characteristic 0, f(X) be a polynomial of degree n 
and m>n be an integer. Then 


gem) = Sc-ay3(™) (FON se, 
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This shows that d(f) = gcd(f(0), f(1),..., f(m)). 

Remark. In Exercise 10.1(9) it is proved that in a Noetherian ring 
any element, except 0 and a unit, may be expressed as a product of 
irreducibles of the ring. For the ring subject of the present exercise, 
we may see that any f(x) € A, f(a) ¢ {0,—1,1} is a product of irre- 
ducible elements of A in the following way. Let p,,...,p, be the list 
(may be empty) of distinct or not of prime numbers dividing f(x) in A. 
Let fi(x) € A such that f(x) = p,---p,fi(x). If f,(x) is irreducible 
in A, the polynomial f(x) is decomposed into a product of irreducible 
elements of A. If not, let fg(x) be an irreducible divisor of f,(x) in 
A and let f3(a) € A such that f,(2) = fo(x) f3(a). We use the same 
reasoning for f3(a#) instead of f(x). Since deg f3(x) < deg fi (x), this 
process must terminates after a finite number of steps. At the end of 
this process, we get a factorization of f(a) into a product of irreducibles 
of A. This implies that the converse of the property stated in Exer- 
cise 10.1(9) does not hold, that is we may have a decomposition into 
irreducibles even if the ring is not Noetherian. 


Exercise 10.3. 


(1) Let K bea field. An element F(x) € K'|[2]] is said to be rational if there 

exist u(x) and u(x) in K [a] such that v(0) 4 0 and F(x) = u(x) /v(2). 

Let F(x) = or. 4 Gn2” € K|[[a]]. Show that F(a) is rational if and only 

if there exist two non negative integers s and no and elements bo,..., Ds 

of K such that s > 1, bo 40 and boan + byan—1 +--+ +bsan_—s = 0, for 

any n > no. 

Let g(a) and h(x) be coprime polynomials with rational coefficients 

such that h(0) = 1. Suppose that the power series g(x) /h(a) has inte- 

gral coefficients. Show that g(x) and h(x) € Z[z]. 

(3) Let g(a) and h(x) € Z[z] be coprime such that h(0) 4 0. Suppose that 
g(x) /h(x) € Z[[x]]. Show that h(0) = +1. 

(4) Let @ be an algebraic number of degree n such that Trga)/g(a”) € Z 
for any positive integer m. Show that a is an algebraic integer. 


(2 


New 


Solution 10.3. 


(1) e Necessity of the condition. Let u(x) and v(x) € K[z], with 
v(0) 4 0, such that F(x) = u(x) /v(ax). Set v(x) = vp tui a+: + -+u52° 
and let r = degu. Let no = Maz(s,r +1), then for n > no, the 
coefficient of «” in the series v(x) F(x), which coincide with u(x), 
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will be 0. Since this coefficient is equal to vpan +--+ +Usan—s, then 
the result follows by putting b; = 1. 

e Sufficiency of the condition. Let v(x) = bp +biz+---+b,xr°. The 
relations on the a; and the b; implies that v(x) F(a) is a polynomial, 
say u(x) with coefficients in K and of degree no greater than ng — 1. 
Hence F(x) = u(a)/v(x) is rational. 

Clearing denominators and dividing out by the greatest common divisor 
of the set of coefficients of g(#) and h(x), we may write F(x) in the 
form F(x) = g(x)/h(x) = u(x)/v(x), where u(x) and v(x) are coprime 
polynomials with integral coefficients. Further, we may suppose that 
v(0) > 0. We may write a Bezout’s Identity relating u(a) and v(x) 
in the form a(x)u(x) + b(@)v(x) = c, where c is a positive integer and 
a(x) and b(x) are polynomials with integral coefficients. It follows that 
a(x) F(a) + b(a) = c/v(x). The left side of this identity is a series, say 
G(x) = Or 9 dnx”, with integral coefficients. Thus we get an identity 
of the form 7° 9 dnz” = c/(vo + viz +--+ + usr"). We may suppose 
that in this identity, gcd,,s9(¢n) = 1. Otherwise, we get an analogue 
identity satisfying this condition by dividing c and all the coefficients qn, 
by this greatest common divisor. We show that vg = 1. Suppose that 
the contrary holds and let p be a prime factor of vp. Since c = voqo, 
then p | c. Let r be the smallest non negative integer such that p { qr. 
Write the above identity in the form 


r—1 co 
(vo +--+ + 052°) D> Gna” + (vo +--+ + ¥s0°) S > dna” =Cc. 
n=0 n=r 


Since : 
(Up +:++ + Us2*) > Qnx" =0 (mod p), 
then “ 
S = (wo +e? + vse So mma” = 0 (mod p) 
We have = 


S = vogrx" + (vogra1 + vigr) a" t* + (vodrta + U1gr4i + Vagr)a"t? ++: 


hence vpqr+1 + 1dr = 0 (mod p), vodr+2 + Vidr+1 + V2gr = 0 (mod p), 
and so on. The first congruence shows that p | v,;. By induction we get 
p |v; fori =0,...,8, contradicting the assumptions. We conclude that 
vo = 1. We now have g(x)/h(x) = u(x)/v(a), with ged(g(x), h(ax)) = 
gcd(u(x), v(a)) = 1 and h(O) = v(0) = 1, hence g(x) = u(x) and 
h(a) = v(x). Thus g(x) and h(x) have integral coefficients. 


E 
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(3) Since $350} € Zl[x]], then g(x)/h(0) and h(x)/h(O) € Z[z], hence 
h(0) divides ged(g(x), h(a)). We conclude that h(0) = £1. 
(4) e First Proof. Let f(z) = Irr(a, Q) = [Jj_, (2 — a;) and let 
g(a) = 2" f/x) = IIa — an), 
then 
J (#)/g(@) = 0 4 = Yo - os Sas) 
i=l i=1 k=0 
=- SoS tejat =F (Sate 
i=1 k=0 k=0 \i= 
= y Tre(a)/o(a**t)a* 
k=0 


From the assumptions we deduce that g'(x)/g(x) € ZJ[a]]. Obvi- 
ously g(0) = 1, hence we may apply (2) and obtain g(x) € Z[z]. 
Since f(x) has the same coefficients as g(a), except that they are 
written in the inverse order, then f(x) € Z[z]. 

e Second Proof. Let kK = Q(a) and consider the lattice 


M=Z+Za+---Za"', 
Let L be its dual lattice, that is 
L={y€K,Trxo(yM) Cc Z}. 


By assumptions, we have Z[a] C L. Since L is a free Z-module of 
rank n, then Zia] is a free Z-module. In particular, it is finitely 
generated over Z. By [Lang (1965), Int. 2, Chap. 9.1], a is integral 
over Z. 


Exercise 10.4. 
Let K be a field, f(t), g(t), fi(t) and gi(t) be non constant polynomials 
with coefficients in K. Show that the following propositions are equivalent. 


(i) There exists F(t) € K[é], such that f(t) = F(fi(t)) and g(t) = 


F(g:(t)). 
(ii) The polynomial f;(x) — gi(y) divides f(a) — g(y) in K[a, yJ. 


Hint. One may use Exercise 9.20 and Exercise 9.21. 
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Solution 10.4. 


e (i) = (ti). Obvious. 

e (ti) > (4). Let O(a, y) € K[ax, y] be an irreducible factor of fi (x) — g1(y) 
and let u,v be variables such that ¢(u,v) = 0. Let w = f(u) and 
wi = fi(u), then w = g(v) and w; = gi(v). Consider the following 
diagram of fields. 


Since K(u) M K(v) is an intermediate field between K and K(u) and 
since this last field is a purely transcendental extension of the first, then, 
by Luroth’s Theorem [Schinzel (2000), Th. 2, Chap. 1.1], K(u)N K(v) 
is purely transcendental over kK. Let wo € K(u)M K(v) such that 
K(u) 9 K(v) = K(we). Moreover since this intersection contains 
w, = fi(u) € Ku], then we may suppose that wz = A(u) € K[ul 
see Exercise 8.10(1). Using similar argument as above, we may 
conclude that K(u) 9 K(v) = K(ws) and wz; = Biv) € Kv}. 
We have w3 = (awa + b)/(cw2 + d), where a, b, c, d € K and 
ad — bc # 0. It follows that (aw2 + b)ws — (cw +d) = 0, hence 
(aA(u)) + b)B(v) — (cA(u) + d) = 0. But it is easy to see that the 
leading coefficient of $(x, y), considered as a polynomial in x or in y, is 
a constant, hence v is integral over K[u]. We deduce, by transitivity, 
that B(v) is integral over K[A(w)]. This implies that, in the preceding 
equation satisfied by B(v), we have a = 0. Thus B(v) = AA(u) + ps 
and then w3 = Aw2 + uw with A © K* and wp € K. Therefore we may 
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suppose that K(u) NM K(v) = K(we), where wo = fo(u) = go(v) and 
fo, g2 are polynomials with coefficients in K. Set wi = Hi(we) and 
w = H(w2), where H, and H are rational functions with coefficients 
in K. Using the relations fi(u) = Ai(fo(u)) and f(u) = H(fa(w)), 
one may prove easily that H, and H are polynomials. Since u is tran- 
scendental over K, then we have fi (x) = Ai (fo(x)), f(x) = H(fe(x)), 
gly) = Ay(go(y)) and g(y) = H(ge(y)). Our assumptions read as 
follows Hy (fo(x)) — Hi(g2(y)) divides H(fo(x)) — H(go(y)). Exercise 
9.20 implies that H(«) — H(y) divides H(x) — H(y). The preceding 
exercise shows that H(t) is a right composition factor of H(t), that is 
A(t) = F(A, (t)) with F(t) € K[t]. We deduce that 


f(t) = A(fo(t)) = F(Ai(fo(t))) = (fit) and 
g(t) = H(ge(t)) = F(Ai(ge(t))) = F(a) 
and the proof is complete. 


Exercise 10.5. 
Let kK be a number field of degree n, A be its ring of integers and a € A. 
Show that a | Nx79(@). 


Solution 10.5. 

Let a1 = @,Q2,...,Q@n be the conjugates (distinct or not) of a over Q. We 
have Nx/go(a) = a[]j_,a0;. Obviously []j_.0; € K. Since the a; are 
algebraic integers, then so is [];.a;. Therefore [T/_, a; € A. It follows 
that a | Nx/e(a). 


Exercise 10.6. 
Let 6 € C be an algebraic integer. If 0 is a unit, show that Z[6] = Z[1/0]. 


Solution 10.6. 
It is sufficient to prove that Z[1/6] C Z[@]. Let 
f(z) = 2" +an-12" | +---a1a +e, 


where ¢€ = +1 and aj,...,a@n_1 € Z, be the minimal polynomial of @ over 
Q. Then 


1/0 =e /0 = —€(0""" + an_1 0"? +--+ a1) € Z[6]. 


The stated inclusion, now follows easily. 


Exercise 10.7. 

Let a and b be non zero, distinct square free rational integers, K = 
Q(Va, Vb) and A be the ring of integers of A. Suppose that a = b = 1 
(mod 3). Show that there exists no a € A such that A = Za]. 
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Solution 10.7. 

Suppose that A = Zla] for some a € A and let f(x) be the minimal 
polynomial of a over Q. Consider the elements of A, a, = (1+./a)(1+ Vb), 
a2 = (14+ VYa)(1— Vb), a3 = (1— Va)(1 + Vb) and ay = (1— Ya)(1— 
vb). For i = 1,...,4, let fi(a) € Za] such that a; = f;(a). For any 
g(x) € Za], denote by g(x), the reduced polynomial modulo 3 of g(a). Fix 
i€ {1,...,4}. We show that f(x) | fi(a)fj(a) for j 4 i and f(x) t f(a)" 
for any positive integer n. By Exercise 2.3, it is equivalent to prove 
the following congruences in Z[a]: f;(a)f;(a@) = 0 (mod p) for i # j and 
fila)” # 0 (mod p) for n > 1, that is aja; = 0 (mod p) for i # 7 and 
a?’ #0 (mod p). In any case, for i # j, aja; may be written in form 


aya; = (1+ Va)(1— Va)y or 
aaj = (1+ Vb)(1— Vb)y, 


where ¥ € A, thus it is sufficient to prove that (1+./a)(1—./a) = 0 (mod p) 
and (1+ Vb)(1— Vb) = 0 (mod p). This claim is true since by assumptions 
a = b=1 (mod 3). To show that a? #0 (mod p), it is sufficient to verify 
that Trx/9(a}) # 0 (mod p). Since ay,...,a4 are conjugate over Q, then 
Trx/o(a}) = Trx/g(a7) and we may suppose that i = 1. Sincea = b= 1 
(mod 3), then we have 


at — ay = ay(ay — 1) 
= (14+ Vat Vb+ Vab(Va+ Vb + Vab 
=a+b+ab+ Va(1 + 2b) + Vo(1 + 2a) + 3Vab 
=0 (mod 3). 


We deduce that a} = a, (mod 3) and by conjugation, a? = a; (mod 3). 
It follows that 


Trx/g(at) = af +++» tay =a,+-+-+a,=1 (mod 3). 


We conclude that Trx/g(aj) # 0 (mod 3). 


——— ———_n 


Fix now 7 € {1,...,4}. Since f(x) { fi(~) for any positive integer n, 
then there is an irreducible and monic factor g;(x) of f(x) in F3[a] such 


that g:(x) { fi(a). Moreover, for any j 4 i, g;(x) | f;(x). It follows that 


gi(x),..-,ga(x) are four distinct monic irreducible factors of f(a), which is 
of degree 4. We conclude that deg g;(a) = 1 for i = 1,...,4, contradicting 
the fact that F3[z] contains exactly three monic polynomials of degree 1. 
We deduce that A # Zia] for any a € A. 
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Exercise 10.8. 
Let n > 3 be an integer, €, be a primitive n-th root of unity in C and ®,,(x) 
be the minimal polynomial of €, over Q. 


(1) If n is odd show that @,(—1) = 1. 
(2) Let W,,(x) be the minimal polynomial of €,, + €&>+ over Q. 


(a) Show that deg V,, = 6(n)/2, where ¢ is the Euler’s function. 
(b) Show that 


®, (2) = 2° MU, (e+ 271). (Eq 1) 
(c) Ifn #0 (mod 4), show that €, + &€ 1 is an algebraic unit. 
(3) Let k > 3 be an integer and n = 2°. 


(a) Let R(y) = Res,(22—yr+1,22" ' +1). Show that R(y) is a monic 
polynomial with integral coefficients and R(0) = 4. 

(b) Using the result of Exercise 3.6, show that U,,(0) = +2. Conclude 
that €, + & 1 is not an algebraic unit. 


Solution 10.8. 


(1) We have: [J aj @a(x) = (w” — 1)/(x — 1). Since n is odd, then 
d#1 


[] @a(-) = (-1)” - D/(-1- 1) =1 

dZi 
Using an inductive reasoning and the fact that ®3(—1) = 1, we conclude 
that ®,,(—1) = 1. 

(2)(a) Let 6, =, + €;+, then the degree of W,, is equal to the number of 
distinct conjugates of 6,, over Q. Any embedding o of Q(€,,) into C is 
completely determined by the value it takes on €,,. Since a(&,) = 8 
with s € {1,...,n—1} and gcd(s,n) = 1, then o(@,) =€% +€5° = 
£5 +é"—*. Let o and T be two embeddings Q(€,,) into C and suppose 
that o(0,) = 7(An). Let s and ¢ such that o(0,) = €§ + €?-* and 
T(On) = &, + &,*, then 

(On) =T(On) enter =e tn 
e (65 = 1(, — 2) =0 
Selo Boe 


S&t=s or t=n-s. 


We deduce that the number of distinct conjugates of @, over Q is 
equal to ¢(n)/2 and they are given by €* + €?-* with gcd(n, s) = 1 
and 1 <s < (n—1)/2. We conclude that degV,, = o(n)/2. 
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(b) To prove the identity, notice that the polynomials on both sides are 


monic and are of the same degree ¢(n). Since ®(x) is the minimal 
polynomial of €, and also the polynomial on the right hand side 
vanishes for x = €, the two polynomials are identical. 

Let m = n if n is odd and m = n/2 if n = 2 (mod 4), then, in any 
case, m is odd and m > 3. This implies that £2 is a root of ®,,(2). 
It follows that €2 + 1 is a root of the polynomial ®,,,(2 — 1), which 
is monic. Moreover, by (1), the constant term of this polynomial 
is equal to ®,,(—1) = 1. Hence £2 +1 is an algebraic unit. Thus 
En + & + = (€2 +1)/€, is an algebraic unit. 

To simplify the forthcoming computations, we set \ = 2-1. Since 
the roots of x? — yx +1 are given by (y+ ./y? — 4)/2, then 


R(y) = Res, (a — ye + 1,2 + 1) 


= Res, (a? — yet tars 1) 


(eiias) b1 (ova) 


a 


2 


=2+2 Yea ie 


Obviously, the coefficients of R(y) are rational integers. The leading 
coefficient of R(y) is equal to 34? (3:) /2*-1, hence equal to 1. The 


constant term of R(y) corresponds to i = \/2 and then 


R(0) = 2+ 2(—4)*/2/2 = 4. 
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(b) We have 


gk-1 


Pox (x) = (x —1)/(a 


hence Irr(€n,Q, x) = x2" ’ +1. Let T(y) be the characteristic poly- 
nomial of € + €~+, then by (2), (a), we have T(y) = V,(y)?. Using 
Exercise 3.6, we get 


R(y) = Rese(a” + 1, ye — 2? — 1) = Negya()T(y) = Un(y)?. 


Using (3), (a) and identifying the constant terms in this identity, we 
obtain W,,(y) = +2. We conclude that €,, + € 71 is not an algebraic 
unit. 


Exercise 10.9. 
Let a be an algebraic integer of degree n and a, = @,Q2,...,Qn be its 
conjugates over Q. 


(1) If |a;| = 1 fori =1,...,n, show that a is a root of unity. 

(2) If |a;| <1 fori =1,...,n, show that a = 0 or a is a root of unity. 

(3) Let A(a) and B(x) be relatively prime polynomials in Z[z] with B(0) 4 
0. Suppose that the series F'(x) = A(x)/ B(x) belongs to Z|[z]] and that 
its radius of convergence is equal to 1. Show that the poles of F(x) are 
roots of unity. 

Let F(x) € Z[[ax]]\ Z[z] and let R be its radius of convergence. Suppose 
that F(a) is algebraic over Q[z]. Show that R = 1 and the poles of F 
are roots of unity or R < 1. 


— 
ye 
YS 


Solution 10.9. 


(1) e First proof. For any integer m > 1, let f(x) = []j_, (x — a4”). 
Since the a)” are conjugate algebraic integers, then f,,() € Z[z]. 
Let A be the set of these polynomial f,,(a) and B the set whose 
elements are the roots of any of these polynomials. We show that A 
is finite, which in turn will imply that B is finite. For any l <h<n, 
let s;,(@1,...,%n) be the elementary symmetric function of degree h 
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of 41,...,%,. Then 


[eptay ane) = S- am ...aim 


1<i1 <-<ip, 


S> least +++ fovea | 


1<i1<--<ipn <n 


7 (1) = @ yp) 


=, 


It follows that for any m > 1, the coefficients of f,,(a) belong to the 
set {—C,-C+1,...,0,1,...,C}. Thus A is finite and so is B. This 
implies that the map ¢: N \ {0} > B, such that ¢(m) = a™ is not 
injective. We conclude that there exist positive integers m1 < mg 
such that a”! = a’, thus a’™ (a’™7™ — 1) = 0. Since a ¥ 0, 
then a is a root of unity. 

Second proof. Let f(z) = 2" — ayx"— 


IA 


I_...—@,, be the minimal 


polynomial of a over Q. Consider the recurrence sequence (tm) 
defined by u; = 0 for 0 <i < n— 2, un_-1 = 1 and 
Um = @1Um—-1 + +++ + AnUm—n 
form > n. According to Exercise 2.28, there exist c1,...,¢n € Q 
such that wn = So, ca’ for m > 0. Our assumptions implies 
that |um| < S3y, lel. Let N = [O3_, lal], then Jum| < N for 
any m > 0. Consider the set A of n-tuples of rational integers 
(Um; Um+1;+++;Um+n—1), Where m runs in the set 
B= {0,1,...,(2N+1)"}. 

Since |A] < (2N +1)” and |B| = (2N+1)"+1, then there exist two 
integers m, and mz such that 0 < m, < m2 < (2N +1)” and 


(Um, > Um +1) Ui 1) = (theres »Ume+1) Ums+n—1): 


Since the sequence (u,,) obeys to a linear homogeneous relation, then 
Um +j = Ums+j for any j > 0. Let k = mz—™mz, then the preceding 
identity takes the form 


n n 

F “Lk 
. Gee = > ear 
i=l i=1 


for j > 0. It follows that 7", cat" (a; — k) = 0 for j > 0. 
This shows that x; = ¢;(a* — 1), i = 1,...,n is a solution of the 


4 


296 Galois Theory and Applications: Solved Exercises and Problems 


system of linear equations )>;"_, At gy, =0,j7=0,...,n—1. The 
determinant of this system is a Vandermonde determinant and it is 
non zero. Thus x; = 0 fori = 1,...,n. Since un_, 4 0, then there 
exists ig € {1,...,n} such that c;, #0. We now have af = 1, thus 
a is a root of unity. 
(2) Suppose that a 4 0. Since |a;| < 1 for « = 1,...,n, then 
| No(a)o(@)| = lai|++-|@n| < 1. Since this norm is a non zero in- 
teger, then | Ngia)/g(@)| = 1. It follows that |a;| = 1 and then (1) 
applies. 
Set B(a) = b.a* +---+ bo. By Exercise 10.2, we conclude that bp = 
+1. Let 5),...,6, be the roots of B(x) in C, then |6,---6,| = 1/|ds|- 
By assumption, the poles of F(a) must lay outside or on the unit circle, 
thus 6; > 1, fori = 1,...,s. It follows that 1/|b,| > 1. Since b, is a non 
zero integer, then b, = +1, hence |$,---(,| = 1. Therefore |6;| = 1 for 
i=1,...,s. 1) shows that 8; is a root of unity for i=1,...,s. 
Set F(x) = OP yan”. Since F(x) ¢ Z[x], then for any non negative 
integer n, there exists an integer n’ > n such that a, 4 0. It follows 
that limsup,_,., |@n|!/" > 1, hence R = imap lanl” eo Ve 
R < 1, the proof is complete. Suppose that R = 1; we will show 
that the poles of F are roots of unity. Since F(x) is algebraic over 
Q(x), there exists o(x,y) € Zax, y], irreducible such that (a, F(x)) = 
0. This implies that there exist Bo(x),...,Bm(a) € Z[a] such that 
Bo(«)Bm(x) #0 and 


— 
w 
we 


Fairey 
ye 
ee 


By (a) F(x)” +-+++ Bi(x)F (a) + Bo(x) = 0. 


Let G(x) = Bm(«)F (x). Then G(x) € Z|[a]] and it satisfies an equation 
of the form G(x)” +---+C (x)G(x) + Co(x) = 0, where C;(x) € Z[a] 


for i = 1,...,m—1. Moreover G(x) has the same radius of conver- 
gence as F(x), that is 1. From the equation satisfied by G(x), it is 
seen that G(x) has no pole z with |z| < 00. Set G(x) = 77.9 bn”. 
Since limp—oo |bn2'| = 0 for any |zo| < 1, then limp. $|bn| = 0, 
hence limp. |bn| = 0. Since b, € Z for any n > 0, there exists 


no such that b, = 0 for n > no. It follows that G(x) € Z[a] and 
then F(a) = G(x)/Bm(x) € Q(x). We may write F(x) in the form 
F(x) = A(x)/B(a), where the polynomials A and B satisfies the con- 
ditions in (3). Therefore the conclusion in (3) applies and we conclude 
that the poles of F(x) are roots of unity. 
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Exercise 10.10. 
Let @ be a root in C of gy) = yX+y4+1, K = QO) and F(z,y) = 
(2 + 1)y? + 2?y + 23. Show that F(a, y) is irreducible over K(z). 


Solution 10.10. 


e First proof. Suppose that the polynomial F is reducible over K(x), 
then it has a root f(x) in K(x). This root has the form f(x) = Ax* 
or f(a) = Ax®?/(a@ +1), where \ € K*,1<e, <3 and0<e. <3. In 
the first case, we have 


Mar (a +1) +Ar7*? + 2° =0. 


It is clear that the leading term on the left side of this identity is equal 
to A®a3e1+!, thus \ = 0 which is a contradiction. In the second case, 
we have 


d3z3!2 + No’? t? (2 +1) 4+ 23(2 +1)? = 0. 


If eg > 2, then the leading term of the left side of the identity is equal 
to A\3x3°2, thus \ = 0 which is a contradiction. If eg < 1, then the 
leading term in the left side of the identity is equal to x°. This also is 
a contradiction. We conclude that F is irreducible over K(x). 

e Second proof. Suppose that F(2,y) is reducible in K(x)[y], then 
F(1, y) is reducible in K[y], that is the polynomial h(y) = 2y3+y+1 is 
reducible over K. This implies that h(y) has a root, say 4, in K. Since 
g(y) and h(y) are irreducible over Q, then K = Q(0) = Q(u) = Q(2y1). 
The minimal polynomial of 2u is given by hi(y) = y®? +4y +4. Easy 


computations give the following values of the discriminants of g(x) and 
hi(x): Disc(g(x)) = —31 and Disc(hi(x)) = —43.4?. The first value 
shows that the rational prime 31 is ramified in K, while the second 
leads to the opposite conclusion. We conclude that F' is irreducible 
over K (xr). 


Exercise 10.11. 
Let K be a field, f(a) be an element of K((x)). Suppose that f(a) is 
algebraic over K(x). 


(1) If f(z) is integral over K [x], show that f(x) € K[[2]]. 
(2) Show that the converse of (1) is false. 
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Solution 10.11. 
(1) Suppose that f(a) is integral over K[x] and f(x) ¢ K|[a]], then 
f(z) =a_pa-* ta_pire tt 4-.- pag te, 


where p is a positive integer, the coefficients a; belong to K and a_,, # 
0. Write the algebraic equation satisfied by f(x) in the form 


f(a)” + bp_1(@) f(a)"* +--+ + bo(a) =0, 


where the b;(a) are polynomials with coefficients in kK. The term of 
the series on the left side of this equation, having the lowest exponent 
is given by at ,2~"", which implies that a_, = 0, thus a contradiction. 

(2) Let K be any field and f(x) = 1/(1— 2x), then f(z) is algebraic of 
degree 1 over K(x), but not integral over K [x]. We have 


f(z) =l+at---tak+---, 
hence f(a) € K[[a]]. 


Exercise 10.12. 
Let p > 3 be a prime number and for k € {1,...,p — 1}. Let s, be the 
elementary symmetric function of degree k of {1,2,...,p — 1}. 


(1) Let f(a) = []?2) (# — 1). Show that f(a) = a?-!—1 (mod p). Deduce 
that s, = 0 (mod p) fork = 1,2,...,p—2. 

(2) Show that f(—x) = f(~+p). Deduce that if k is odd and 3 < k < p—2, 
then sz, =0 (mod p?). 

(3) Let k € {3,...,p — 2} such that k is odd. Show that s, = 0 (mod p°) 
if and only if s,-1 = 0 (mod p?). 

(4) Let n = (p— 1)/2. Show that f(x) may be written in the form 


f(a) = a9 + a,x (x — p) + anu? (x — p)? +--+ + anx” (a — p)”, 


where ao,...,@n € Z, ao = (p—1)! and a, = 1. Deduce that f’(p/2) = 
0. 


Solution 10.12. 


(1) Since (Z/pZ)* is cyclic of order p— 1, then for any x € Z, «x 4 0 
(mod p), z?~! = 1 (mod p). Therefore any Z € (Z/pZ)* is a root of 
a?-!_1. It follows that «?~!—1 = []?7/(a — i) (mod p). We conclude 
that s, = 0 (mod p) fork =1,...,p—2. 
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(2) We have 
p-1 
f(e@+p) = [[@+r-%) 
i=1 
eo Th —2z — (p—i) 
= Th —a2—j) 
j=l 
= f(-2). 
Since 
f(x) =x?! — sya?-? + sor? 3 +--+ 5, 92 + (p— 1)! 
then the above identity takes the form: 
P—1 + gy¢P-? + soa? 3 +... 4 Sp—20 
= (x +p)P? — si(a + pr? 
+ so(a +p)? —---— 8, _9(a +p). (Eq 1) 


For k odd, 3 < k < p— 2, we identify the coefficient of x?~*~! is this 
identity and we obtain: 


+ Cree (Eq 2) 


Using (1) we conclude that s; = —s, (mod p?), thus s, = 0 (mod p?), 


as p #2. 
(3) Let & be an odd integer such that 3 < k < p— 2. By (Eq 2), 


—k —k+1 
28h = Sk_-1 P p— Sk-2 2 ae ee 
1 2 
—k 
= sal? )p (mod p’). 


It follows that s, =0 (mod p®) if and only if s,-1 =0 (mod p?). 
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Let o be the unique automorphism of Q(z) such that o(a) = —x +p, 
then o is of order 2. Let K be the invariant field of the group G gen- 
erated by a, then by Artin’s Theorem [Lang (1965), Th. 2, Chap. 8.1], 
Q(z) is a Galois extension of kK and Gal(Q(z), kK) = G. Let g(x) = 
x(x — p), then obviously g(x) € K, hence Q(g) Cc K C Q(x). Since 
(Q(x) : Q(g)] = 2 = (Q(x) : K], then K = Q(g). By (2), f(z) € K, 
hence f(x) = “2 where u(x), v(x) € Z[x] and ged(u(zx), v(x)) = 1. 


~ v(g(x))? 
Using a Bezout’s identity, a(x)u(x) + b(a)v(x) = 1, we conclude that 


a(g(a))u(g(x)) + (g(@))o(g(@)) = 1, 


hence v(g(x)) € Q and then v is constant. It follows that f(#) = 
u(g(x)), where u(x) € Q[a]. Write u(x) in the form u(x) = ui(ax)/d 
where d is a positive integer relatively prime with cont(u,). We have 
df (a) = ui(g(x)). Since f(x) and g(x) are monic, then the leading 
coefficient of ui (a) is equal to d, hence f(x) = (g(x)—a1)--- (g(@)—an), 
where Qj,...,Q@, are the roots (distinct or not) of ui(a). For any i € 
{1,...,n} it is seen that every root of g(x) — a; is a root of f(x), thus 
an algebraic integer. It follows that a; is an algebraic integer for any 
i € {1,...,n}. Therefore u;(x) is monic and then a = 1. We conclude 
that 


f(@) = ur(g(@)) = a0 + aig(@) + +++ + ang(a)”, 


where do,...,@n € Z and a, = 1. Identifying the constant terms in the 
two sides of this identity, we get a9 = (p — 1)! We deduce that 


f(a) = uh (g(@))9'(a) = U4 (g(@)) (22 — p), 


hence f’(p/2) = 0. 


Exercise 10.13. 

A given monic, irreducible polynomial h(a) € Z[z] is said to satisfy the 
property (P), if for any prime number p, the reduction modulo p of h(x) 
is reducible over F,. 


(1) 


Let hi(x),ho(x) € Za], irreducible such that Q(a) = Q(8) for some 
roots a, of hi(x) and he(x) respectively. Show that h(x) satisfies 
(P) if and only if ho(x) does. 

Hint. One may use the result that if in a given number field some 
non ramified prime p has a prescribed splitting type, then there exist 
infinitely many prime numbers having the same splitting type. 
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(2) Let f(a) and g(a) be two monic polynomials with integral coefficients. 
Let (0,m) (resp. (¢,7)) be the couple formed by a root and the degree 
of f(x) (resp. g(z)). Suppose that f(a) and g(a) are irreducible over Q 
and that the fields Q(@) and Q(¢) are linearly disjoint over Q. Suppose 
furthermore that one of the following conditions holds: 


(i) ged(m,n) > 1. 
(ii) ged(m,n) = 1 and the splitting field of g(a) is not linearly disjoint 
from Q(@) over Q. 
Let y be an algebraic integer which is a primitive element of Q(0, ¢) 
and let h(x) be its minimal polynomial over Q. Show that h(z) satisfies 
the property (P). 
(3) Show that (2), (i) applies for f(a) = x? —d, and g(x) = x? —d2, where 
d, and dy are distinct square free integers. Deduce a polynomial h(x) 
of degree 4 satisfying (P). 
(4) Show that (2), (ii) applies for f(x) =a? +a+1 and g(x) = 2° — 2. 
(5) On studying the example f(x) = x? — 2, g(x) = x? — x + 1 show that 
the condition on linear disjointness stated in (ii) is necessary. 


Solution 10.13. 


(1) It is sufficient to prove that hi(x) satisfies (P) implies ho(x) satisfies 
(P). By contradiction suppose that h(x) satisfies (P) while h(x) 
does not. Then, there exists a prime p such that the reduction of h2(x) 
modulo p is irreducible over F,,. This implies that p is inert in Q(3). By 
a result recalled above, there exists an infinite set T of prime numbers 
which are inert in Q(G). Since h(x) satisfies (P), then for any | € T, 
the reduction of h,(a) is reducible over F;. Therefore all these primes 
| divide the index of a, which is impossible since this index is finite. 
Write y in the form 


— 
i) 
was 


y= 7 /d= ul, ¢)/d, 


where 7’ is an algebraic integer, d is a rational integer and u(z, y) is 
a polynomial with integral coefficients. By (1), we may replace y by 
7’ and thus suppose d = 1. Fix a prime p and denote as usual by 
u(x) the reduced polynomial of u(x) modulo p. Let 0,...,Om (resp. 
$,,...,®,) be the roots of f(x) (resp. g(x) in an algebraic closure of 
F, and let d = gcd(m,n). Suppose first that we are in the case (2). 
Set 71 = U(O1, 81). Since 71 is a root of h(x), the minimal polynomial 
of 7; over F,, divides h(x). Since @; € Fm and ®, € Fy, where 
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1l<m,<mandi<n, <n, we deduce that y € Fp. «Fyn = Fpe 
where k = lem(m,,71). If my < mor ny <n, then k < myn, < mn. 
If my = mand n, = n then k = lem(m,n) = mn/d < mn. In all 
cases we have k < mn, hence the minimal polynomial of 7 over F,, is 
of degree smaller than mn. This implies that h(a) is reducible over F,. 
Suppose now that we are in the case (ii). Since [F,(0), ®1) : Fp] < mn 
in the case where g(x) is reducible over F,, we may suppose that g(x) is 
irreducible over F,. We have [F,(®1) : F,] <n. Let E be the splitting 
field of g(x) over Q and let f\(x) be the minimal polynomial of 6 over 
E. Then deg fi < m. Reducing modulo p, and writing each ®; as 
a polynomial in ®, with coefficients in F, shows that [F,(®1,01) : 
F,(®1)] <_m, hence h(x) is reducible over F,. 

Here clearly the fields Q(V/d1) and Q(/d2) are linearly disjoint over 
Q and gcd(m,n) = 2. Therefore the conditions of (2), (2) are satisfied. 
The minimal polynomial h(x) of y = di + Vd2 satisfies (P). Straight- 
forward computations show that h(a) = x* — 2(d; + dz)x? + (di — d2)?. 
Here also the fields Q(@) and Q(¢) are linearly disjoint over Q. We have 
gcd(m,n) = 1 and the fields Q(j), Q(2!/3, 7) are not linearly disjoint 
over Q, so that the conditions stated in (2), (ii) are satisfied. 

As in (4) the fields Q(@) and Q(@) are linearly disjoint over Q and 
gcd(m,n) = 1. The splitting field L of g(x) is Q(8, /—23). It is 
linearly disjoint from Q(@) since f(a) has no root in L. Therefore one 
of the conditions in (2), (iz) is not fulfilled. That this condition cannot 
be omitted may be seen through the minimal polynomial h(x) of af. 
Easy computations shows that h(x) = «2° — 4a* + 4x2? — 8 and h(z) 
reduced modulo 3 is irreducible. Therefore h(x) does not satisfy (P). 


Exercise 10.14. 

Let d be a square free positive integer such that d= 1 (mod 4), K = Q(v4), 
A be its ring of integers, w = (1 + Vd)/2 and € = a + bw be a fundamental 
unit of K. Show that (Z[Vd])* = A* in the following cases 


(i) d 
(ii) d 


1 (mod 8). 
5 (mod 8) and b= 0 (mod 2). 


Show that (Z[Vd])* = {+(e)",n € Z} if d = 5 (mod 8) and 6 = 1 
(mod 2). 


Solution 10.14. 
It is sufficient to prove that € € Z[Vd] in the cases (i), (ii) and « ¢ Z[ Vd], 
e ¢ Z[Vd] and e € Z[Vd] in the last case. 
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e case d = 1 (mod 8). We have « =a+bw =a+/2+ Vdb/2. Since 
Nxole) = 1; then 


(a +b/2)? — db? /4 = a? +ab+0°(1—d)/4=41. 


Since (1 —d)/4 =0 (mod 2), then a? +ab=1 (mod 2). It follows that 
a=1 (mod 2) and b= 0 (mod 2), thus € € Z[Vd]. 
e case d=5 (mod 8). As above, we have 


a’ +ab+67(1—d)/4= +41, 


hence a = 1 (mod 2), and b = O (mod 2) or a = 0 (mod 2), and 
b = 1 (mod 2) or a=1 (mod 2), and b= 1 (mod 2). In the first case 
€=atbw =a+b/2+ Vdb/2 € Z[Vd]. In the last cases, it is clear that 
e ¢ Z|Vd]. We show that e? € Z[Vd]. Since e is a unit of A, then 


Carty =xrt+y(1+ Vd)/2=24+y/24 Vdy/2 = (at bw)’. 


Thus to conclude that e? € Z[Vd], it is sufficient to show that y = 0 
(mod 2). Using the relations 

w? =(d—1)/4+w and 

w = (d—1)/4+w(d+3)/4, 


we get y = b?(d + 3)/4+ 3ab(a + b), hence y = 0 (mod 2) for the last 
cases. Now since e? € Z[Vd] and e ¢ Z[Vd], then e ¢ Z[Vd]. 


Exercise 10.15. 

Let A be a Dedekind ring, K be its fraction field, a € K* and P bea 
prime ideal of A. Show that there exist a and b € A such that a = a/b and 
(a,P) =1 or (b,P) =1. 


Solution 10.15. 

We have (aw) = I.J~+, where I and J are ideals of A, which we may suppose 
to be coprime. Let c € I such that ((c)J~!,P) = 1 and let Q = (c)I~}, 
then (a) = (c)(b)~!, where (b) = JQ. Hence a = ec/b where € is a unit in 
A. Seta=ec. If P| Z, then P{ J and P{ Q, hence P { b. If P { I, then 
P + a, hence the result. 


Exercise 10.16. 
Let K be a number field, A be its ring of integers and J be a non zero ideal 
of A. Show that (A: I) = (I~! : A). 
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Solution 10.16. 

Let A, B and C be fractional ideals of K such that B C A, then the A- 
modules AC/BC and A/B are isomorphic. Apply this result with A = I~?, 
B=AandC =I and obtain I-1!J/AI ~ I~1/A, thus A/I ~ I~'/A. The 
equality of indices now follows. 


Exercise 10.17. 
Let K and E be number fields such that K C E, A and B be their respective 
rings of integers. 


(1) Let I and J be ideals of A. Suppose that IB | JB. Show that I | J. 
(2) Let I be an ideal of A. Show that IBN A= TI. 
(3) Find an example of an ideal J of B for which (JN A)B # J. 


Solution 10.17. 


(1) Let P),...,P, be the list of the prime ideals of A dividing I or J (or 
both). Set I = Pft---Péer and J = Pi --- Ply, where the exponents 
e;,h; are non negative integers. We have P;B = Pies OF , where the 
Q;; are prime ideals of B, hence 


ty tr 
2. e1ki; erkry 
1B=|[Qy"---[T] a5° and 
j=1 


jt 


ty tr 
_ hikij hpkr; 
IB= Jas TT 27. 
j=1 


Since IB | JB, then ejkj; < hikjj, hence e; < A, for any i, which 
implies that I | J. 
(2) Apply (1) with J =IBOA. Then 


JB=IBNAB=IBOB=IB, 


thus 1B | JB and JB | JB. It follows that J =I, that is IBN A=T. 

(3) Let kK = Q, E be a number field in which there is a prime ideal Q lying 
over pZ, for some prime number p. Suppose that the splitting of p in 
E is given by pB = Q° [| Q* with e > 2 or [J is non empty. Then 


(QNA)B=pB=Q°][ O% 42. 


Exercise 10.18. 

Let K be a number field of degree n and A be its ring of integers. Let p 
be a prime number, P be a prime ideal of A lying over pZ and let a be a 
rational integer. Suppose that P | a. Show that p | a. 
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Solution 10.18. 
Let f be the residual degree of P over pZ. Since aA = PI, where J is an 
ideal of A, then 


la”| = |Nx o(@)| = Nxjo(P) Nxje(Z) = p! NxolJ). 
This shows that p | a. 


Exercise 10.19. 
Let K be a number field, A be its ring of integers. Let J and J be ideals of 
A satisfying the following condition 
(C) For any prime number p, 1+ pA = P* and J+pA =P", where P 
is a prime ideals of A and e, h are non negative integers. 
(1) Show that Nx /o(gcd(U, J)) = gcd(Nx/o(Z), Nxo(J)). 
(2) Show that the preceding identity no longer holds if we omit the condi- 
tion (C). 


Solution 10.19. 


(1) Write I and J in the form J = Pf'.--Per, J = PM... Phr, where 
P,,..-P, are prime ideals of A and the exponents e;, h; are non negative 
integers such that e; +h; > 1. The condition (C) implies that P;NZ 4 
P NZ ifi Aj. Fori=1,...,r, let p; be the prime number lying under 
P; and let f; such that Nx@(Pi) = pl’, then the p; are distinct and 
we have gcd(I, J) = pees) vee peter). hence 


Niyjo(ged(I, J)) =Nx/o Ca) Nxyo (peo) 


= pl inf(e1,h1) | ptr inf(er hy) 
On the other hand, we have 


Nxyo(L) = Nxyo (P3") ---Nxyo (Ps") 


= pire aa -pirer and 
Nxjo(J) = Nxjq (Py") ---Nxyo (Pr) 
= pitt... pfrbe, 


It follows that 
inf (fiei,fih inf (frer,frhr 
ged(Nx/Q(I),Nxjq(J)) = py ery... pinffrersfohe), 


Since inf(ab,ac) = ainf(b,c) for any positive integers a, b, c, then 
Nx o(gced(d, J)) = gcd(Nxg(), Nxjo(J)). 
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(2) Let P and Q be distinct prime ideals of A such that PNZ = QNZ = pZ 
and Nx/o(P) = Nx/o(Q) =p’, with f > 1. Let I= PQ” and J = 
PMO with 1 < e, < hy and 1 < hg < eg, then ged(I, J) = P72 QO”, 
hence Na (ged(I, J)) = pf:+"2). On the other hand, we have 

Neyo(T) = plete) and 
Nxjo(J) = pf (hatha) | 


The assumptions on e1, €2, hy and hz show that 


f(e1 +h) A f(e1 +e2) and 
f(e1 + he) A f(hi + ha), 


hence 


Nxo(gced(l, J)) # gcd(Nxyo(L),Nx/a(J)). 

Here is an explicit example satisfying the preceding conditions: 
K=Qi), A=Zfi, 

P=(1+i)A, Q=(1-1)A, 
I=(1-1)14+7?A=2(1+2)A and 
J=(1-7°(14+0A = 211-7). 
Exercise 10.20. 
Let K be a number field of degree n, A be its ring of integers. Let k be a 
positive integer and let I be the ideal of A generated by ay1,...,ax%. Show 
that Nx/g(Z) divides ecdt_, (Nx,o(ai)). Show that the converse does not 
hold. 


Solution 10.20. 
Let p be a prime factor of Nx /g(Z) and let e = vp>(Nx (I)). Let Pi,...,Pr 
be the prime ideals of A lying over pZ, then I = P,™---P,"", with pA + 
J = A and Det h;f; = e. Here f; is the residual degree of P;. Since 
I =a,A+...+ a,A, then for any i € {1,...,r}, P,” divides a,A for 
j = 1,...,k. We deduce that for j = 1,...,k, [[P;" divides a;A for 
any i € {1,...,r}. Thus using the norm, we conclude that pf divides 
Nx o(ai), for any i € {1,...,r} that is p® divides gcd (Nx/Q(a;)). 

For the converse, let f(x) = 2° — 9x — 6, 6 € C be a root of f(x) and 
Kk =Q(8). Let J = (0,0—1) = A, then Nx /g(I) = 1. It is easy to see that 
the minimal polynomial of 6 —1 is given by g(x) = x? + 3x” — 6x — 14, thus 
Nx (8-1) = 14. Since Nx/g(9) = 6, then ged (Nx /9(9), Nx/9(9-1)) = 
2. 
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Exercise 10.21. 

Let K be a number field of degree n, A be its ring of integers and ay,...,a% 
be non zero elements of A. Let I be the ideal of A generated by these 
elements. Show that J~! = ey a; tA if and only if a; is associate to a; 


fori =1,...,k. 
Solution 10.21. 


e Necessity of the condition. Since aj! anda;! € I~!, thenaj'ay € 
A and ajy'a; € A. Set a7 'a; =a and aya; = b, where a and be A, 
then a, = aa; and a; = ba;, which shows that a; and a; are associate. 

e Sufficiency of the condition. Set a; = €;a,, where €; € A* for 
i=1,...,k. Then 


I= (€1q4,...,€h01) = a1 A(e1,...,€%) = QA. 


Let J = a;'A, then obviously, I~! = J. Since a; 'A = a7 ‘A, then we 
now have )x*_,a7!A=ajy!A=I-l. 


Exercise 10.22. 
Give an example of two irreducibles, non associate @ and § in the ring of 
integers A of some number field such that gcd(a@A, BA) 4 A. 


Solution 10.22. 

Let K = Q(V—14) and A = Z[V—14]. Let a = 2+ /—14 and B =a’ = 
2— /—14, then Nx/o(a) = Nx/o(Z) = 18. In A, 2 is ramified and 3 
splits, say 2A = P? and 3A = QQ, where P, QO and QO’ are prime ideals 
of A of the first degree. It is easy to see that none of these prime ideals is 
principal. Since 3 + a, then aA = PQ? and BA = P(Q)?. It follows that 
gcd(aA, 3A) = P # A. Suppose that a is reducible in A, say a = ajQo, 
where a1, nor a2 is a unit of A, then a;Aa2A = PQ?. Hence, we may 
suppose that, ajA = P and a2A = OQ? or aj A = Q and a2A = PQ. In 
any case P or QO would be principal, which is a contradiction. Thus a is 
irreducible, which in turn implies, by conjugation, the same property for (. 


Exercise 10.23. 

Let K be a field, and A be its ring of integers. Let a@ and 7 be elements of 
A such that 7 is prime and 7 | a. Let a = caf! --- aS be any factorization 
of a into powers of irreducibles of A, with « € A*. Show that there exists 
a unique 7 € {1,...,5} such that 7 is an associate to aj. 
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Solution 10.23. 

Since 7 is prime and 7 | ea}*---aSs, then there exists i € {1,...,s} such 
that a | a;. Since a; is irreducible, then 7 is an associate to a;. Since a; 
and a, are not associate for i # j, then the index 7 is unique. 


Exercise 10.24. 
Let K be a number field and A be its ring of integers. 


(1) Let Q1,...,Q, be (distinct or not) prime ideals of A with k > 2. 
Suppose that for any 1 < 1 < [k/2|, Q;,---Q,, is not principal but 
Q,--- Qs is principal, say Q;---Q, = @A. Show that a is irreducible 
in A. 

(2) Let a € A and let aA = P,---P;, be the factorization of aA into a 
product of (distinct or not) prime ideals of A. Let P = {P),...,Px}. 
We consider all the partitions P = Uj_,C; of P which satisfy the fol- 
lowing conditions. 

(C) For any 7 € {1,...,t¢}, [Lpec, P is principal but []p_7P is not for 
any 09C J CC;. 

We include here the possibility t = 1, that is [[p¢p P is principal but 
IIpe,P is not for any 9 CJ CP. 

Show that we may find all the partitions of P satisfying (C) in the 
following way. Start with any P;, € P. If it is principal then set C) = 
{Pi,}. If not adjoin to it Pi,,Pi,,..., Pi, until the product Pj, --- Pi, 
is principal but any product of h ideals among them, with h < l, is 
never principal. Set C, = {P;,,...,Pi,}. If Ci = P, then the process 
is finished. If not start with any P;, € P \ C; and construct C2 in the 
same way as it was done for C,. We then define C3, C4,.... 

(3) Let P = Ut_,C; be a partition of P satisfying the conditions (C) and 
let, for any 7 € {1,...,t}, ai € A such that [[peg, P = aiA. Show 
that a; is irreducible. 

(4) Let P = Uf_,C; be a partition of P satisfying the conditions (C) and 
let, for any 7 € {1,...,¢}, a; € A such that [[pe¢, P = ajA. Show 
that @ = €a,---a;,, where € € A*, is a factorization of a into a product 
of irreducibles of A. 

(5) Show that the map ¢ which maps a given partition P = Uf_,C; of P 
satisfying the conditions (C) onto the factorization into irreducibles 
Q = €Q1---Q, obtained in (4), is one to one and onto. 

(6) Let 6 € A, 0 = 6,---@, be one of its factorizations into irreducibles 
of A and let 6A = P,---P, be the factorization of 9A into a product 
of prime ideals of A. Show that r > s and that r = s if and only if 
01,...,8, are prime. 


(7) 
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Let K = Q(/-14) and A = Z[/—14]. Determine all the distinct 
factorizations of 90 into a product of irreducibles of A. 


Solution 10.24. 


(1) 


(3 
(4) 


nN 


Suppose that a is reducible in A, say a = $y, then BAYA = Q1--- Ox, 
hence 
BA=Qj,++-Q}, and yA= Qj 41+ Qe 

with 1<1<k. Permuting 6 and 4, if necessary, we may suppose that 
L< |[k/2|]. Q;,--+-Q,, is then principal with | < |k/2| contradicting 
the assumptions. Thus a is irreducible. 
The integer / exists since [| pcp P is principal. Since 

Il?=- 1? Il ® 

PeP PEC, PEP\Cl1 
then Hper\cr P is principal so that C2 is defined. We define similarly 
C3,C4.... Since P is finite the process must stop and we obtain a par- 
tition of P satisfying (C). It is also clear that, starting with a given 
partition satisfying (C), we may recover it by using the described pro- 
cess. 
This follows directly from (1). 


We have 
oa (TI r) (I r) 
PEC, PECL 


= (a1 A)--- (aA) 

— (ay-++a,)A, 
hence @ = €a,--- a4, where € is a unit of A. We thus get a factorization 
of a into a product of irreducibles of A. 
Let P = Uj_,C; and P = U‘_, D, be two partitions of P satisfying (C). 
For any (7,7) € {1,...,s} x {1,...,t}, let a; and 8; € A such that 

]] P=aA and J] P=4;A. 
PEC; PED; 

Suppose that these partitions have the same image under ¢, then s = t 
and reordering if necessary the 6;, we have a; is associate to 6;. Let 
e; € A* such that 6; = e;a;. Then 


]] ?=6:4A=ca4= [] P, 


PED; PEC; 
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hence D; = Cj. It follows that ¢ is one to one. Let a = a ,---ap be 
a factorization of a into a product of irreducibles of A. Then aA = 
(a, A) --- (aA). This implies that there exists a partition P = U%_,C; 
of P such that [[peg, P = aiA for i = 1,...,h. This shows that the 
given factorization of a@ is the image of a partition under @, that is ¢ is 
onto. 

(6) Since P = U*_,C;, then r = >7}_, |C;|, hence r > s. We have: r = s if 
and only if |C;| = 1 for any i, that is if and only if each P; is principal, 
thus if and only if a; is prime. 


rs, 
x 
a 


The splitting of the rational primes in A is given by the following rules. 
2 and 7 are ramified. In particular, 24 = P?. Are inert in A the odd 
primes p such that era = —1. The odd primes such that (=4) =1 
splits as products of two prime ideals of A of residual degree equal to 1. 
For instance, 3 and 5 are such primes. Set 3A = P3P3 and 5A = PsP. 
We have 


90 = 2.37.5 = P?P2(P3)?PsPy. 
We consider this as a product of 8 prime ideals of A. We form all the 
partitions of the set of these ideals satisfying (C). The following table 


of the small values of the norm map shows that 2, 3 and 5 are not 
norms of elements of A. 


Table 1 
a 1 2 3 =O 1 4 2 3 4 
b 0 0 0 1 1 0 1 1 1 
a27+14b7}1 4 9 14 15 16 18 23 30 


It follows that none of the eight prime ideals of A appearing in the 
factorization of 90A is principal. This means that there is no class of 
cardinality 1 in any partition. We look at the classes C; (if any) of 
cardinality 2. We have 

2A=P?, 34=P3P, and 5A=PsPs, 


which gives 3 classes. We have 
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We may suppose that the ideals lying over 3Z or 5Z are labeled such 
that PsP; = (1+ /—14)A and then by conjugation, P;P, = (1 — 
/—14)A. The products PsP; and P3Ps are not principal because the 
factorization of (1 + /—14)A, (resp. (1 — /—14)A) into a product of 
prime ideals is unique. We next consider 


PP3, PP3, PPs, PP, P2 and (P3)?. 


Let I be any of these ideals. If it was principal, say I = (a + b\/—14), 
then Nxjg(I) = a? + 14d”. But 6, 9, 10, and 15 are not norms of 
elements of A (see the table), thus none of these products of 2 ideals is 
principal. For the classes of cardinality 3, we must look at the following 
products of ideals, obtained by adjoining one ideal to the preceding 
products of 2 ideals which where not principal: 

PP3P;, PP3Ps, PP}, P(P3)? and 

P§Ps, P§P5, (P3)"Ps, (Ps)”P5: 
We have 


Nxjo(PP3Ps) = Nx/o(PPsPs) = 30= Nxjo(4 ot V—14), 


hence 
PP3P, =(4+eV—14)A and 
PP3Ps = (4-av—14)A, 
where € = +1. We have 


Nxjo(PP3) = Nxjo(P(P3)”) = 18 = Nxjo(2+ V—14), 


hence 


PP? =(2+eV—14)A and P(P)? = (2-eV—14)A, 


with €2 = +1. We determine the values of €; and €g as follows. We 
have 


P(P3)*PaPs = (PPPs)(PaPs): 
hence 
(2 = V=1A)(1 + V=T4) = (4- V1) A. 
It follows that 


(2 + leg + V—14(2 — €2)) A = (12 - 8, V1), 
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thus 
(2+ eo + V—14(2 — €2)) = (12 — 3e, /—14). 
Clearly the sign — must be rejected and then we conclude that €2 = —1 


and €; = 1. We have proved that the first four products of prime 
ideals are principal. The norm of the remaining products is equal to 
45 and since this integer is not the norm of an integer of A, then these 
products are not principal. To obtain a class C; of cardinality 4, we 
must start with one of the preceding products of three ideals which was 
not principal and adjoin to it one ideal so that the resulting product is 
principal but the products of 2 or 3 of them is not principal. It appears 
that no class of cardinality 4 exists. 

We reproduce here the list of all the classes which were found: 


P? =2A, P3P,;=3A, PsP; =54A, 

P3P5 =(1+V—-14)A, P3P5 = (1—- V—-14)A, 
PP3P, = (4+ V—14)A, PP3Ps = (4—V-14)A, 
PP; =(2-V-14)A, P(P3)? = (2+ V-14)A. 


They are all of cardinality 2 or 3. The only ways of expressing the 
integer 8 as a sum of two’s and three’s is 8 = 3+3+2 or 2+2+4+2+42. 
Thus to get a factorization into irreducibles (a partition), we must select 
four classes of cardinality 2 or two classes of cardinality 3 and one of 
cardinality 2. There result the following factorizations, the first two 
correspond to the first selection of classes. 


(P?)(P3P3)?(PsPs) = 2.3.5A 
(P?)(PsP3)(PsPs)(P3Ps) = 2.3(1 + V—14)(1— V—14)A 
(PP3)(P(P3)”)(PsPs) = 5(2 — V=14)(2 + V—14)A 
(PP3P;)(PP3Ps)(PsP3) = 3(4 + V—14)(4 — V=14) A 
(PPsP5)(P(P3)*)(PsPs) = (4+ V—14)(2 + V—14)(1 + V—14) A 
(PPPs) (PP2)(P3Ps) = (4— V—14)(2 — V—14)(1 — VTA) A. 


The left side of each of these equalities is equal to the ideal 90A. The 
right side gives a generator, say y, of this ideal, hence 90 = +y (since 
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the units in A are 1 and —1). We deduce that 


90 = 2.37.5 
= 2.3(1+ /—14)(1 — V—-14) 
= 5(2 — /—14)(2 + V—14) 
= 3(4+ /—14)(4- V-14) 
= —(44+ V—14)(2 + V—14)(1 + V—14) 
= —(4— V—14)(2— v-14)(1 — V—14). 


We have seen that the product of the ideals in a given class is a princi- 
pal ideal generated by an irreducible, thus in these factorizations, the 
factors are irreducible in A. 


Exercise 10.25. 

Let a and £ be algebraic integers over Q, f(x) and g(x) be their respective 
minimal polynomials. Show that f(@) is an algebraic unit if and only if 
g(a) is an algebraic unit. 


Solution 10.25. 

By symmetry, it is sufficient to show that if f() is a unit, then so is g(a). 
Set y = f(8), then ¥ is a root of an equation of the form y" +---+a,7+e, 
where € = +1, and ay,...,@n_1 € Z. It follows that 


Lem eG ah eta), 


hence 1/f(8) € Z[f(8)] Cc Z[G]. Therefore there exists h(x) € Z[a] such 
that f(8)h(8) = 1. We deduce that there exists u(x) € Zax] such that 
f(x)h(x) — 1 = g(x)u(a). Indeed u(x) is the quotient in the Euclidean 
division of f(a)h(x) — 1 by g(x). Since these polynomials have integral 
coefficients and g(a) is monic, then the quotient has integral coefficients 
and then u(x) € Z[x]. Substituting a for x, in the preceding identity, yields 
u(a)g(a) = —1, hence g(a) is a unit. 


Exercise 10.26. 


(1) Let r > 2 be an integer and cy,...,¢4, € Z such that 


gcd(ci1,..-,¢1r) = d. Show that there exists an r x r matrix A = (a;;) 
with integral coefficients such that a1; = c,; for 7 = 1,...,r and 
Det A = d. 


(2) Let K be a number field of degree n. Deduce from (1) that K has an 
integral basis of the form {1,w1,...,Wn—1}. 
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Solution 10.26. 


(1) e First proof. The proof is by induction on r. Suppose that r = 2. 
By Bezout’s identity, there exist a1,d@22 € Z such that aj,aqq — 
d210,42 = d and the claim is obvious in this case. Suppose that 
r > 3, the result is true for r—1 and let d’ = ged(cq1,..., ¢1,—1), then 
d = gcd(d', c1,). By the inductive hypothesis, we may find elements 
ai; € Z, i,j =1,...r—1 such that a1; = c,; and Det(a;;) = d’. If 
x and y are two integers to be determined later, we have 


Qi1 a42 tae @1(r—1) air 
a21 a22 tee @2(r—1) 0 

= yd’ — a4,(x/d’)d' = yd! — xay,. 
Qr—1)1 @(r—-1)2 +++ @&r—1)(r-1) 0 


ray,/d' ray2/d' ... Layp-1)/d sy 

Now it is possible to determine x and y € Z such that yd’ — xa, =d 

and the proof is complete. 

e Second proof. We first prove the result when d = 1. Let M be 

a free Z-module of rank r. Let {e1,...,e,} be a basis of M. Let 
a € M such that a = )"_, c1jej. To get the result it is sufficient 
to prove that it is possible to complete a for obtaining a basis of M. 
We prove the following steps. 


x M/Zq is torsion free. 

x Any finitely generated, torsion free, Z-module is free. 

* The exact sequence 0 + Za + M ++ M/Za = 0 splits. Here i 
and s are the canonical injection and surjection respectively and 
the other maps are the trivial ones. 


We begin with the first point. Let \ € Z\ {0} and m € M/Za. 
Suppose that Am = 0. Then A>), mje; = k Do, cijej. It follows 
that A | k, say k = Aq and then m = »y me; = qa which means 
m = 0. For the second point, let N be a finitely generated, torsion 
free, Z-module generated by n elements, say v1,...,Un, and not 
by fewer elements. We prove that there is no non trivial relation 
1 av; with a; € Z, so that v1,...,vn are linearly independent 
over Z. Assume that the contrary holds and among all sets of n 
generators and all such relations, choose one for which >> |a;| is 
minimal. 

Case one and only one of the a; is non zero. 

We may Suppose that a; 4 0. Since a,v; = 0 and N is torsion free, 
then we have a contradiction. 
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Case at least two of the a; are non zero. 

We may suppose that a; 4 0 and az # 0. If a, and az have opposite 
signs, we may replace a; by —a,; and v, by —v, and get a new 
system of generators with a similar relation as the preceding one 
and obeying to the minimality condition. Therefore, multiplying 
the relation by —1 if necessary, we may suppose that a, > a2 > 0. 
Clearly v1, v2 + V1, U3,---,Un Still generate N. Here we have 


(a1 — az)v1 + do(v2 + V1) + A303 +++ + GnUn = 0. 
The sum of the absolute values of the coefficients is given by 
lay — ag| + |a2| +--+ + lan] = Jaa] + las] +--+ + lanl, 


so it is smaller than the preceding one which is minimal. In this case 
also we have reached a contradiction. Thus v1,...,vp are linearly 
independent over Z. 

We prove the last point. M//Za is torsion free by the first point. 
Since it is finitely generated, then it is free over Z. Let s < r be its 
rank. We may suppose that {@7,...,é@;} is a basis. To show that 
the short exact sequence 


0+Za + M ++ M/Za > 0 


splits, we prove that there exists a morphism of Z-modules f : 
M/Za — M such that sof = Idjgjzq. The unique morphism 
of modules f such that f(é&) = e; for i = 1,...,s satisfies the 
conditions. Therefore the short exact sequence splits and M ~ 
Za@®M/Za. It follows that a may be completed for obtaining 
a basis of M and the case d = 1 is finished. 

Suppose now that d > 2. Let 6); = c,;/d. Then by what have been 
proved it is possible to find a matrix A = (a;;) such that Det A = 1 
and a,; = b;; . Multiply the first row of A by d and obtain a matrix 
B with Det B = dDet A = d and the matrix B has the required 
properties. 

Remark. Indeed the result proved in the second point is valid 
if we replace Z by any principal domain, [Ribenboim (2001), Th. 1, 
Chap. 6.2]. The third point may be proved by using a general result: 
If0 ~ E —~ F +> G-— 0is a short exact sequence of modules and 
if G is free, then the sequence splits, [Ribenboim (2001), Lemma 1, 
Chap. 6.2]. 
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(2) Let {y1,.--,%n} be an integral basis of Kk and let cy1,...,¢in € Z such 
that 1 = cuyi +++: + CinYn. Since ged(ci1,.-.,Cin) = 1, then by 
(1), there exists a n x n matrix B = (b;;) such that 61; = c1; for 
j=1,...,n and DetB = 1. For i = 1,...,n, let w; = D4 bigs, 


WwW} V1 
We Y2 

then | ° | = BI ° |. Since B in invertible and Bo! has integral 
Wn Yn 

coefficients, then w1,...,W, is an integral basis. Since w; = 1, the 


proof is complete. 


Exercise 10.27. 
Let (a1,...,Qm) € C™ such that for any (i,j) € {1,...,m}?, we have 
Aya; = ae QijkOk, Where ajjz € Z for all ijk. Show that ay,...,@%m are 
algebraic integers. 


Solution 10.27. 
We have 


2 
ay = 411101 T+ + A11mAm 


12 = 412101 T° + A12mMA%Am 

Q1Am = Ami ++°* + A1mmm, 
where the coefficients a;;, are integers. We may express these equations in 
the form: 


ay a1 
a2 a2 

a1 = M 5 
Am Am 


where WM is the matrix with integral coefficients given by 


Q111 112 nes aA11m 

Q121 122 28 a12m 
M= 

QAiml1 Aim2 ee Qimm 


This implies that a, is an eigenvalue of the matrix M. It follows that 
ay is a root of the polynomial f(x) = Det(M — xJ). Since this polynomial 
has integral coefficients and since the leading coefficient is equal to (—1)™, 
then a, is an algebraic integer. The same proof is valid for a2,...,Qn. 
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Exercise 10.28. 
Let K be a number field, A be its ring of integers and 0 € A such that 
A#Z(6|. Let p be a prime number and S = {a+ pA,a € Z[6]}. 


(1) Show that S is a subring of A/pA. 
(2) Consider the following identities 


(i) S=Z[6]/pA. 
(ii) S = Z[O)/pZ/6). 


Show that (i) has no meaning and (ii) is false. Show that S is a 
quotient of some ring by an ideal. 


Solution 10.28. 


(1) Obvious. 

(2) Since pA is not contained in Z[6], then Z[6]/pA has no meaning. The 
zero elements of S and of Z[6]/pZ[6] are equal to pA and pZ/6] respec- 
tively. Since Z/0|] ¢ A, then pZ[6|p ¢ A, thus (ii) is false. We claim 
and we omit the proof that S = (Z[@] + pA)/pA. 


Exercise 10.29. 

Let p be a prime number, K be a number field of degree n over Q and A 
be its ring of integers. Let 6 be an element of A. It is known that Disc(@) 
may be written in the form Disc(@) = I(@)? Disc(K), where I(@) is a non 
negative integer called the index of 6. Moreover I(#) 4 0 if and only if 
6 is primitive over Q. In this case I(0) = (A : Z[]), see [Marcus (1977), 
Exercise 27, Chap. 1]. Show that the following assertions are equivalent. 


(i) p| I(@). 
(ii) There exist an integer m, 1 < m < n—1 and ao,@1,...,@m—1 € Z 
such that 0” + am—10™~! +---+ag =0 (mod pA). 
(ii) F, (0) ¢ A/pA. 


Solution 10.29. 


* (i) = (ti). 
e First proof. Let {w1,...,wn} be an integral basis. For 7 = 
0,...,n—1, write 6 in the form 67 = 5~""_, c]w;. These equations 


may be formulated as follows 
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1 Wy 

6 WwW. 
= , where M is the matrix = (Cj )ozjen—1 

gr-1 Wn, 


Let oj, for 7 = 1,...,n, be the distinct embeddings of K into C. 
Then from the above identity of matrices, we get 


1 o;(w1) 

a; (9) 7; (w2) 
=M 

3 (0)"} Pitas 


All these n equations may be summarized in the following single one 
(0; (a) eee = M(o; 3) ese Taking determinants of both 


sides and squaring, we obtain 
Disc(1,0,...,0”~') = Det(M)? Disc K, 


hence J(@) = |Det(M)|. It follows that p | I(@) if and only if 
Det(M) = 0 (mod p), if and only if the columns of M are lin- 
early dependent over F,. This is equivalent to the existence of 
ao,---;@n—1 € Z, not all 0 such that 


dig 10"? Hai $--- ag =O (mod pA), 


that is if and only if there exist an integer m, 1 < m < n—1 and 
9,1, -++;@m—1 such that 0™ +am_10"-1+-+-+a9 =0 (mod pA). 
e Second proof. We have 


p|1(@) = p| (A: Z{6)) 
& There exists 7 € A whose order in A/Z[6] is equal to p 
© There exists y € A\ ZO], py € Z[6] 


n-1 

& There exists y € A\ ZO], y= (x «0) /p with a; € Z 
i=0 

<= There exist integers m,da9,@1,.--,@m—1, with 1<m<n-1 


such that 6” + @m—10" + +---+a9=0 (mod pA). 
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x (ii) = (iii). (ti) means that 1,0,...,0”~1 are linearly dependent over 
F,. Since the dimension of A/pA over F, is equal to n, then (itz) has 
the same meaning. We thus get the equivalence of (iz) and (#iz). 


Exercise 10.30. 
Let kK be a number field of degree n, A be its ring of integers, 6 € A and 
f(a) be its characteristic polynomial over Q. 


(1) Let p be a prime number. For any u(x) € Z[2], denote by u(x) the poly- 
nomial with coefficients in F, obtained from u(x) by reducing modulo p 
its coefficients. Let Z = {u(x)) € F,[z], u(@) = 0 (mod p)}. Show that 
TZ is a non zero principal ideal of F [a]. Let uo(a) be a monic generator 
of Z and let Mg(a) be any monic polynomial with integral coefficients 


such that Mg(x) = uo(). Call this polynomial the minimal polynomial 
modulo p of #6. Show that Mo(x) | f(x) in F,[a]. Recall from Exercise 
10.29 that p | I(@) if and only if deg Mg(x) < n. This equivalence may 
be used to answer the questions hereafter. 


(2) Let pA = Py’ ---P£ be the splitting of p in A. Write f(x) in the form 
Tha f(x)" + pg(a), (Eq 1) 

where g(x), fi(x),..., fs(x) are polynomials with integral coefficients, 
degg <n, fi(x),..., fs(x) are monic, distinct and irreducible over F,. 


(a) For any i € {1,...,r}, show that there exists a unique j = j(z) € 
{1,...,s} such that f;(0) =0 (mod Pi). 
(b) Shaws that My(x) = bE fila)’ i(x) (mod p), where 1 < hi, < hj 
for 7 =1,...,8 
(c) Deduce that the map @¢ : {1,...,r} — {1,...,s} defined by 
o(t) = g(t), where j(i) is the unique integer in {1,...,s} such 
that fj(;)(9) = 0 (mod P;), is surjective. 
(d) Using Exercise 10.29, show that p | I(@) if and only if there exists 
j€{1,...,s} such that hi < hj. 
(3) Let 7 € {1,...,s} and let J = {i € {1,...,r}such that f;(@) = 0 
(mod P;)}. Show that hi; = mazics|ei/vp, (fj (9))|- 
(4) Let j € {1,...,s} such that hj; > 2. Show that hi, < h, if and only if 
fj (x) | g(z) in F, [a]. 


(5) Show that the following conditions are equivalent. 


(i) p| 1(@). 
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(ii) There exists 7 € {1,...,s} such that h; > 2 and f;(x) | g(x) in 
F,|z]. 
(6) In each of the following cases, determine I(@), Disc(A’), an integral 
basis and for any prime p dividing Disc(6), its splitting in K. 


(i) f(z) =a? — 4. 
(ii) f(v) =a3 +42 +8. 


Solution 10.30. 


(1) Obviously Z is an ideal of F,[x], hence principal generated by some 
polynomial ug(x). Since f(a) € Z, then Z 4 (0). Therefore up(x) 4 0 
and we may suppose that ug(x) is monic. Since My(x) = uo(a) and 

f(x) €Z, then Mo(z) | f(x) in F,[z]. 


(2)(a) Since Mo(x) | f(x) in F,[x], then Mo(z) | bar Fila)”. Let i € 
{1,...,r} and let (x) € F,[z] be the minimal polynomial of 6 + P; 


over Fy. Since y(x) | Mo(x), then (x) divides [Tj _, F(a) ”, hence 
there exists j = j(i) € {1,...,s} such that u(x) = f;(z). From 
w(@ + P;) = 0, we conclude that f;(0) = 0 (mod P;). We show 
that this index j = j(2) is unique. Suppose that f;(0) = f;(6) =0 
(mod P;) for 7 #7’. Since f;(x) and f;/(z) are coprime, then there 
exist u(x) and u(x) € F,[z] such that u(x) f;(x) + u(x) fj (v7) = 1. 
Substituting 6 for x, we get 0 =1 (mod p), which is a contradiction. 
Thus the index j() is unique. 


2 ——h; 


Since Mo(x) | TIS; fi(@) ’(x), then Mg(x) = []$_, fix)" (2) 
(mod p), where 0 < hi < hj for 7 = 1,...,s. We show that, in 
fact, hi; > 1 for j =1,...,8. Let y = Mo(9). Then y € A and y =0 
(mod p), hence y satisfies an equation of the form: 


S 


Y= pan-1y"* + p'an—27"? +++ + (—1)"p"ao = 0, 
where a; € Z fori =0,...,n—1. It follows that 
Mo(0)" — pan—1Mo(0)"— 1 + p?an_—2Mo(0)"-2 +--+ (—1)"p" a9 = 0. 
We conclude that there exists g(x) € Z[z] such that 
Mo(x)" — pan—1Mo(a)"~! +--+ + (-1)"p" ao = fix)q(2). 


We deduce that M(x)” = fx)q(x) (mod p). From this, it is seen 


that any prime factor of f(x) in F,[z] is a divisor of M(x). Thus 
hi, > 1 for j =1,...,8. 
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(c) Suppose that there exists jo € {1,...,s} such that for all i € 
fos 
{1,...,r}, fi.(@) #0 (mod P;). Then IL Ay f;’() =0 (mod p), 
j 

contradicting the property established in (0), that hi,, = 1. Thus the 
map ¢ is surjective. 

(d) In Exercise 10.29, it is proved that p | J(@) if and only if 
deg Mo(x) <n, hence by (b) if and only if there exists j € {1,...,s} 
such that hj < hj. 


(3) Let hj = maaics[ei/vp,(f;(9))]. Let 1 € J then 


wa 


vp, (f)(0))'s = hjvp,(f;(9) = ex, 
hence h, > Tatty: It follows that hi, > [e:/vp,(f;(8))] and then 
h; > h;. We prove the reverse inequality. For any i € J, we have 
CAG) < [e:/vp,(f;(@))], hence CAC) < hee. It follows that 


for any i € J, e; < hi vp, (f;(9)). We conclude that f;(0)"' = 0 
(mod P;"). Therefore hj’ < hj”. 
Substituting 6 for x in mr » we obtain the following identity. 


Tee ae ~ T1140 ay'u~'s = —9(8). 


If hy > hj, for some k € re then hy > 2 and the left side of 
this identity is an integer, hence f,(@) | g(@) in A. By (2)(a), there 
exists 7 € {1,...,r} such that f,(0) = 0 (mod P;). It follows that 
g(9) = 0 (mod P;). Since f(x) is the minimal polynomial of @ + P; 
over F,, then f(z) | g(z) in F,[z]. Conversely suppose that there 
exists k € {1,...,s} such that hy > 2 and f;,(z) | g(a) in F,[z]. Let 
J = {i € {1,...,r}such that f,(0) = 0 (mod P;)}. By (3), we have 
hi, = mazieslei/vp,(fe(9))]. Let t € J such that this maximum is 
reached, that is hi, = [e:/vp,(fx(@)) |. 
e If vp, (fz (0)) > er, then hi, = 1. Since hy, > 2, then, by (2)(d), the 
result is proved in this case. 
e If vp,(fe(0)) < ez, let q(x) and r(x) € Z[z] such that g(x) = 
fe (a)q(x) + pr(x). Using (Eq 1), we obtain 


II f5(0)" = —pfie(@)q(9) — p?r (8). 


Let A and B be the left and right side of this identity respectively. 
We have 


hy = [ee/vp,(fe(9))] < 1+ ex/vp,(fe(9)), 
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hence hi.vp, (fr(0)) <e¢ +p, (fr(9)). Thus 


vp,(A) = hyvp,(fe(9)) + (he — hk) vp, (fe (A) 
< e¢ + vp, (fi(9)) + (hi — hi) UP, (Fe(9))- 


On the other hand, we have vp,(B) > e: + vp,(fx(0)). It follows 
that 


er + vp, (fx(8)) < er + Up, (fe(®)) + (ha — hy)vp. (Fe(9)), 
which implies that hi, < hy. 
(7) => (ai). By (2), (d), there exists j € {1,...,s} such that hj < hj. 
It follows that h; > 2 and then by (4), f;(x) | g(x) in F,[z]. 
(ii) => (2). By (4), h, < hj, hence by (2), (d) p| I(@). 
Here f(x) = 2° — 4, hence Dise(f) = Disc(9) = —332+. This shows 
that 3 is ramified in A. In this case, (Eq 1) reads: 


f(x) = (e@— 1) + 8(@? — 2-1) 


and its is seen that z—1 { 7-2-1 in Fs[z], hence 3 { I(6). 
Therefore, for the prime 3, Mg(x) = f(x). Dedekind’s Theorem (see 
[Marcus (1977), Th. 27, Chap. 3]) shows that 3 is totally ramified. 
For the prime 2, we have f(x) = x? — 2.2 and Z | 2 in F.[z], hence 
2 | 1(0). Obviously 0/2 is not integral since its minimal polyno- 
mial is given by fi (x) = 2° — 1/2. Let pw = 6, then the minimal 
polynomial of yw is given by fo(x) = x3 — 47. From this it is seen 
that 67/2 is integral, (thus Mg(a) = x? for the prime 2) but 67/4 
is not. Recall that for a number field F and for any algebraic inte- 
ger y € E which is primitive over Q, there exists an integral basis 
of the form {1, fi(y)/di,.--, fn—1(7)/dn—1}, where f;(x) is a monic 
polynomial of degree i with integral coefficients and the d; are pos- 
itive integers satisfying the conditions: For any integer d; > d; and 
any monic polynomial g;(x) of degree i with integral coefficients, 
gi (9) /di, is not integral. Moreover I(y) = di -+-dy_ [Marcus (1977), 
Th. 13, Exrcises 38-40, Chap. 2]. Applying this theorem for our 
case, we conclude that {1,0,6?/2} is an integral basis, [(@) = 2 and 
Disc(K) = 2.33. To see how the prime 2 splits in A, we compute 
the minimal polynomial of 97/2. It is given by f3(x) = 2° — 2, hence 
by (5), 2 1(07/2) and then 2 is totally ramified in A. 

Here f(x) = 23+4x+8. We have Disc(f) = —4.43 — 27.8? = —2°.31. 
This shows immediately that 31 { I(@) and then 31 is ramified in A. 
Since f(x) = (x + 3)?(a — 6) (mod 31), then Dedekind’s Theorem 


) 
( 
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[Marcus (1977), Th. 27, Chap. 3] implies that the splitting of 31 in A 
is given by 31 = P?P2, where P; and P2 are prime ideals of A both 
of residual degree equal to 1. We now look at the prime 2. We have 
f(x) = x? + 2(2x + 4). Since F | 22 +4 in F[z], then 2 | 1(0). The 
element 6/2 is a root of f(x) = 2? +241, hence it is an algebraic 
integer. We conclude that for the prime 2, My(x) = «. It is seen that 
6/4 is not integral. Obviously 67/4 is integral. From the value of 
the discriminant of # and the theorem cited above, we conclude that 
{1,0/2, 07/4} is an integral basis, [(@) = 2? and Disc(K) = —31. It 
is easy to see that the minimal polynomial of 97/4 over Q is given 
by fo(x) = 2° + 2x? +a—-1. Since fo(x) is irreducible over Fz, then 
the prime 2 is inert in A. 


Exercise 10.31. 

Let K be a number field of degree n, A be its ring of integers and p be a 
prime number. Let 6 € A be a primitive element, [(@) be its index. Show 
that the following assertions are equivalent 


(i) pt 1(9). 
(ii) A = Z[6] + pA. 
(iii) A C Zp)[6], where Zp) is the localized ring of Z in the prime ideal pZ. 


Solution 10.31. 
We show the implications (1) > (#1) > (tit) > (i). 


e (i) = (ti). Consider the following diagram. 


We have I(@) = (A: Z[0]) and (A: pA) = p”, hence (A : Z[6] + pA) 
divides both I(@) and (A: pA). It follows that (A : Z[6] + pA) =1 and 
then Z[6] + pA = A. 

e (7) = (iii). Obviously Z[6] and pA are contained in Z,,)[6], hence 
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e (iit) = (z). It is known that A has a basis over Z of the form 


tli fi(9)/di, peer: Fn—1(?)/dn—1}, 


where f;() is a monic polynomial of degree i, with integral coeffi- 
cients and d),...,d,—-1 are positive integers such that d; | dj41, for 
t= 1,...,n—2. Moreover I(@) = d,--+-d,_1 [Marcus (1977), Th. 13 
and Exercise 40 Chap. 1]. Since f;(0)/d; € Zip)[6], then p { d;, hence 
pt 1(6). 


Exercise 10.32. 

Let K be a number field, A be its ring of integers, 0 € A and g(x) = 
Irr(6,Q, 2). Let p be a prime number such that p is not ramified in K 
and p { I(@). Let gi(x),...,9-(a) € Zlx] be distinct monic irreducible 
polynomials such that g(a”) = gi(a#)---g,(x) (mod p). 


(1) Suppose that g;(~) # x (mod p) for any 7 € {1,...,r} and let d; be 
the order of g;(x) over F,. 
(a) Show that the sequence (6”),>0, considered modulo p, is periodic 
and its period T;,(@) is equal to lem;_, (di). 
(b) Show that T,(@) divides lem}_,(p/* — 1). 
(c) Show that there exists a primitive element y € A such that T,(y) = 
lemj_, (pf — 1). 
(d) Compute T3(9) and T7(@) when 6 is a root of g(x) = 2? + 4a +1. 
(2) Suppose that gi(~) = x (mod p) and let d; be the order of g;(x) for 
VS Denia 
(a) Show that the sequence (6”),>1, considered modulo p, is periodic 
and its period T,,(@) is equal to lemj_» (dj). 
(b) Compute T2(a) when a is a root of h(x) = «3 — 5x? + 5x — 2. 


Solution 10.32. 


(1)(a) Since p is not ramified, then the splitting of p in A has the form 
pA=P,---P,, where P;,...,P, are prime ideals of A with residual 
degrees equal to f,..., f, respectively. Set T = lemj_,(d;). For any 
i=1,...,r, we have 0% =1 (mod P;), hence 67 = 1 (mod P;). It 
follows that 07 = 1 (mod [Jj_, P;), that is 07 = 1 (mod pA). We 
deduce that for any non negative integer n, 0+? = 6” (mod pA). 
Let S > 1 be an integer such that 6° = 1 (mod pA), then 0° = 1 
(mod P;) for any i € {1,...,r}. It follows that the order of 0 + P; 
in A/P; divides S, that is d; | S for any 7 € {1,...,r}. Hence T = 


Ww 


NS 


WN 
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lemj_,(d;) divides S. This implies that the period of the sequence 
(0”)n>o0, modulo p, is equal to T = T,(6). 

We have f; = [A/P; : Fp], hence the order of 6+ P; in A/P; di- 
vides |A/P*| = p/* — 1. We deduce that T = lemj_,(d;) divides 
lemj_,(p/* — 1). 

For any i € {1,...,r} let h;(x) € Z[a] be monic of degree f; such 
that h;(x) has its order over F,, equal to pti —1. Suppose that the 
h;(a) are chosen so that if f; = f; andi 4 j, then h;(x) 4 hj(a). For 
any i € {1,...,r} let 7 € A such that 7; +P; is a root of h;(x). Let 
y € Asuch that y = y; (mod P;). Then by Exercise 10.30, ¥ is a 
primitive element of K and p{-. By (a), T,(y) = lemj_, (p* — 1). 
The factorization of g(2) modulo 3 is given by 


g(x) = (@—-1)(2*+2-1), 


hence 3A = P P2, where P; and P2 are prime ideals of A with 
residual degrees equal to 1 and 2 respectively. It follows that d; = 1 
and dz | 3?—1. Obviously dz 4 1. If dz = 2, then 6? = 1 (mod 34), 
hence 0? = @ (mod 3A). But 6? = —46 — 1 # @ (mod 3A), thus 
d 2 # 2. The same reasoning shows that dz 4 4. It follows that 
T3(@) = lem(dj, dz) = 8. 

In F; [2], g(2) is irreducible, hence 7A is prime. It follows that T,(6) | 
7°—1. Since 73—1 = 2.37.19, then the possible values of T7(0) are the 
followings: 1,2,3,6,9, 18, 19, 2.19, 3.19, 6.19, 32.19, 73 — 1. Obviously 
we may exclude the values 1,2. We have 


6° = 39-1 (mod 7A), 0* = 367 — 6,0° = —67 + 26-3 (mod 74), 
6° = 267 +04+1 (mod 7A),6° =6?—6 (mod 7A), 

618 = 367 +2 (mod 7A),6'? = —39—3 (mod 7A), 

6°19 = 26? -39-+2 (mod 7A),6?"9 = 362-6 (mod 7A), 

9°19 =§@—1 (mod 7A), 932.19(9) = —39—3 (mod 7A), 

hence T;(0) = 7? — 1. 

Since p is not ramified, then the splitting of p in A has the form 
pA=P,---P,, where P;,...,P, are prime ideals of A with residual 
degrees equal to f,,...,f, respectively, where fj; = 1. Set T = 
Iem_»(d;). For any i = 2,...,r, we have 6% = 1 (mod P;), hence 
67 = 1 (mod P;). It follows that 07 = 1 (mod J];_, Pi), that is 
67 —1=0 (mod []j_, Pi) and then 67+! = 6 (mod p). The proof 
may be completed by using similar arguments as in (1) (a). 
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(b) We have h(x) = a(a?+a+1) (mod 2) and the polynomial 2? +2+1 
is irreducible over Fz. The order of this polynomial is equal 3, hence 
T2(a) = 3. This means that "+3 = 0” (mod 2A) for n> 1. 


Exercise 10.33. 
Let f(x) = 23 — 2x? —1, 0 be a root of f(x) in C, K = Q(#) and A be the 
ring of integers of K. 


(1) Show that f(x) is irreducible over Q and that {1, 0,67} is a basis of A 
over Z. 

(2) Show that 2A = P)P2, where P; and P2 are prime ideals of A having 
their residual degrees equals to 1 and 2 respectively. Show that P, = 
(0 —1)A and Py = (67 +0+1)A. 

(3) Show that 3A is prime in A. 

(4) Let J = 3(@—1)?A+4(0? +0+1)A. Determine a basis of I~! over Z. 

(5) Show that 36 € I and find a € A such that J = 364+ aA. 


Solution 10.33. 


(1) Since the polynomial f(x) has no root in Z, then it is irreducible over 
Q. According to Exercise 10.5, we have Z[1/6] = Z/0], thus it is 
equivalent to show that {1, 1/0, 1/67} is a basis of A over Z. This claim 
is true since the minimal polynomial of 1/0 is given by F(x) = #°+2a-1 
and the discriminant of this polynomial, being equal to —59, is square 
free. 
Since f(x) = (w—1)(a?+a+1)—22?, then, by Exercise 10.30, 2 | [(0) 
and 2A = P1P2, where P, and P2 are prime ideals of A having their 
residual degrees equal to 1 and 2 respectively. Since 6 — 1 is a root of 
the polynomial f(a~+1) and since the constant term of this polynomial 
is equal to f(1), that is to —2, then Nx jg = 2, then P; = (9 — 1)A. 
Let y = 67+ 0+1. By the method used in Exercise 5.30(3)(b), 
we find that the characteristic polynomial (here equal to the minimal 
polynomial) g(x) of 7 is given by g(a) = x? + 3a? — 4. Moreover, since 
g(x) = x?(x + 1) + 2(a? — 2), then by Exercise 10.30, 2 | [(7) and 
Po = yA= (0? +04+1)A. 
(3) The reduced polynomial of f(a) modulo 3 has no root in Fs, hence it 
is irreducible over this field and then 3A is a prime ideal of A. 
(4) Let x € K, then 


réeItealca 
< 2(3(9-1)?)€ A and 2(4(6?+041)) EA. 


+ i) 
i) 
Neat 
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Set x = (a + 210 + x267)/d with x9,x1,22 € Z and d is a positive 
integer. Using the relations 6? = 20? +1, 04 = 462 + 6 +2, we find the 


following identities 


6? (xp + £2) + O(—2x9 + 21 + X2) + (Zp + 21) 


and 


d 
6? (xo + 321 + 722) + O(xo +21 + £2) + (to +21 + 322) 


4e(0?° +041) = : 


d 


We deduce that x € I~! if and only if d divides the following integers 


3(zo +22), 3(-2%9+21+2%2), 3(%0 +21), 
A(ap +32, + 722), A(aot+a,+22), 4(ag +21 + 322). 


(a) Suppose that 2 € I~! and d is odd, then since d divides the three 


wa 


last integers in the above list, we conclude that d divides each of 
the integers 79 +321 +72%2, Lo +2%1+2%2, Y9+214+3zx2. This implies 
that d divides x1, 42, x3 which means that x € A. 

Suppose that « € I~! and d= 2 (mod 4). Let 5 = gcd(d,12) and 
set d = dd’, where d’ is odd and 6 = 2, or 6. From the conditions 
on d described above we deduce in particular that d divides each of 
the following integers 79 + 3%, + 7%2, +214 42, T+ 21+ 322. 
It is easy to show successively that d’ | x2, d’ | x1 and d’ | x. Let 
yo = to/d’, yi. = @1/d' and yo = x2/d’, then 6 divides each of the 
followings integers 


3(Yo oie. y2), 3(—2yo + Yl + y2), 3(Yo +1); 
A(yo + 3y1 + Ty2), 4(Yo + yr +2), 4(yo +41 + 3y2). 


e If 6 = 2, we get yo = yt = yo (mod 2). Set yy = yo + 22, and 
Y2 = Yo + 222, then we conclude that 
x = (xo + 110 + £26") /(5d’) 
= (yo + (yo + 221)0 + (yo + 222)07) /2 
= yo(1+0+07)/2+ 210 + 2267. 


e Ifd =6, we get 2| yot+ yo, vit Yo, Yt, that is yo = y1 = Yo 
(mod 2). We also obtain that 3 | yo + y2, yo t+ yi + y2, Yot YI; 
which implies yz = y1 = yo = 0 (mod 3). From these conditions 
modulo 2 and modulo 3, we may set yo = 320, y1 = 320 +621, yo = 
320 + 622. As above, we obtain x = zo(1+0+67)/2+ 210 + 2267. 
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(c) Suppose that 2 € I~! and d = 0 (mod 4). As above, let 6 = 


gcd(d, 12) and set d = dd’, where d’ is a positive integer and 6 = 4, 
or 12. We know that dd’ divides each of the followings integers 
3(xo Be x2), 3(—229 + 21 +22), 3(%o + 21), 
A(ap +321 +722), A(aot+a1+2%2), 4(to +214 322). 


e If 6 = 4, then 3 { d’ and conclude that d’ divides each of the 
integers 


(to +22), (—2a9+41+22), (20 +21), 
(xo +321 + 7x2), (ap +21 +22), (ao + &1 + 322). 


It follows that d’ divides each of 2, 21, xg. Let yo = x0/d’, 
y1 = @1/d' and yg = x2/d’, then 4 divides each of the followings 
integers 

3(yo + y2), 3(-2yo+yi+y2), 3(Yo+y), 

A(yo + 38y1 + Ty2), 4(Yo tyr tye), 4(Yo +41 + 3y2), 


thus 4 divides each of the integers 


(yo + y2), (-2yo+yi +42), (yot+y1)- 


It follows that y: = —yo (mod 4) and y2 = —yo (mod 4). Set 
yi = —Yyo + 421 and ye = —yo + 422, then x = yo(1 — 0 — 67) /44 
210 + 2007. 

e If 6 = 12, similar computations as above show that d’ divides 
0,01, 22. Setting yo = wo/d', y: = 21/d' and y2 = x2/d', we 
get yo = yi = yo = 0 (mod 3) and y; = —yo (mod 4), y2 = —yo 
(mod 4). Set yo = 320, yr = —320 + 1221 and yo = —3z0 + 1220, 
then x = zo(1 — 0 — 67)/4 + 210 + 2267. 


We have proved that x is a linear combination of 
{1,0,07} or {(1+64+67)/2,6,07} or {(1-—0-—67)/4,6,07}. 


Since (1+ 6 + 67)/2 = 2(1—6—67)/4+6 +607, then in any case x 
is a linear combination of the last set of generators. On the other 
hand since A Cc I~!, then @ and 6? € I~!. To obtain the same 
conclusion for (1 — @ — 6?)/4, it is sufficient to verify that 

(1 — 6 — 6”) /4(36" —60+3) and 

(1— 0-67) /4(40? + 404.4) cA. 
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We have 

(1 — 6 — 6?)/4(36? — 606 +3) = -3(67 + 0) € A and 

(1 —6—67)/4(40? + 40+4) = (1-0-67)(@? +6+1) EA, 
hence the result. We conclude that {(1— 0 — 6?)/4, 0, 07} is a basis 
of I~* over Z. 


(5) We have 360 = 3(46? + 46 + 4) — 4(36? — 604+ 3). Since @ is a unit, then 
36 € A. Set B = 36I—', then we have 


aA+36A =I all + 36117 = 11" 
eal*+B=!I 
Sal!+P=I, forany P|B 
Sal'¢P, forany P|B 
e&ag¢IP, forany P|B. 
The factorizations of 3(@ — 1)? and 4(0?+@+1) into products of prime 
ideals of A are given by 3(0 — 1)? = 3AP? and 4(6? +0 + 1) = P?P3, 
hence I = P? and then B = (3A)?P3. The conditions above on a read 
a ¢ IP2 and a ¢ 3AlI. Clearly a = (8 — 1)? works. 


Exercise 10.34. 

Let K be a field of characteristic 0, 2 be an algebraic closure of K and let 
U be the set of elements 6 € Q for which there exists a € (2Q* such that 
B= a/a’, where a’ is a conjugate of a over Kk. Call the elements of U/, 
U-numbers. 


(1) Let F be a finite extension of Q and k be a positive integer. Show that 
for any prime number p, except finitely of them, «* — p is irreducible 
over F’. 

(2) Let 8 € Q. Suppose that 8” € U for some positive integer k. Show 
that 6 EU. 

(3) Let 6 € Q, Ng be the normal closure of K(G) over K, Gg = Gal(Ng, K). 
For any ag € Gg, let e, be the smallest positive integer such that 
o°(B) = B and let P(o, 8) = T]§25' 07(8). 

(a) Show that the following conditions are equivalent. 
(i) BEU. 
(ii) There exists 0 € Gg such that P(a, 8) is a root of unity. 
(b) If the equivalent conditions (i) and (iz) hold and P(o, {) is a k-th 
root of unity, show that 8 may be written in the form 8 = a/ a , 
where a’ is a conjugate of a over K and a® € Ng. 
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(c) Show that (2) is equivalent to the following assertion. 


(iii) There exists 0 € Gg such that lk o*(8) is a root of unity 
where n is the order of o. 


(4) Let & = K(G) and suppose that E/K is cyclic. Show that 6 € U if 
and only if Ng/«(8) = 1. 


Solution 10.34. 


(1) Let p be a prime number and f(r) = x* — p € Fa]. Then, by [Lang 
(1965), Th. 16, Chap. 8.9], f(a) is reducible over F if and only if there 
exists a prime I | k such that p € F" or 4|k and p € —4F*. For any 
prime number / such that 1 | k, let P;} ={p prime, p«€ F'}. If 4| k, 
let Pi = {p prime, p € —4F*}. To get that the set of primes p, 
for which x* — p is reducible over F, it is sufficient to prove that P is 
finite for any prime factor | of k and that P, is finite. Suppose that P; 
is infinite for some prime factor | of k, then as it is said above, for any 
p € P), there exists a € F such that p = a!, that is F contains the field 
Q(p'/"). Since the number of subfields of F is finite, there exist two 
distinct prime numbers p; and p2 belonging to P;, such that p, 4 1, 
po & Land Q(py!") = Q(py!"). 

Claim. Let p and | be distinct prime numbers and K = Q(p!/’). Then 
except possibly for J, the only prime number which is ramified in K is 
D. 

Proof. Let a = p'/! and g(a) = Irr(a, Q) = a! — p. We have 


Disc(g) = (—1)"-YPA Nx 9(g (a)) = £(DUplt. 


This shows that the only prime, excluding /, which can be ramified in 
K is p. We show that effectively p is ramified in kK. Using the result of 
Exercise 10.30, it is seen that p{ J(@) and then p is ramified in K. 
We deduce from this claim that p; is ramified in Q(p; / ') but not in 
Q(p;"") for i,7 € {1,2}, 7 #7, contradicting the equality of the fields. 
We have proved that P; is finite. The same proof, mutadis mutandis, 
works for P4 and will be omitted. 

Let y € 2 such that B* = aes where ' is a conjugate of y over K. 
Let p € Q such that p* = y. Let o : K(y) + © be the unique K- 
embedding such that o(y) = 7 and let 6: K(p) > Q be its extension 
to K(p). Since p* = y, then 6(p)* = 6(y) = o(y) = 7. Therefore 


— 
i) 
San 


B= (abe) a a We deduce that 8 = e,p/G(p), where e, is a 
k-th root of unity in Q. Let F = K(p,e,) and let p be a prime number 
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such that x«* — p is irreducible over F. Let p!/* be a root of «* — p 


sd 
Consider the 


in ©, then we may write § in the form 6 = [Ser ap- 


following diagram of fields. 


F(p'/*) 


™, 
ra 


Since F and K(p!/*) are linearly disjoint over K, there exists a K- 
embedding 7 : F(p!/") > Q such that 


K(p\/*) 


r(pi/*) = €, pi/* and 
T(p) = 4(p). 

We deduce that t(pp'/") = G(p)e,'p'/*, hence B = pp!/*/r(p(p'/*), 
thus 8 = a/a' where a = pp'/* and a’ = r(pp!/*) is a conjugate of a. 
(3) © (¢) > (i). Let a€ Q such that 8 = za) With 7 € Gal(No, K), then 
BE Ne, hence Ng C Na. Let o be the restriction of r to Ng, then 
a € Gg. We consider P(o, 8) = []§25' o*(8). Let n be the smallest 

positive integer such that 7”(a) = a. Since 


o"(B) = 7¥(8) = 7" ( = )- te = aay 78 


then m|n. Set n = mk. On the one hand we have 


To (5) Ho = (B1,-+> sBm)* = PCa, 8)". 


On the other hand we have 
= i-1 a = i- 1( 
oO —}= T 7 T 
I (.,) I] oT a)/7"(a) = 


hence P(a, 8)* = 1. It follows that P(o, 8) is a root of unity. 
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(it) > (4). Let o € Gg such that P(c, @) is a k-th root of unity for 
some positive integer k and let e be the smallest positive integer such 
o°(8) = 6. Let N be the Galois closure of K (3) over K, F = Inv(o) 
andn=[N: F], then, |<o>|=[N: F] =n. Therefore e|n. We 
deduce that [[j-5 1 6 ,(3)* = 1. Let y € Ng be a primitive element 
over K and let m be the smallest positive integer such that 0” (y) = 
y, then as o” fixes y, then it fixes any element of Ng, thus m = n. 
Let 8; = o*'(8) and y; = 0° 1(y) fori =1,...,n then J];_, 8’ = 
and the 7; are the distinct conjugate of y. For any j € {1,2,..., s}, 
let py = 1 1 1 Pr Consider the homogeneous system of 
linear equations: ae jx; = 0,j = 1,...,n. Its determinant is 
a Vandermonde determinant, hence non zero. Therefore it has a 
unique solution, namely the trivial one. It follows that there exists 
gj € {1,...,n} such that u; A 0. Otherwise x} = --- = zt, = 0, 
contradicting the fact that [])_, BY #0. For this index j, we have 
Bo (Hj) = BYo (Bt + 1BBT Bd +++ + VBE + Bn) 

= B (BBE + 138385 +++ + 1883 Bu + VBE Bn Bt) 
Since Bf... Bk = 1, then B¥o(u;) = pj. Therefore BF = pj/o(";) € 
U. 
Using (2), we udie that 6 EU. 
(i) <= (itt). Since o” = Idy,, then o”(8) = £, hence e, | n. Set 
N=€,°q Where q is a positive integer, then [[}"5 ' 0(B) = P(o, p), 
hence tes, » 2'(8) is a root of unity if and only if P(o, 8) is 


Sufficiency of the condition. 
Let o be a generator of Gal(E, K), n = [E : K], then 
n—-1 
1 =Nz;x(8) = [[ o*(4), 
i=0 


hence by (3) (iii), 6 € U. 
Necessity of the condition. 
Let a € E such that 8 = =, where r € Gal(E, Kk), then 


Ng/x(8) = Nzgyx(@)/Nzx(t(@)) =1. 


Exercise 10.35. 
Let K be a number field, A be its ring of integers and p be a prime number. 
Let P be a prime ideal of A such that Nx/a(P) = p’, where f is a positive 


integer. 


Let ¢(a) € Zla] be monic of degree f such that its reduction 


modulo p is irreducible. 
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(1) Show that there exists 0; € A such that vp(¢(@1)) = 1. 
(2) Let k > 1 be an integer. Show that A/P* ~ F,|[2z]/*(x)F,[z]. Deduce 


that |(A/P*)*| = pf) (pf — 1). 


(3) Show that there exists 0 € A such that vp(¢(6)) = 1 and vp (¢(0)) = 0 


for any prime ideal P’|p and P’ # P. Deduce that 


P =pA+ 4(0)A = (p, 6(6)). 


(4) Let {wi,...,Wn} be a basis of A over Z and let @ = (u1,...,Un) be an 


n-tuple of independent variables over Q. Let 7 = S7}_, wits. 


(a) Show that 7 = oy L; (ti)? (mod P), where L;(z) is a linear 
form with coefficients in F, for 7 = 0,1,...,f—1. 

(b) Let H(i,«) = [[{=}(e — O42) L,(@)6%"). Show that H(i,x) € 
F,[u, 2] and H(w, x) is irreducible over F,. 

(c) Let H(u,x) € Zlti,z] be a monic lift (in x) of H(u,x) and let 
Q1,...,Q@q € A be all the non zero coefficients of the monomials 
uj ---ulm in H(a,n). Show that P = (p,ai,..., Qa). 


n 


Solution 10.35. 


(1) Let 6; € A such that 6; + P is a primitive element of A/P over 


NN 


Fp and ¢(z) is its minimal polynomial over F,, then $(@:) = 0 
(mod P). If (01) # 0 (mod P?), the proof is complete. Otherwise, 
let 7 € P\ P? and pw = 6; +7, then $(u) = 0 (mod P) and ¢(pu) 4 0 
(mod P?). Therefore replacing 6, by yu if necessary, we may suppose 
that vp(o(@1)) = 1. 

Consider the map W : F,[z] + A/P* such that W(g(x)) = g(01) + P*. 
Obviously W is a morphism of rings. Let g(x) € F,[x]. If d*(x) | 
g(x), then obviously g(9,;) = 0 (mod P*). We prove the converse by 
induction on k. The claim is true for k = 1. Since ¢(a) is the minimal 
polynomial of 6; + P in A/P. Suppose the claim is true for k — 1 and 
suppose that g(@;) = 0 (mod P*). Let g(x) = 6(x)q(x) + r(x), where 
q(x),r(z) € F,[a] and degr < deg @. Since r(6,) = 0 (mod P), then 
r(x) = 0, that is g(x) = ¢(x)q(x). Since vp(¢(61)) = 1, then g(0,) = 0 
(mod P*-!). Therefore ¢*~!(x)|q(a) by the inductive hypothesis. It 
follows that ¢*(a) | g(x). We deduce that Ker V = ¢*(x)F,[x] and then 
F,[x]/¢*(x)Fp[z] ~ Im W. Let f = deg ¢ = [A/P : F,], then 


|F p[x]/¢! (x) Fp[2]| =p“! = |A/P*|, 
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hence Im YW = A/P* and the isomorphism is established. The elements 
of the form 


ag (x) + a1 (x) (x) +--+ + ap_1(x)o* 1 (2x), 


where a;(xz) € F,[z], dega; < deg ¢ = f, fori =0,...,k—1, constitute 
a complete set of representatives of the cosets of the elements of F,[z] 
modulo $*(x)F,[z]. Any element of this form is a unit in F,[z]/¢*(x)F, 
if and only if ao(x) # 0. Therefore the number of units is equal to 
(pf —1)(pf)F-? = (pf — 1)phO-Y, 
Let I be the ideal of A such that pA = P°I and P { I and let y € I 
then 7 ¢ P, and 7 is a unit in A/P?, hence y®’-D?’ = 1 (mod P?). 
Let 6 = 6,y"—)P", then 6 = 6; (mod P?2), hence vp($(0)) = 1. 
On the other hand let P’ be a prime ideal of A such that P’ | I. We 
have ¢(0) = 0f + as_104-! + --- + ao, where ao,...,af—1 € Fp and 
ag # 0 hence 4(#) = ao (mod P’) # 0 (mod P’). It is clear that the 
only ideal of A which divides both pA and ¢(6)A is equal to P, hence 
P=pA+¢(O@)A 
(4)(a) For i = 1,...,n, we have w; = Sar a!0i (mod P), where a! € Z, 
hence 7 = a ite as, , a0) (mod P), thus 


— 
w 
Ww 


f-1 


n= S\ (ual )o (mod P). 


j=0 i=1 


Set L;(@) = 7y_, wat, then n= ye 3 (id ii)0J (mod P). 
(b) Consider the following dikedimn of fields: 


yh 
Mi il 


Since F,,(0) is algebraic over F, and F,(i) is purely transcendental 
over F,, then 
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Clearly the characteristic polynomial over F,,(t) of 7 is given by 


fai f=1 
H(a,x) = ]J {2-50 1,(a@o” 
k=0 j=0 


Let u* = (uj,...,ux) € Z” such that 06 = >>jL, ufw;, that is 
[y(a*) = 1 and L,(u*) = 0 for j #1, then H(u*,x) = d(x). Since 
this last polynomial is irreducible over F,,, then so is H(t, x). 

(c) Let a = (uf,...,u%) such that 0 = 7", utw;, then H(u*, x) = $(2) 
(mod p), hence 


P = (p, 0(0)) = (p, H(u*,0)). 
It follows that P = (p,a1,...,@a) because if a prime ideal Q ly- 


ing over pZ, divides a1,...,aq then it divides H(u*,@) which is a 
contradiction. 


Exercise 10.36. 

Let f(x) € Z[a] be monic irreducible of degree n, 0 be a root of f, K = Q(A) 
and A be the ring of integers of kK. Let $8 be the set of the prime numbers 
p such that p | (0). 


(1) Let wo,w1,...,Wn—1 be an integral basis of the form w; = f;(6)/d;, 
where f;(a) is a monic polynomial with integral coefficients of degree i 
and do,...,dn—1 are positive integers such that 1 = do | di |... | dn—1 
and I(8) = [<p di. This basis exists by [Marcus (1977), Th. 13 and 
Exercise 40, Chap. 1]. Let B = Z[6] and for any p € $8 let 


By = {7 € A, there existsh € N,p"y € B}. 


Show that {f;(0)/p’?),i =0,...,n—1} is a Z-basis of By. 

For any p € §, let {1, f© /pr), vey Ff), [phaa@)} be a Z-basis of Bp, 
where 72 ) (x) is a monic polynomial of degree i with integral coefficients 
and hi(p),...,hn—-1(p) are non negative integers such that hi(p) < 
+++ < hy_i(p). Show that for any 7 € {1,...,n—1}, there exists a monic 
polynomial f;(x) € Z[z], of degree i such that for any p € YB, fi(x) = 
f(x) (mod p’)), Show that {1,  } is 


hn — 
ex phil)? y The 1(P) 


— 
i) 
YS 


an integral basis of K. 
Let ps be a root of g(x) = x? — 5x? — 122 — 64, E = Q(), A be the ring 
of integers of F and B = Z|}. 


(a) Show that g(a) is irreducible over Q and Disc(g) = —4? - 5? - 503. 
(b) Show that I(y) = 20. 


— 
w 
we 
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(c) Show that {1,p,(u? — 1)/4} (resp. {1, w, (u? + 2u + 2)/5}) is a 
Z-basis of Bz (resp. Bs) and deduce an integral basis of E. 


Solution 10.36. 


(1) Let y € By, y = As fi(O)/di, where 1 << k <n-1,\; € Zand 


New 


Arn # 0. We prove by induction on k that is a linear combination 
of 1, f,(0)/p’?(™,..., fn—1(0) /p’?%-) with integral coefficients. The 
result is trivial for k = 0. Suppose that the result is true for any | < k. 
Let h be a non negative integer such that py € B, then there exists 
bo,---,; 0% € Z such that 


k k 

So iv" fil0)/di = S~ 0:6. 

i=0 i=0 
Setting dy, = pre (de) qt we deduce in particular that 

gp” = dep’? 4) dy. 
This shows that dj, | Ax. We have 
Nefie(9)/ die = (Ar / di.) fu(O)/p?™ € Bp, 

hence )~*7> Ai fi(0)/di € B. From our assumptions, it follows that 


hee k-1 
ws A fi(O)/ds = ec wif (0)/p’?\™, 
Kat i=0 
where yu; € Z fori =1,...,4 —1. We conclude that 
k 
1= Do mifi(0) (pe? 
i=0 


with pz, = Ax /d),. Therefore 
{i fi (0) [pre ), ree fn1(0) /proten-) } 


is a generating set of B,. Obviously, this set is free over Z. Therefore 
it is a Z-basis of By. 

The existence of the polynomials f;(x) is established in Exer- 
cise 1.30. We know that A has a Zbasis of the form 1, 
gi(9)/di,---,9n—1(8)/dn—1, where g;(x) is a monic polynomial of de- 
gree 7 with integral coefficients and d,,...,d,—1 are positive integers 
such that dy | dz | dy-1 and I(0) = didg---d,—1 [Marcus (1977), 
Th. 13 and Exercise 40 Chap. 2]. Moreover any of the polynomials 
gi(z) may be replaced by any monic polynomial h;(x) of degree i with 
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integral coefficients satisfying h;(@) = 0 (mod d;) [Marcus (1977), Ex- 
ercise 39, Chap. 2]. For our purpose we take h;(x) = f;(x). The proof 
will be complete if it is shown that d; = [],cqp’™ and fi(@) = 0 
(mod Teese?) fori =1,...,n—1. These congruences are obvious 
and we omit their proof. Let p € $8. Suppose that p!*“?) || d;, then 
(d;/p"") gi(8) = gi(8)/p € By, 

hence 1;(p) < hi(p). On the other hand, f;(0)/p’*) € A, hence h;(p) < 
1,(p). Tt follows that dj = [[,eq p™® for i=1,...,.0-1. 

(3)(a) The reduction modulo 3 of g(x) is irreducible over F3, hence g(x) 
is irreducible over Q. We omit the details of the computations for 
the discriminant of g(x). One may apply the general formula for 
the discriminant of a polynomial of degree 3. Alternatively one may 
proceed as follows. We have Disc(g) = —Nzgz/o(g/(u). We compute 
the characteristic polynomial, say u(x), of g'(~) by the method used 
in Exercise 2.7(4), then Disc(g) = bo, where bo is the constant 
coefficient of u(z). 

(b) Since Disc(g) = —4? - 5? - 503, then 503 { I(w), 0 < ve(I(u)) < 2 and 

0 < vs(I(u)) < 1. We have g(x) = x?(x — 1) — 4(a? — 3a — 16) and 

x | 2(a? — 3a —16) in F2[z], hence, by Exercise 10.30, 2 | I(). We 

compute the minimal polynomial h(x) of a = (u? — p)/4 by using 

the method of Exercise 2.7(4), we find h(x) = «3 —5a? — 34x —72. 

Therefore a € A and v2(I(1)) = 2. 

We also have g(x) = (a — 1)(x — 2)? — 5(x? + 22 + 12) and x — 2 | 

(x? + 2x + 12) in F5{z], hence 5 | I(j). Therefore vs(I(j)) = 1. We 

deduce that I(:) = 20. 

It is clear that By = Z+ Zy+Zp(p—1)/2, hence {1, u, u(u—1)/4} 

is a Z-basis of Bg. Similarly Bs = Z+Zpy+Z(p? + 2u4+2)/5, hence 

{1, us, (u? + 2u + 2)/5} is a Z-basis of Bs. To compute an integral 

basis, we use the method of (2). We compute an integral basis of the 

form {1, 4, go(w)/20}, where go(a) is a monic polynomial of degree 

2, with integral coefficients and satisfying the following conditions: 

g2(x) = x? — x (mod 4Z[z]) and go(x) = x? + 2a +2 (mod 5Z[z]). 

We easily find a solution, namely go(x) = x? + 7x — 8. Therefore 

{1, uw, (u? + 7 — 8) /20} is an integral basis. 


— 
lo) 
WN 


Exercise 10.37. 

Let A be an integral domain, K be its fraction field and f(x) = apx” + 
+++ + dy € Alx] \ A. Let 0 be a root of f in an algebraic closure of K. For 
i=1,...,n—1, let uj(0) = aoO* + a O*-1 +--- +4;. 


338 Galois Theory and Applications: Solved Exercises and Problems 


(1) Show that 7, := ux(@) is integral over A. 
(2) Show that 07, is integral over A. 
(3) Let B= A+ Ay. +--+ + Ayn-1. Show that B is a ring. 


Solution 10.37. 
(1) e First proof. 
Consider the polynomial R;,(y) = Res, (y — ux(z), + f(x)). Then 


> @o 


—do ay, ah Y — ar 0 ner 0 
0 —ag eae —Ak-1 Y— ak soe 0 

_ | 0 0 ae 0 —ao Ls YA Ak 
Re(y) = 1 ai/ao... An, / Qo 0 mies 0 
0 1 Le) An-1/49 Gn/ao 0 

0 0 ae 0 1 Le. An/ ao 


Denote by b! the coefficient appearing in the above determinant at 
the intersection of the i-th row with the j-th column. R,(y) is a 
sum of n+ k terms. One of them is 
+bp top t? “ae bn Ont On +2 ae Oh bk = £(y — ax)" (1)*. 
From this it appears that R,(y) is a polynomial in y of degree n 
and its leading coefficient is equal to +1. Moreover u,(0) is a root 
of this polynomial. Hence to get the result it is sufficient to prove 
that Ri,(y) € Aly]. We may write f(x) in the form 

f(a) = 2"*ug (2) + fe), 
where f(x) is a polynomial of degree at most n — (k +1) with coef- 
ficients in A. We have 


Fit) =e ae: + j(2)) 


= (—1)' Res, (y — ux(z), yx” * + f(z))). 
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Here € denotes any root of ux, (a) —y in an algebraic closure of K(y). 

The polynomials in x, for which we compute the resultant, in the last 

equality above, have their coefficients in Aly], hence Ry(y) € Aly]. 
e Second proof. 

We have 


Or Ry, = —an 410” = an 420" 8? = +++ + An-10 — an 
Oy E = —GK410 = 04490 9 Se ine" = 4@0"*. 
This shows that 1,6,...,0”~1 is a non zero solution of the following 


homogeneous system of equations: 


(4% — Yu)Lo + Gp-121 +--+: + aor, = 0 
(Qk — Ye)@1 + Gp-1%2 +++: + aoXey1 = 0 


(Qk — Yk)@n—k—-1 + Ok—-12n—k + +++ + A0Xn-1 =0 
VeEIn—k + Ok41@n—k-1 +++ + Ano = 0 


The determinant of this system must be zero. Therefore yz is a root 
of a polynomial with coefficients in A whose leading coefficient is 
(—1)*, hence 7 is integral over A. 
(2) It is easy to verify that 7x41 = 0y~ + G41, hence O0y~% = Ye41 — Ak41- 
It follows, by (1), that 67, is integral over A. 
(3) Clearly B is an additive group. For completing the proof it is sufficient 
to show that 77; € B for all 7,7 € {1,...,2— 1}. We use a formula 
relating y; with 7-1 proved in (2). We obtain 


Veg = (Ovi—1 + Gi) yg = We-1j41 — Oj41) + O67; 


and the conclusion follows by induction on 7. 
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Exercise 10.38. 

Let A be an integral domain, K be its fraction field and F be an extension 
of K. Let f(a) € K[x] be monic and non constant such that if the charac- 
teristic p is positive, then p { deg f. Suppose that f(x) = g(h(x)), where 
g(x) and h(x) are monic non constant polynomials with coefficients in E 
such that h(0) = 0. 


(1) Show that g(x) and A(x) € K{z]. 

(2) If f(x) € A[z], show that the coefficients of g(x) and h(x) belong to 
the integral closure of A in K. 

(3) Let fi(z) € K[z]. Suppose that fi(a) = gi(hi(x)), where gi(a) and 
hi(a) are non constant polynomials with coefficients in AK. Show that 
there exist g(x), h(a) € K [a], non constant such that, h is monic, h(0) = 
0, deg g: = deg g, deg h, = degh and fi (x) = g(h(a)). 

(4) Show that the conclusion in (1) does not (necessarily) hold if we omit 
the condition on the characteristic of K. 


Solution 10.38. 
(1) Let m = deg g, n = deg h, 
ge) = a™ + bya 1 +e +B, 
A(t) =a" +ca" 1 +---+e, 12 and 
f(e)=a™™ tac" +++ tamn, 
where @1,..-,@mn € K and }y,...,bm,c1,-.--;Cn-1 € E. Identifying 
the coefficients of r””~!,...,2""-("— in the identity f(a) = g(h(2)), 
we obtain the following equations: 
aj =mc, and 
a, = me, + Fi(c1,..-,¢-1) for *1=2,...,n—1, 
where F; € Z[x1,...,u;-1] is homogeneous of degree i. Since p { degf, 


then p{m and cy =ai/me K. 
By induction, we conclude that c1,c2,...,¢n—-1 € K. We next identify 


mMmn—nN mn—-nmMm 
pee 


in the same identity the coefficients of x Lgl and we 


obtain the following equations: 
by + Gi(c1, Gas »Cn—1) = An 
BEG O14 ta Dest Oris 465 Cpt) = Cay for a= 2,...,mM, 
where Gi; € Z[yi,..., Yi—1, 1,---,;@n—1] is homogeneous of degree m—1. 


By induction we see that b; € K fori =1,...,m. Therefore g(x) and 
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(2) Let ay,...,Q@m be the roots of g(x) is an algebraic closure of K, then 


Ww 


wa 


f(a) = (h(a) — a4)--- (h(x) — am). Let i € {1,...,m} and 6 be any 
root of h(x) = h(a) — a4, then @ is a root of f(x). Since f(x) € Alz], 
we conclude that 6 is integral over A. Therefore the coefficients of h;(x) 
are integral over A. By (1), h(x) € K [a], hence the coefficients of h(x) 
belong to the integral closure of A in K. Now aj,...,Qm are integral 
over A, hence all the coefficients of g(x) are integral over A. By (1) 
these coefficients are in kK’, hence belong to the integral closure of A in 
K, 

Let a,b € E such that the polynomial h(x) = ah(a#)+b is monic and has 
a zero constant coefficient. Let g(x) = g:(2=*), then these polynomials 
g and h satisfy the required conditions. 

Let A = K =F) and let a be a root of u(x) = x? +2+1 in an algebraic 
closure of F2. Let f(z) = 24+ € Fo[z], then f(x) = g(h(x)), with 


g(a) =a? +(a+1)a and h(x) =a? +02. 


These polynomials have their coefficients in F2(a) but not in Fz. Notice 
that f(x) = gi(hi(x)), where gi(x) = hi (x) = 2? +2. 


Exercise 10.39. 


(1) Let L be a field, Q be an algebraic closure of L, (aij) i,7), (bij) («,3) 


Ww 


be two sets of indeterminates with O <i < 7,0 < j < randi+ 
j>r. Let A = L[(ajiz), (bi;)|. Set f((aiz),t,y) = Vj) @aj2"y? and 
g((bij), 2, y) = SLdbyxty?. Let o(z,y) € Lx, y] such that deg ¢ = r. 
Let I be the ideal of A generated by the finite set B formed by the 
coefficients of the polynomial f(x, y)g(x,y) — o(z,y) € Alz,y]. Show 
that the following conditions are equivalent. 


(i) (x, y) is irreducible over 1. 

(ii) I has no zero in 2. 
(iii) T= A. 
Let L be a number field, O be its ring of integers, ¢(a,y) € L[x, y] 
absolutely irreducible. Show that for almost all prime ideals P of O, 
o(a,y) (mod P) is irreducible over an algebraic closure of O/P. 


Solution 10.39. 


(1) $(z, y) is irreducible over 2 if and only if for any families (a7;)(;,;) and 


(b7;) (i,j) of elements of 0, o(x, y) — f((az,), @, y)g((aj;), @, y) A 0 if and 
only if (iz). 
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(it) and (ii) are equivalent by Hilbert’s Nullstellensatz [Lang (1965), 
Chap. 10.2]. 

Let r = deg $(x, y) and let A, B, I be the sets defined in (1). Since ¢ is 
absolutely irreducible then J = A (by iii), hence there exist a positive 
integer k, A1,...,Ax € A and py,..., ux € B such that 1 = os Vi Lie 
Any of these \; and any of these 4; has the form wl(aig),Cbi5)) where d 
is a positive integer and w((a,;), (bj;)) is a polynomial in the variables 
aij,04; with coefficients in O. We first exclude the prime ideals of A 
which divides some denominator of a coefficient of ¢. Exclude also the 
primes P for which deg ¢ < r, where ¢ is the reduced polynomial of ¢ 
modulo P. Finally exclude the primes P which divide any denominator 
d of A; or yy; in the preceding representation. Clearly the excluded 
primes are finite in number. For any other prime P, we define A, B, I 
similarly as A, B,I but now for the field O/P and for the polynomial 


(x,y) of degree r. If we reduce modulo P the above Bezout’s identity, 


we obtain 1 = yy Aijli, hence I = A. Therefore ¢ is absolutely 
irreducible accordingly to (1). 


Exercise 10.40. 

Let f(z) =a" +--+ + a,x + ao € Z[z] be irreducible, 0 be a root of f and 
K = Q(6). Let & be a positive integer with k < n and p be a prime number 
such that p* || a9 and p*t!~* | a; fori =1,...,k. Show that p ramifies in 


K. 


Solution 10.40. 

Suppose that p does not ramify in K, then pA = P, ---P,, where A is the 
ring of integers of K and P,...,P, are distinct prime ideals of A. We have 
agA = Pt --- PEI, where I is an ideal of A whose norm is coprime with p. 
Since Nx /g(9) = +ao, then the ideal @A is divisible by at least one P; say 


P. As P*+1-* | a; fori =1,...,k, we have 
ag = ao — f(0) 
— ( a0 aren a;,0*) (agi 0" free G0") 


=0 (mod P**), 


contradicting p* || a9. Thus p ramifies in K. 


Exercise 10.41. 

If A and B are sets we write A © B (resp. A ~ B) to mean that all the 
elements of A, but finitely of them, are elements of B (resp. A and B 
have the same elements except a finite number of elements). For any non 
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constant F(x) € Za] of degree m define D(F) and D,(F'’) fori = 1,...,n 
by 


D(F) = {p prime, there exists 7 € Z, F(x)=0 (mod p)} 
D;(F) = {p prime, the equation F'(#) = 0 (mod p) has exactly i solutions}. 


(1) Show that D(F’) is infinite. 
(2) Recall the following result from [Marcus (1977), Th. 138, Chap. 1 and 
Exercise 40, Chap. 1]. Let K be a number field of degree m, A be its 
ring of integers and y € A be a primitive element over Q. Then A has 
a basis over Z of the form 

{wo = 1,w1 = ui(y)/di,---,Wm—1 = Um—-1(7)/dm—1}, 
where u;(x) € Z[x] and d; is a positive integer for i = 1,...,m-—1. 
Moreover d | dz | --- | dm—1 and I(y) = didg---dm_1. This shows 
that any element ¢ € A may be expressed in the form ¢ = A(y)/d, 
with A[z] € Z[z] and d is a positive divisor of I(7). 
Let f(x) and g(x) be non constant polynomials with integral coeffi- 
cients. Suppose that f and g are monic and irreducible over Q. Let 
a and £ be roots of f(x) and g(x) respectively in C. If Q(a) c Q(S), 
show that if p € D(g) and p { I(8), then p € D(f). Deduce that 
D(g) © D(f). Show that the inclusion may be strict. 
Let f(a) and g(x) be non constant polynomials with integral coeffi- 
cients. Suppose that f and g are monic and irreducible over Q. Let 
a and £ be roots of f(x) and g(x) respectively in C. If Q(a) = Q(S), 
show that if p {I(a)1(8), then 


pe D(g)=peD(f) and 
p€ Dig) @ pe Dif), 
for i = 1,...,n. Deduce that D(f) ~ D(g) and D,(f) ~ D;(g) for 


VS Dy chins 

Suppose that f is monic irreducible of degree n and let a be one of its 
roots. Suppose that Q(a)/Q is normal. If p is a prime number such 
that p { Disc(f), show that p € D(f) = p € D,(f). Deduce that 
D(f) = Daf). 

Show that if y is a root of F(x) = 24+? +a — 2, then Q(y)/Q is not 
normal. 

Let f(a) and g(x) be non constant polynomials with integral coeffi- 
cients. Suppose that f and g are monic and irreducible over Q. Let a 
and £ be roots of f(a) and g(x) respectively in C. Suppose that Q(3)/Q 
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is normal and that Q(a) Cc Q(8). Let n = deg f. Let p be a prime 
number such that p { 1(3) Disc(f). Show that p € D(g) > p € Dn(f) 
and that D(g) < Dn(f). 

Deduce that if h(a) is a monic irreducible polynomial over Q of degree 
n, then D,,(h) is infinite. 

Let K/Q be a number field of degree n, L be a normal closure of K. 
Let a and £ be primitive elements of K and L respectively which are 
supposed to be algebraic integers. Let f(x) = Irr(a,Q) and g(x) = 
Irr(8,Q). Let p be a prime number such that p { [(8)Disc(f). Show 
p € Dig) &pe€ D,(f) and that D(g) ~ D,(f). 

Let f(z) = 23? -182—6, fo(x) = x? — 36x —78, f3(x) = 2? — 54x — 150 
and let a 1, a2, a3 be a root of f,, fo, fz respectively. Show that 
these polynomials are irreducible over Q and Disc(fi) = Disc(f2) = 
Disc(f3) = 2?.3°.23. By looking at the primes 5 and 11, show that the 
fields Q(a1), Q(a2) and Q(agz) are distinct. 
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Solution 10.41. 


(1) Let m = deg F and set F(x) = bmz™ + bm_-iv™ | +--+ + bo, where 
b; € Z for any i € {0,...,m}. If bp = 0, then the result is clear. 
Suppose that b> #4 0. There exists zo € Z such that f(xo) 4 1 and 
f (vo) # 1, hence D(F’) ¥ @ since it contains a prime divisor of F'(9). 
Suppose that this set is finite and let p,,...,p, be its elements and set 
a=p,:::pr. We have 


F(acx) = bm(abpx)™ + bm—1(abox)™~ 1 + +++ + b1(abpx) + bo 
= bo (abe tae” +.-+-+b,ar + 1) 
= boG(z), 


hence D(G) C D(F). For the same reason as for F’, we have D(G) # 0. 
Let p € D(G), then p | a and there x € Z such that 


pl amon bma™ +++ + bier +1, 


hence p | 1 which is a contradiction. Therefore D(F’) is infinite. 

Let n = deg f. The element a may be written in the form a = u(Z)/d, 
where u(x) € Z[z] and d is a positive integer dividing [() and such 
that d and the coefficients of u(a) are coprime. Since g(x) | f(u(a)/d) 
in Q[z], there exists g(a) € Z[a] such that 


f(u(a)/d) = g(@)q(a)/a". (Eq 1) 
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From this identity it is seen that for any prime p { d, we have p € 
D(g) + p € D(f), hence D(g) © Dif). 

Suppose that f(z) = 22 +9 and g(x) = 27 +1. Let a = 3¢ and 
8 = 1%, then obviously Q(a) C Q(a). We have f(0) = 0 (mod 3), so 
that 3 € D(f). On the other hand, we have g(0) = 1 (mod 3) and 
g(+1) = —-1 (mod 3), hence 3 ¢ D(g). this proves that the inclusion 
proved above may be strict. 


Our assumptions allow us to adjoin to the preceding equation the fol- 
lowing one 


= ; (Eq 2) 


where v(x) and h(x) € Z[x]. We have already proved that if p { 1(6) 
then p € D(g) > p € D(f), thus D(g) S D(f). Using (2), we obtain 
similar conclusions when permuting a and 8, hence D(g) ~ D(f). 

Let p € D;(g) such that p { d and let 21,...,2; be the distinct zeros 
of g(a) modulo p. By (Eq 1), it is seen that u(x;)/d is a root of f(x) 
modulo p. We show that if moreover p { a, these roots are distinct 
modulo p. We have 4;v(u()/d) = 8, hence 


5r(u(a)/d) =x + g(x)a(x)/(d'd°), (Eq 3) 


where a(x) € Zla] and e is a non negative integer. Suppose that 
u(x;)/d = u(a;)/d (mod p), then (Eq 3) shows that x; = x; (mod p). 
Therefore the number of distinct roots of f(x) modulo p is at least equal 
to i. Inverting the roles of f(x) and g(x), we obtain D;(f) ~ D;(g) for 
CH Tyg 

The inclusion D,,(f) S D(f) is trivial. We show the reverse inclusion. 
Set f(x) = 2? + an_12" 1 +--+ +49, with ao,...,an—1 € Z and let 
Q1 = A, Q2 = u2(a)/d,...,Q@n = Un(a)/d, where d is a positive integer 
dividing I(a) and u2(x),...,Un(x) € Z[x]. Let 


Fee) =(y-2) (y- 22)... (ye) 
An-1(©) naa, Ao(a) 


= yn Pons Eq 4 
y” + ay seer et (Eq 4) 
then A;(a”) € Z[x] for 7 =0,...,n—1 and 
n , An-1(@) »_ Ao(a 
F(a,y) = f(y) =y"4 at ly Bree — 


hence A;(a)/d"~J = a; for j = 0,...,n2—1. Therefore f(x) divides 
Aj(x) —d”~a, in Q{z] for 7 = 0,...,n—1. Let q;(x) € Q[z] such that 
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Aj(x) — d"~Ja; = f(x)q;(x). Since f(x) is monic then q;(x) € Z[z] for 
j =0,...,n—1. We have 


F(a,y)=y" + (o0-1 + fo) )) yr 4g (« fa) 2) 


d qr-1 
G(a, 
= fu) + fe) (Bq 5) 
with G(a,y) € Z[x, y]. Let p € D(f), then there exists a € Z such that 
f(a) =0 (mod p). If pf d, then by By (Eq 4) and (Eq 5), we have 


F(a,y) = (y— a)(y — u2(a)/d)--- (y — Un-1(a))/d = f(y) (mod p). 
Since p { Disc(f), then a, ue(a)/d,...,Un—1(a)/d are distinct modulo p. 
Therefore p € D,(f). 

We apply the result for F(x) = 24 + 2? +2 — 2. We omit the proof 
that F(a) is irreducible over Q. We have F(x) = x(a? +x2+1) (mod 2) 
and the factor 23 + 2 +1 is irreducible modulo 2. This shows that 
F(x) is separable modulo 2, thus 2 { Disc(F’). Obviously 2 € D(F’) but 
2 ¢ Da(F). We deduce that Q(y)/Q is not normal. 

Let p € D(g) such that pf Disc(f) (6). Set 


f(a) = 2" tana} $+ bap. 


Let a1,...Q@, be the roots of f which are in Q(G). Let u;(x) € Z[z] for 
t=1,...,n such that a; = u;(8)/d where d is a divisor of I(3). Let 


F(x,y) = |] — wile)/d) = y” + (Bn-1(2)/d)y""! +++» + Bo(x)/a”. 


i=l 


Then 


F(8,y) = [[@—ai) = fy) = y" + (Bn-1(8)/d)y"! +-+-+Bo(B)/a”. 
i=1 

It follows that B;(8)/d"-J — a; = 0 for j = 0,...,n —1. Therefore 
g(x) | B;(x) — ajd"~I in Zia]. Set B;(x) — ajd”~9 = g(x)q;j(x) with 
qj (x) € Z[z]. Then 

[]@ - u(@)/4) = f(y) + 9@) Aa, y)/2", 

i=1 
where H(x,y) € Z[x,y]. Let x € Z such that g(xo) = 0 (mod p). 
Since p { d and p { Disc(f) then f(y) factorizes into distinct linear 
factors modulo p, which implies that p € D,(f). We deduce that 


D(g) © Dl f). 


nN 
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Let a be a root of h, L be a Galois closure of Q(a) over Q, 8 be a 
primitive element of L and g(x) be the minimal polynomial of 8. By 
the first part of (5), we have D(g) © Dn(h). Since D(g) is infinite by 
(1), then so is D,,(h). 

By (5), we have D(g) © D,(f). We prove the reverse inclusion. Let 
pé€D,(f) and let a1,...a@, be the roots of f, then 


n n 
f(z) =] [(@- ai) =] (ai) (mod p), 
i=1 i=1 
where the a; are distinct integers. We deduce that o;(a1,...,Qn) = 
o;(a1,..-,@n) (mod p), where o; is the elementary symmetric polyno- 


mial of degree 7. The primitive element theorem asserts that there 
exists a primitive element of L/Q of the form >;"_, cja;, where c; € Z 
for i=1,...,n. By (3), we may suppose that 6 = S7/_, c;a;. Consider 
the polynomials 


d(x) = II [ _ pe aon) a be d,x* and 
vz) = II [ 3 Be oo) = oe Spa™, 


where the products run over the permutations 7 of the set {1,...,n}. 
Since d, is a symmetric polynomial of a1,...,@, and do, is a symmetric 
polynomial of a1,...,@n, then dg = dy, (mod p). Therefore ¢(x) = W(x) 
(mod p). Since (8) = 0, then g(x) | (x) in Z[a], hence g(x) | o(x), 
where g(x) (resp. $(x)) denotes the reduced polynomial modulo p of 


g (resp. ¢). Therefore g(x) | ~(a). Since w(x) is a product of linear 
factors (distinct or not), so is g(x), which implies p € D(g). 
Eisenstein’s irreducibility criterion for the prime p = 2 applies for the 
three polynomials, hence they are irreducible. It is known that the 
discriminant of a polynomial P(x) = 3 +axz +6 is given by Disc(P) = 
—4a? — 27b?. Using this formula, we obtain 

Disc(f,) = Disc( fz) = Disc(f3) = 2?.3°.23. 
We have f(a) = (a + 1)(# + 2)(a — 3) (mod 11) and both fo, fs are 
irreducible modulo 11, hence 11 € D(f1), 11 ¢ D(fz), 11 ¢ D(fs). 
Therefore D(f1) ¢ D(f2) and D(fi) ¢ D(fs). On the other hand, we 
have f3(x) = x(a — 2)(a +2) (mod 5) and f2(x) is irreducible modulo 
5, hence 5 € D( fs) and 5 ¢ D(f2). Therefore D(f3) ¢ D(f2) and the 
proof is complete by (3). 
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Exercise 10.42. 

Let 01, 02,03 be the roots in R of f(a”) = 23 —3x2+1 such that 0; < 02 < 03. 

(1) Show that 6; = —1.879..., 02 = 0.347... and 63 = 1.529... 

(2) Show that 6. = 07 — 2 and 63 = —07 — 0, + 2. 

(3) Let Qa, = 6? for i = 1, 2,3, a= 010203 + 020304 + 030, a and b = 
810203 + 824302 + 636,01. Show that among a and 6 one and only one 
of them is a rational integer. Compute this integer. 


Solution 10.42. 


(1) Using a simple calculator, we find 


f(—1.879) = 0.002925561 > 0, f(—1.88 = —0.004672) < 0, 
f (0.347) = 0.000781923 > 0, (0.348) = —0.001855808 < 0, 
(1.529) = —0.012441111 <0 and f(1.53) = 0.08423 > 0, 
hence 6; = —1.879..., 62 = 0.347... and 03 = 1.529... 
(2) Since f(x) is irreducible over F2, then it is irreducible over Q. Set 
0, = 9. Using the identities 
6? =30-1, 64 =367-8, 
g° =-6°+99-3 and 6° =967-60+1, 
one verifies easily that f(0? — 2) = f(—6? — 64+ 2) = 0. Obviously 
61, 92 and 63 are distinct. Therefore they constitute the complete set 
of roots of f(a). An alternative way to prove the same assertions is 
to show that f(x) | f(z? — 2). In that case it is obvious that 02 — 2 
is a root of f(x). Moreover the divisibility property of polynomials 
shows also that f(03 — 2) = 0. Straightforward computations shows 
that 63 —2 = —6? —642. 
(3) e First proof. We have 
6; = 0? 
63 = (0 — 2)? =-9? —9+4 
63 = (-0? -9 +2)? =0+2. 


Using these relations and also the expressions of 6°, 64, 6° and 6° as 
polynomials in 6 of degree at most 2, we find a = 0 and b = 3(6?—4). 
Thus a is a rational integer and 6 is not. 

e Second proof. Using the approximate values of 01, 02 and 63 
respectively, we get a = 0.0029... and b = —11.6039.... Therefore 
we may conclude that 6 is not an integer. The approximate value of 
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a does not allow us to conclude that a is an integer. From (2), we see 
that Q(6) is a cyclic extension of Q of degree 3, whose Galois group 
is generated by the automorphism o such that o(0) = 02 = 6? — 2. 
It is clear that a is an algebraic integer. Since 


a(a) = 0(01)a(82)o(a3) + (82)0(03)a(a1) + 0(03)0(A1)o(a2) = a, 
then a € Q. It follows that a is a rational integer and its approximate 
value shows that a = 0. 


Exercise 10.43. 
Let f(x) = x? — 3x +1, 6 be a root of f(x) in C, K = Q(@) and A be the 
ring of integers of K. 


(1) Show that f(x) is irreducible over Q. Show that the roots of f(x) are 
given by 0; = 0, 02 = 6? — 2 and 03 = —02 — 942. 

(2) Show that Disc(f) = 34 and that 34 I(0). Deduce that A = Z[6] and 
Disc(K) = 3°. 

(3) Show that 2A is prime, 3A = P?, where P is a prime ideal of A with 
residual degree equal to 1. Show that P = (9+ 1)A. Show that Dx = 
Pt = (30+3)A. 

(4) Show that 17A = P,P2P3, where P,, P2 and P3 are prime ideals of A 
of residual degree equal to 1. Show that P; = (8+3)A, Po = (67 +1)A 
and P3 = (62-0 +5)A. 

(5) Compute a basis over Z of Dx. 


Solution 10.43. 


(1) Since f(a) is irreducible over F3, then it is irreducible over Q. Using 
the identities 

6? = 30-1, 64 = 367-96, 6° = —62 + 90 — 3 and 6° = 967 — 60 +1, 
one verifies easily that f(6? — 2) = f(-0? - 042) = 0. Obviously 
81, 92 and 63 are distinct. Therefore they constitute the complete set 
of roots of f(a). An alternative way to prove the same assertions is 
to show that f(x) | f(a? — 2). In that case it is obvious that 0) — 2 
is a root of f(x). Moreover the divisibility property of polynomials 
shows also that f(03 — 2) = 0. Straightforward computations shows 
that 63 —2=—-6? —642. 

We have Disc(f) = —4(—3)? — 27 = 34. We find that f(x) = (« + 1)3 
(mod 3) and f(x) = (x + 1)° — 3a(a4+ 2). Since +14 x(x +4 2) in 
Fs3[a], then, by Exercise 10.30 3 { J(@). It follows that A = Z[@] and 
Disc(K) = 3°. 
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Since f(x) = x? +a2+1 (mod 2) and since this last polynomial is irre- 
ducible over Fz, then by Dedekind’s Theorem [Marcus (1977), Th. 27, 
Chap. 3], 2A is prime, that is the prime 2 is inert in A. 

Here also, for the prime 3, Dedekind’s Theorem applies since 3 { I(@) 
and we conclude that 3A = P?, where P is a prime ideal of A with 
residual degree equal to 1. Moreover P = (3,9 +1). We compute the 
norm of +1. Let 6 =6@+1, then @ is a root of 


g(x) = (a@ — 1)? — 3(a@ —1) + 1 = 2? — 327 +3. 


We conclude that Nxo(9 + 1) = —3. It follows that P = (6+ 1)A. 
Since A = Z[6] and since 0 — 1 is a unit, then 
De =f (0)A = (367 —3)A = 3(0 -1)(6+1)A =3(0 + 1)A =P. 


We have f(x) = (a +3)(a+4)(a—7) (mod 17), hence 17A = P1P2P3, 
where P;, P2 and P3 are prime ideals of A of residual degree equal to 
1. Moreover 


Py = (17,0 +3), 
Po =(17,9+4) and 
P3 = (17,0 —7) 


By the method used in (3), we compute the norm of 6+ 3 and we find 
Nx/o(9+3) = 17. Therefore P, = (0+3)A. Since Disc(K) is a square, 
then K is a Galois extension of Q. It follows that the prime ideals of 
A lying over 17Z are conjugate. Thus P2 = (62 +3)A = (0? + 1)A and 
P3 = (03+ 3)A = (—6 —O+4+5)A. 

Let 


Zlal” = {a € K, Trx/9(#Z[a]) C Z}, 


then D = (Z[a]”)~!. We begin with the determination of a Z-basis of 
Zla]”. Since 


fla) = 03 —3¢4+1= (2 —6)(a? + 02 +? — 3), 


then according to [Lang (1965), Prop. 1, Chap. 8.6], Z[a]” is generated 

over Z by 1/f' (0), 0/f (8) and (62 — 3)/f' (0). We have 1/f (0) = 

1/(30? — 3) = (267 + 0 — 4)/9. It follows that 

(207 +0—4) | 7 20° +6—4) | 7 & — 3)(267 + 6-4) 
9 9 : 9 

= Z(207 + 6 — 4)/9+ Z(P + 20 — 2)/9 + Z(—46? — 20 + 11)/9. 


Zlal” =Z 
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Let ce =a+b0+c0? € Z[6], then x € D if and only if 


mCi +6—4) 
9 
(6? + 20 — 2) 
vee 4 3G 
oh? — 20+ 11) 
9 


Easy calculations show that 


OP +9-4) _ wld) 


€ Z(6}, 


€ZI6] and 


Z(6]. 


9 9 
2 _ 
mG yo) ek 
hr 4@? = 20+ 11) _ w(9) 
9 — 9 
with 
(0) (2a + b+ 2c)6? + (a+ 264 c)6 — 4a — 2b-c 
U = 
9 >) 
2 _— _ _— 
v(6) = (a+2b+c)0 +a br toe 2a — b— 2c aa 
(0) (—4a — 2b — 11c)6? + (—2a — 11b — 2c)9 + a+ 4b 4 2c 
W = ‘i 


9 


Therefore, the conditions for x to belong to D are given by 
2a+b+2c=0 (mod 9), 


a+2b+c=0 (mod 9), 
—4a—2b—c=0 (mod 9), 


) 
) 
) 
a+2b+c=0 (mod 9), 
2a+b+5c=0 (mod 9), 
—2a—b—2c=0 (mod 9), 
4a —2b—11c=0 (mod 9), 
2a—11b—2c=0 (mod 9) 
a+4b+2c=0 (mod 9). 


The second and the third equations imply that 3a = 0 (mod 9), that 
is a = 0 (mod 3). Set a = 3a;. The first two equations then become 
b + 2c = 3a, (mod 9) and 26+ c = —3a, (mod 9). We deduce that 
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c = 0 (mod 3). Set ¢ = 3c;. Then b = 3(a, + c1) (mod 9). Set 
b= 3(a1 + C1) + 9b,, then 


x = 3a, +(3(a, +1) +9b1)0+3c,6? = a1 (3 +30) +1 (90) +c, (0 +367). 


This shows that D is generated over Z by {3 + 30,96,0 + 367}. This 
set is obviously free over Z, so it is a basis over Z. 


Exercise 10.44. 
Let p=1 (mod 8) be a prime number, f(x) = x4 — p. Let 6 € C be a root 
of f(x), K = Q(@) and A be the ring of integers of K. 


(1) Show that a = (6? + 1)/2 and 6 = (0° + 6? + 6+1)/4 are algebraic 
integers. 

(2) ) = —28p’. 

(3) Show that pf I(@). 

(4) Show that 23 | I(@). 

(5) Deduce that (0) = 2%, Disc(K) = —2?p? and {1, 0, a, 3} is an integral 
basis of Kk. 

(6) If p=1 (mod 16), show that the splitting of the prime 2 in A is given 
by (2) = P2P.P,, where the prime ideals appearing there have their 
residual degree equal to 1. 


Solution 10.44. 


(1) Since a = (1+ \/p)/2, then a is an integer of the field Q(,/p). The 
element { is a root of the polynomial 


3 4 4 
g(x) = 2* — 2° — 5 (p— 1a" — 2 (p—1)*2- a (p- 1)", 
hence it is an algebraic integer. 
(2) We have 


3 

Disc(9) = Nx/o(f"(8)) = Nxq(46*) = 44(Nxjo(0))” = —2%p’. 
(3) We have f(x) = x* (mod p), f(x) = x*—p(1) and p{ 1, hence p{ I(@). 
(4) We know that the ring of integers of K has a basis of the form 


{1, f:(0)/di, f2(0)/d2, fs(@)/ds}, 


where for every 2, f;(a) is a monic polynomial of degree i, with integral 
coefficients and d; is a positive integer. Moreover I(@) = di dzd3 and the 
coefficients of f;(a) are determined modulo d; [Marcus (1977), Th. 13, 
Exercises 39 and 40, Chap. 2]. Since f(x) = (x—1)* (mod 2), then for 
any prime ideal P lying over 2Z, we have 06 = 1 (mod P). We deduce 


Integral elements, Algebraic number theory 353 


that if 2 | d,, then f1(@) =0 (mod 2), hence f\(@) = 0 (mod P), thus 
fi(x) =24+1. Let p= 0+1, then 0 = p—1 and (u—1)*-—p=0. It 
follows that 

p* — Ap? + 6p? — 4 +1—p=0. 


From this equation it is seen that y./2 is not integral. We conclude that 
2+ d,. We know that a = (6? + 1)/2 is integral, so that 2 | dy. Does 
2? | dj? We must look at 


fola) =a? 41,27 — 1,07 + 2x 11,27 + 2n — 1. 


The minimal polynomial of a = (6? + 1)/2 is given by 


g(a) = 2° —a + (1—p)/4, 
thus it is seen that a/2 = (6? +1)/4 is not integral. 
Let 


+ = (6 =1)/2=a-1, 
then 
vy ty + (1—p)/4=0. 


This implies that (0? — 1)/4 is not integral. 
Let p = (07 + 20+ 1)/2 = y?/2. We find that p satisfies the following 
equation: 


4 OPP) S SBP De 


We deduce that the characteristic polynomial of p/2 is given by 


bp MOD) ors om Bp). yp) 

h(a) = a* — 2° 4 g & +749 *+ 4@ 
Since p= 1 (mod 8), then p 4 35 (mod 8), so that p/2 is not integral. 
Let v = (0? + 20 — 1)/2, then vy = p—1. Using the equation of p, we 
find that of v: 


y*+2V3 4 = 0),2 + (40—4p)v + 6—3p+(1—p)?/16+(35—p)/2 = 0. 


It follows that v/2 is a root of the polynomial 


ae 10 — 
u(t) =a 1 73 4 ee P) 2 _ B) ei 


where c is an integer. Since p = 1 (mod 8), then p= 1 (mod 2), hence 
p #10 (mod 2), thus v/2 is not integral. 
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We conclude that 2 | dz, but 2? {| dz. We now discuss the 2-adic 
valuation of dg. Since 8 is integral, then 2? | d3. Does 2° | ds? Since 
the coefficients of f3(a) are determined modulo 8, we must consider the 
following possibilities for f3(x): 


g)sei+oe? t+oe+l, feo ao +a? +e+5, 

g)oe?+5a%+¢4+1, fra(e) =a? +527 +045, 

z)=a2+a°+5¢+1, foe(x) = 2? +07 +524+5, 
)=at+ 5a? +541,  fag(x) =x? + 5x? +52 +5. 


The following table gives the characteristic polynomial of f3;(0). 


Table 1 

fsi(9) | Char(fsi(9), Q) 

fai(0) | 2+ — 43 + (6 — 6p)x? + (—4 + 8p — 4p”)x +1 — 3p + 3p? 
—p? 

fs2(0) | a4 — 2023 + (150 — 6p)x? + (—500 + 56p — 4p”)x + 625 
—131p + 19p? — p? 

fs3(0) | a4 — 4x3 + (6 — 54p)a? + (—4 + 88p — 20p”)x + 1 — 35p 
+547p? — p 

faa(0) | x* — 202° + (150 — 54p)x? + (—500 + 520p — 20p?)x + 625 
—1251p + 627p? — p? 

fas(0) | x* — 43 + (6 — 22p)x? + (—4 — 56p — 4p?)x +1 — 547p 
+35p? — p? 

fae(0) | x* — 20x? + (150 — 22p)x? + (—500 + 120p — 4p”)a + 625 
—675p + 51p? — p? 

fs7(0) | v* — 4° + (6 — 70p)ax? + (—46360p — 20p?)x + 1 — 195p 
+195p? — p® 

fag(0) | a4 — 2023 + (150 — 70p)ax? + (—500 + 200p — 20p?)a + 625 


+125p + 275p? — p 


nN 


nN 
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This table shows that the characteristic polynomial of f3;(@) is given 
by 
F(x) = a* — 4x? + lower degree terms or 
F(x) = a* — 20x? + lower degree terms. 
In the first case the characteristic polynomial of f3;(0)/8 is given by 
G(x) = «* — (1/2)a3+ lower degree terms, hence f3;(0)/8 is not an 
algebraic integer, thus 2° { d3 in this case. Similarly we get the same 
conclusion in the second case. It follows that [(@) = didzd3 = 23. 
Remark. The polynomials appearing in this table suggest that we 
may avoid computing them explicitly. In fact, finding Trgve)/a(fsi(9)) 
is sufficient for our needs. 
From (2) and (3), we conclude that p* || Disc(K). From (2) and 
(4), we get 2? || Disc(K). It follows from (2) that /(0) = 2? and 
Disc(K) = —2?p?. Consider the inclusions Z[@] C Zla,8] Cc A. It 
is easy to compute the matrix which expresses the coordinates of 6%, 
i = 0,...,3, in the basis {1,6,a,8} of K over Q. Its determinant is 
equal to 8. Therefore (Z[a, 5] : Z[6]) = 8 = I(@). We deduce that 
A = Z{a, (| and then {1,0,a, 6} is a basis of A over Z. 
Obviously, K contains the quadratic field E = Q(,/p) = Q(?). Let B 
be the ring of integers of E. Since p = 1 (mod 8), then 2B = Q,Q,, 
where Q; and Q» are prime ideals of B having their residual degree 
equal to 1. From (5), we know that 2 is ramified in A. It follows that 
the splitting of 2 in A takes one of the following forms. 
(i) 2A = P?P,?. 
(ii) 2A = P?Pp. 
(iii) 24 = P2P, PY. 
Here all the ideals appearing in the splitting of 2, except Po, have their 
residual degree equal to 1. The residual degree of P2 is equal to 2. 
In order to decide which of the splittings (2), (i7) and (#2) is the right 
one, we show that for any y € A, we have 
y=y7 (mod2) or y2=7+1-—6 (mod 2). 
It is easy to prove the following formulas: 
67=2%a-1 and 6 =46-2a-8. 
Using these relations, we get 


e+0+04+1 p-1 p-1, p-1 

2 2 

= (——_____ y= d 

p= nl y=B+ 3 7 6+ 3 an 
62 +1 -1 

a? = ( Pea — 
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Since p = 1 (mod 16), using the preceding identities, we get 6? = 1 
(mod 2), a? = a (mod 2) and 6? = 6 (mod 2). We deduce that for 
any y=a+bé+ca+dB, we have 

VY =a+b0?+ca’? +d? =atb+ca+dB= y+ b(1—6) (mod 2). 
Hence 7? = y (mod 2) if b=0 (mod 2) and 77 = y+1-— 8 (mod 2) if 
b=1 (mod 2). 

The element 6 = @ — 1 will be of some help in the proof. Its minimal 
polynomial is given by u(x) = x4 + 4x3 + 6x? + 4x +1 —p. From this, 
it is seen that Nx /g(d) = 1—-p =0 (mod 16) and (6 — 1)/2 is not an 
algebraic integer. 


e Suppose that the splitting (iz) holds, that is 24 = P?P.. From 
u(x), we see that 9 = 1 (mod P}) and 6=1 (mod P2). Since 6 # 1 
(mod 2), then P,? | @— 1. Since 

Nxjo( = 1) = Nxo(0) =0 (mod 16), 
then P? | @—1. Choose elements 7, and 72 of A such that y € 
P,° and 72 + Pe is a primitive element over Fy» of the field A/Po, 
which is isomorphic to F4. By the Chinese remainder theorem, there 
exists y € A such that y = y, (mod P?) and y = 72 (mod P2). 
Hence y = 0 (mod P?) and 77 +7 +1 = 0 (mod P2). Therefore 
43 +77 + 7 = 0 (mod 2). We have seen that y? = y (mod 2) or 
y? =y+1-6 (mod 2). If 77 = y (mod 2), then y? = 0 (mod 2), 
hence y? = 0 (mod P2), which is a contradiction. If 77 =y+1-0 
(mod 2), then y2+1—6 =0 (mod 2). Since Pz | 1—@, then P2 | 7°. 
Therefore P2 | y, which again is a contradiction. We have shown 
that the splitting (i7) does not hold. 
Suppose that the splitting (i) holds, that is 2A = P?P)2. We have 
9 = 1 (mod P,) and 6 = 1 (mod P;). Since 6 # 1 (mod 2), then 
P? + O—1 or P,2 {O—1. Without loss of generality, we may suppose 
that P24 @—1. Since Nx/g(9 — 1) = 0 (mod 16), then P? | 6 — 1. 
Choose y € A such that P; || y— 1. Recall that we proved that 
any element of A satisfies a congruence equation modulo 2 of two 
possible forms. Since y? — y = y(y — 1) # 0 (mod 2), then the 
first form of these equations does not hold. Suppose that the second 
form is satisfied, that is y? —y = 1—06 (mod 2), then y?-y =1—0 
(mod P?). The Pi-adic valuation of the left side of this congruence 
equation is equal to 1, while the valuation of the right side is at least 
equal to 3, hence a contradiction. 


We conclude that 24 = P?P;P;. 
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Exercise 10.45. 
Let K be a number field with class number h = 2, A be its ring of integers. 


(1) 
(2) 


Let p € A be an irreducible element. Show that p is prime or pA = 
Pi P2, where P; and P2 are prime ideals of A, distinct or not. 

Let a € A*. Let a = 7 ---7, and a = x1---xs5 be two factorizations 
of a into products of (distinct or not) irreducible elements of A. Let ry 
(resp. 81) be the number of (distinct or not) prime elements appearing 
in the first (resp. second) factorization and suppose that these primes 
are 71,...,7r, and y1,...,Xs, respectively. Show that r; = s; and 
reordering if necessary x1,...,Xr,, we have y; and 7; are associate for 
i=1,...,7r1. Deduce that r= s. 


Solution 10.45. 


(1) 


Suppose that p is not prime and let pA = P,---P,. be the factorization 
of pA as a product of (distinct or not) prime ideals of A, then r > 2. 
Suppose that r is odd, say r = 2k+1. Since h = 2, then P;Pi41 = a; A, 
where a; € A\ A* for i = 1,3...,2k —1. It follows that Pox41 is 
principal say Pop41 = Qen41A, thus p = €a103°--Q2~41 with € € A’, 
contradicting the assumption that p is irreducible. We conclude that 
r is even, say r = 2k. As above, mutadis mutandis, we obtain p = 
€Q1Q3°**Q2k-1, where « € A*. This implies that k = 1; otherwise p 
would be reducible. We conclude that r = 2. 

We may assume that r; < s;. Since 1 is prime and divides 7 ---7;, 
then it divides some 7;, thus it is an associate of this 7;. Since 7; 
is not prime if 7 > r,, then i < r;. Therefore we may assume that 
i =1, that is x; and 7 are associated. Set 7, = €,71, then 72--- 7, = 
€1X2°**Xs- Iterating the same reasoning as above, we obtain that x; is 
associate to 7;, for 7 = 1,...,r,. Set 7; = e;x,; for 7 =1,...,71, then 
Try tit Mp = €1°°* €p, Xr 41°°° Xs. If ry < 51, then the prime element 


Xr; +1 Will divide some irreducible (but not prime) element appearing on 
the left side of this identity, which is a contradiction. We conclude that 
r, = 8, and yx; is associate to 7; for j = 1,...,7r1. We also have got the 
following relation 7,,41-+°*Tp = €1°°* €r;Xr,41°°* Xs, Where €),..., €,, 
are units of A and all the factors 7;, y; are irreducible elements but 
not prime. It follows that 7,,41A-+-a,A = xX7r,41A:::xsA. According 
to (1), any ideal appearing in this identity is a product of exactly to 
prime ideals in A. Thanks to the uniqueness of the factorization into 
prime ideals in A, we get 2(r — 11) = 2(s —1r1), hence r = s. 
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Exercise 10.46. 
Let K = Q(,/p) where p = 2 or p is a prime number congruent to 1 modulo 


4. 


(1) Let I be an ideal of A such that I = I’, where I’ is the ideal of 


A obtained from J by applying the automorphism o of K such that 
o(./p) = —,/p. Show that there exists c € Z such that I = cA or 


I=c\/pA. 


(2) Let € be a fundamental unit of K. Show that Nx /g(e) = —1. 
(3) Show that the class number h of K is odd. 


Solution 10.46. 


(1) If a prime ideal P of A divides I and e = vp(I), then e = vp(I’). 


nN 


Ww 


Notice that in A, there exists one and only one prime ideal ramified in 
A, namely ,\/pA. Write the factorization of J into a product of prime 
ideals in the form I = Il; II2(,/pA)*, where 

I= |] P* and b= JI PP’, 

deg P=2 deg P=1 

then clearly Il; = aA and I, = bA, where a and B are positive integers. 
If k is even, say k = 21, then (,/pA)* = p'A, hence I = abp!A, thus 
I=cA with ce Z. 
If k is odd, say k = 21+1, then /p"A = p!/pA, hence I = abp!/pA, 
thus I = c\/pA with ¢ € Z. 
Suppose that Nx /g(€) = 1, then by Hilbert’s Theorem 90, [Lang (1965), 
Chap. 8.6], there exists 7 € A such that « = 7/7, where 7’ is the 
conjugate of y distinct from y. We deduce that yA = y A. According 
to (1), 7 = ne or y = ne,/p with c € Z and 7 is a unit of A. In the 
first case, we have € = y/y' = n/n = +n?. In the second case, we get 


€=9/7 = —n/1 = +n?. In any case we reached a contradiction since 


€ is a fundamental unit. 

Suppose that h is even, then there exists a class [A] of order 2 in the 
group of ideal classes, that is [A] 4 [A] and [A]? = [A]. This implies 
that [A]~! = [A]. Since [A][A’] = [AA] = [aA], with a € Z, then 
[A] = [A7!] = [A]. It follows that there exist a and 8 € A such that 
aA = BA’. We deduce that Nxo(@) = +Nx/o(8). 

If the sign in this identity is +, then Nx /g(a/@) = 1, which implies, by 
Hilbert’s Theorem 90 [Lang (1965), Chap. 8.6], a/8 = 7/7, with y € 
A. We deduce that y’'aA = y8A = 7 BA’, thus yA = 7A’ = (yA)’. 
We have found in this case an ideal J equivalent to A such that I = I ‘ 
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If the sign in this identity is —, then Nx /g(a/e8) = 1, hence a/e8 = 
¥/y with y € A. We deduce that yaA = 7BA = 7 BA, thus 
yA = yA 7 A (yA)’. In this case also we have found an ideal 
I equivalent to A such that J = I’. By (1), we conclude that I is 
principal ant then [A] is of order 1, which is a contradiction. 


Exercise 10.47. 
Let f(x) =a? — 7x +10. 


(1) Show that f(a) is irreducible over Q. Show that this polynomial has 
exactly one real root. Denote it by 0. 

(2) Let K = Q(@) and A be the ring of integers of K. Show that {1,0,w} 
is a basis of A over Z where w = eee Deduce that any a € A may 

be written in the form a = abe oe. where a,b,c € Z, a =0 (mod 2), 
a+2b=a-—2c=b+c=0 (mod 4) and conversely any element a of 
this form with these conditions on a,b,c, belongs to A. 

(3) Let € = ees = 1-—w. For any a € K denote by a and a’ be the 
images of a by the two non real embeddings of K into C. 
Show that |6| < 3.2, |'| < 1.8, |6" — 6'| < 1.6, |6 —6| < 4.9, lel < 2.9 
and |e | < 0.6. Deduce that € is a fundamental unit of A. 

(4) Show that h() = 1. 

(5) Show that A = Z/w]. 


Solution 10.47. 


(1) Since f(x) = x3—x+1 (mod 3) and since x3 — x +1 is irreducible over 
Fs, then f(z) is irreducible over Q. We omit the proof that f(a) has a 
unique real root. 


(2) It is easy to show that the characteristic polynomial of w is given by 


nN 


g(x) = 2° — 5x? + 5a — 2, hence w is an algebraic integer. The index of 
Z[6] in Z+ ZO + Zw is equal to the determinant 

10 2 
A= |01—-—1], hence Disc(1, 0, 07) = 4? Disc(1, 0, w). 

00 4 
Since Disc(1,0,07) = Disc(f) = —4? - 83, then Disc(1,0,w) = —83. 
Therefore Disc(K) = —83 and {1,6,w} is an integral basis. 
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Let a € A, then 


a=x“+y04+ zw 


4 (Ao) 
=rUry + Zz ——<—<——ae 
4 


_ Ag +22 + (4y — z)0 + 26? 
= ; 


hence a has the form a = ane where a = 4%+4+2z, b = 4y-—z,c =z. 


Moreover these identities show that a = 0 (mod 2), a+2b=0 (mod 4) 
and 6 +c = 0 (mod 4). Conversely, given a,b,c € Z satisfying these 
congruences, we may compute z,y, z € Z. 

(3) Let z = «+ iy with z,y € R be a root of f(x), then f(z) = 0 is 
equivalent to the following system of equations 


x? — 3ry* — 74 +10=0 
y(3a" —y? — 7) =0. 
Ify =0, then z=x=0. If y #0, then 
327 —y?-—7=0 and 
x — 32y" — 72 +10 =0, 
hence y? = 32? — 7 and z is the unique real root of the equation 
4x? — 7x —5 = 0. It is easy to show that the characteristic polynomial 
of € is equal to h(x) = 2° +2ar?—2x+1, hence € is a unit in A. If € is not 
a fundamental unit then there exist an integer n > 2 and integers a, b,c 
2 
such that te = (+2447 )” with a = 0 (mod 2), a+2b=a-2c= 
b+c=0 (mod 4). Moreover, we may suppose that c < 0. We deduce 
that a + b0 + c6? = 4(+e)'/” and conjugating this equation, we have 
a+ bo + 6 = A(te) /" 
at+ b0" + co? = A(te)V/", 


The determinant of this system of linear equations in a, b,c is given by 


16 6 
6= {106 6? ) = \/Disc() = +4183. Solving these equations, we 
1 6g” gl 
obtain: 
b= (ee) — 9") + (el)¥/"(6" — 62) + (ee""”")(62 - 8") 
4 u” 1/n Wi/n , 
c= <(+e)'/"(0" — 0’) + (40) GaP ad CeO 6). 


wa 
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Since «' =, 6° =6',0—6" =0—6’, then |e | = |e |, |6"| = |6'| and 
|0 —0"| =| —6'|. We deduce that 


|b] < 1/V83(\e/" |||" — "| + 2\e |1/"|8 ||@ — 4]) 
< 1/V83(|6l|el!/2|9 — 0" | + 2|0'||6° — 4]) 


= 26.4 
< 1/V83( (3.2) V2.9: (1.6) +2: (1.8): (4.9)) < say < 2:89 
and 
lel < 1/V83(e|/?|0° — "| + 2|6 — 4)) 
< 1/V83 (v2.9 NL6 2: (4.9)) 
12.536 
ee A. 
oi, * 

We conclude that b = 0 or b = +1 or b = +2 and since c < 0, then 
c = 0 orc = —-1. The condition 6+ c = 0 (mod 4) implies that 


(b,c) = (0,0) or (b,c) = (1, —1), since « ¢ Q, we immediately reject the 
case (b,c) = (0,0). In the second case, we have 4"(+e) = (a+0— 67)”, 
hence Nx /g(a+6—6?) = +64. But we have a+0—6? = a—2+4e. Let 
pw=at+0—6", then e= ular?) Using the characteristic polynomial 
of €, we obtain 


(#2) 42(ae-ay 2(4-E-?) cpa: 


hence 


(w— (a—2))° 42-4 (uw (a—2))? — 2-4 (u— (a@-2)) 44 = 0. 


Therefore 
Nx/q(at 8 — 67) =Nxyo(p) = (a — 2)° — 8(a — 2)? — 32(a — 2) — 64. 


Since Nxjg(u) = £64, then 2\a but 4{ a. Let d= a — 2, then d is an 
integral root of one of the polynomials: «° — 8x? — 32a, x? — 827 — 128. 
It is easy to verify that the only possibility is d = 0 that is a = 2 and 
then +4¢ = (2+ 6 — 6)" = (4e)” which implies n = 1, contradicting 
our assumption n > 2. 

We use the result [Marcus (1977), Cor. 2, Chap. 5] that any class of 
ideals of A contains an integral ideal J, whose norm satisfies the con- 
dition N(I) < 43) \/| Disc(K)| < 2.58, hence we have to look at the 
ideals of norm 2. We have g(x) = x(a?+a+1) (mod 2) and x?+2+1 
is irreducible over F2, hence 2A = P,P where P; and P2 are prime 
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ideals of A of residual degrees 1 and 2 respectively. Therefore there 
is one and only one ideal of A having its norm equal to 2, namely 
P,. Moreover since Nx g)(w) = 2 then Py = wA and P, is principal. 
Therefore h(i) = 1. 

We have 6? = —2+ 6+ 4w, hence w? = (367 — 70+ 6)/4 = —0 4+ 3w, 
thus 6 = 3w — w*. This shows that A = Z[0,w] = Z[w]. 

Remark. It is seen that the absolute value of the determinant of the 
transition matrix from the basis of K/Q, {1,0,w} to the other basis 
{1,w,w?} is equal to 1, hence the second basis is a basis of A. 


— 
on 
wn 


Exercise 10.48. 

Let p be a prime number, d be a square free integer. Suppose that d = 2 
(mod 4), p = 1 (mod 4), gcd(p,d) = 1 and pd < 0. Let A = tye 
K = Q(Vpd) and E = K(,/p). Let R and S be the rings of integers of K 
and F respectively. The prime number p being ramified in R, let P be the 
unique prime ideal of R lying over pZ. 


(1) Show that P is not principal. 
(2)(a) If {A, B} is a basis of S over R, show that {1, A} is also a basis of 
S over R. 
(b) Deduce that S has no basis {A, B} over R. 


Solution 10.48. 


(1) Since pd = 2 (mod 4), then {1, pd} is a basis of R over Z. Suppose 
that P is principal generated by a + b\/pd with a and b € Z. Set 
y = Vpd. From the relations P? = pR and (pd)? = pd, we deduce 
that p = (at+by)(u+vy) and y = (at+by)(x+y7) with (u,v, x,y) € Z4. 
Hence 


au+bupd=p, av+bu=0, axr+bypd=0, ayt+bre=1. 


Eliminating u between the first two equations, we obtain the following 
equation —v(a? — dpb”) = pb. This equation shows that if v = 0, then 
b= 0. If b = 0 then P = aR, hence Nx/g(P) = a? contradicting 
Nx/o(P) =p. Therefore we may suppose that v 4 0 and b 4 0. Since 
dp < 0, then the absolute value the left side of the above equation 
satisfies the condition 


|vl|a* — dpb*| = |v|(a? — dpb”) < |pd), 


contradicting the same equation. Therefore P is not principal. 
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(2)(a) For any 6 € E, denote by 6 the image of 6 by the unique K- 
automorphism of E’ such that \/p — —,/p. Since 1 and A are 
integral over R, then 1 = a,A + 6,B and A = agA + (2B with 
(a1, 81, a2, B2) € R*. We deduce that 


i 4) = & ) & 3): Equating the determinants of both 


A A a2 Bo BB 
sides of this equality and squaring, we obtain: 
B AA’ 
—~(K_ A)? — 2 i _ 21 Pr _|AA 
(A — A)? = €*6, where € = os and 6 ee 


It follows that P? = (eR)?5R. Sake P is not principal and since 
the factorization of the ideals of R into a product of prime ideals is 
unique, we conclude that «eR = R and P? = dR. Therefore € is a 
unit of R and then {1, A} is a basis of S over R. 

Suppose that S has a basis {A,B} over R, then {1, A} is also a 
basis. Since Vd € S, there exist a, 8 € R such that 


Vd = y/pd/ Vp = 0+ BA. 


By conjugating over K’, we obtain —/pd/,/p = a + GA, hence 


2/pd/./p = B(A — A) = By. 
It follows that 2\/pd = Bp and then 2R\/pdR = (GR)-P?. The right 
side of this equality is divisible by P?, while the first is divisible by 
P but not P? since p = 1 (mod 4) thus p 4 2. We have then reached 
a contradiction. 


SG 
ah 


Exercise 10.49. 

Let K be a cubic extension of Q such that Disc(K) < 0. Suppose that 

Kk CR and let A be the ring of integers of K and ¢€ be the fundamental 

unit of A such that € > 1. 

(1) Show that | Disc(K)|/4 < e? +7. 

(2) Deduce that the real root @ of f(x) = x? — 22? — 1 is a fundamental 
unit of the ring of integers of the field Q(6). 


Solution 10.49. 
(1) Let 0: K +C be one of the complex embeddings, then 
Nxjale) = ea(€)a(e) = elo(e)|’, 


hence Navel €) =1. Let p= |o(e)| = 
and € = sai We have Disc(1,¢,€?) = I 


Set a(e) = pe’, a(€) = pe” 


€)? Disc(K), hence | Dise(K)| < 


Rep 
nm 
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| Disc(1, €, e7)|. We have 


ik ve. +e 
Disc(1, €, €7) = |1 o(€) o(e)? 
1 
) 


a(e) a(e)? 
= [(o(6) — o(6))(e— a(6))(e— a(€)))? 
= 2ip(sin @) (= — p(cos 6 + isin @) (5 — p(cos @ — isin @) 


2 


= —4p? (sin? 6) (5 — p(cos 6) + p?(sin? »)) 


p 
1 2cosé a 
= —4p*(sin? 6) p” (<: A + ‘*) 


It follows that 


| Disc(K)|/4 < | Disc(1, €, e?)/4 = (sin? 4) (= + p® — 2(cos 0) 


3 2 
Let c = cos@ and z = p® + 2s, then z 2 = Het = oD > 0, 
hence z > 2. We deduce that 


| Disc(K)|/4 < (1 — e”)(z — 2c)? 
= (2* — 4ez + 4c?) (1 — c”) 
= 27 — ¢?2? — dez(1 — c”) + 4c? (1 — c”) 


= 27 — (eg + 2(1—¢”))? +.4(1 — ce’)? + 4c? (1 — &”) 


(2) We have 
Dise(f) = (-1)°Njof’ (9) 
= — Nx /9(36? — 46) 
= —Nxjo(9)Nx/Q(36 — 4) 
= — Nx /9(30 — 4). 
Let 8 = 30 —4, thus 6 = 44, then (44*)3 — 2(44)? —1 =0, hence 
(6 +4)? —6(8+4)?—27 = 0. Therefore 3? +66? —59 = 0. We conclude 
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that Disc(f) = —59. Since 59 is a prime number, then Disc(K) = 
—59 and {1,6,67} is a basis of the ring of integer of K = Q(@) over 
Z. Let € be the fundamental unit of AK such that « > 1. By (1), 
e? +7 > |Disc(K)|/4 > 14.75, hence € > 1.95 and then e* > 3.8. We 
have f(2) = -1 < 0, f(3) = 8 > 0, hence @ €]2,3]. Since g(3.8) = 
3.87 - (1.8) —-1 > 4 > 0, then 0 < 3.8 < &?. Since @ is a unit greater 
than 1, then it is the unique fundamental unit of K which is greater 
than 1. 


Exercise 10.50. 
Let f(v) =a? +4@ +1. 


(1) Show that f(z) is irreducible over Q. 

(2) Show that f(x) has exactly one real root. Let @ be this root and let 
Kk = Q(@) and A be the ring of integers of K. Show that Disc(kK) = 
—283 and {1,0,07} is a basis of A over Z. 

(3) Show that 283A = R?R’, Dk =R, where R and FR’ are prime ideals 
of A with residual degree equal to 1. Show that Dx is principal and 
determine for it a generator. 

(4) Show that > is the fundamental unit of A, greater than 1. 

Hint. One may use the preceding exercise. 

(5) Show that h() = 2. 


Solution 10.50. 


(1) Obvious. 

(2) We have f(x) = 322 +4 > 0, hence f(z) is strictly increasing from 
—oo to +oo. Therefore the equation f(x) = 0 has one and only one 
real solution. We have 


Disc(1, 0,0”) = Dise(f) = —4(4°) — 27 = —283. 


Since 283 is a prime number then Disc(K) = —283 and {1,0,67} is a 
basis of A over Z. 

Since 283 is ramified in K, then 283A = R?R’ or 283A = R®. In the 
second case R® | Dx and then 283? | Disc K, which is a contradiction. 
We conclude that 283A = R?R’. We deduce that Dx = R. Since 
A=Z[6], then Dx is principal and Dg = f' (0)A = (30? +.4)A. 

It is easy to show that the minimal polynomial of —1/6 is given by 
g(x) = x° — 4x? — 1, hence —1/0 is a unit of A. Moreover, we have 
g' (x) = 3x? — 8x and we give the table of variations of the function g. 


— 
w 
we 
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x —0Co 0 : +00 
f'(@) + - + 
—1 +00 
f(x) a 5) Pa 


We have g(4) = —1 < 0 and g(5) = 24 > 0, hence —1/6 €]4,5[. Let € 
be the fundamental unit of A such that « > 1 then by Exercise 10.49, 


e +7 > |Disc(K)|/4 = = = 70.75, 

hence €? > 63.75. We deduce that «? > 15.21 > —1/0. Since —1/6 is 
a unit > 1 then —1/0 = e” for some positive integer n. Suppose that 
n > 2, then -1/0 = e” > e? contradicting the inequality already proved 
—1/0 < &?. It follows that n = 1 and then —1/0 is a fundamental unit 
of A. 

In order to compute h(K), we use the result [Marcus (1977), Cor. 2, 
Chap. 5] stating that every class of ideals contains an integral ideal I 
such that 


4 3! 
Nxjo(J) < ae | Disc K| < 5, 


hence we must look at the ideals of norm 2, 3 and 4 respectively. We 
have 


f(x) = 2° 4+15 (c£+1)(@?+2+1) (mod 2), 


hence 2A = P,P2, where P; and P2 are prime ideals of A of residual 
degree equal to 1 and 2 respectively. Moreover P; = (2,0+ 1) and 
P2 = (2,07 +041). We write I ~ J when I and J have the same class. 
The splitting of 2 in A shows that P, ~ Pp. We have 


f(z) =e? +2+1=(e£-1)(2?+x2-1) (mod 3), 
hence 3A = Q; Qs and Q; ~ Qo, where 
QO, =(3,9-1) and Q,=(3,67+6-1). 


It is easy to show that the characteristic polynomial of 6? + 0+ 1 is 
given by #?+5a2+10x—12, hence (67+0+1)A = P2Q). It follows that 
QO. ~ QO, ~ Po ~ Py. Therefore h(K) = 1 or h(K) = 2 according to 
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P is principal or not. It is easy to show that the minimal polynomial 
(and characteristic polynomial) of 6+ 1 is given by «? — 3x27 + 7x — 4, 
hence Nx /g(8+1) = 4. It follows that (9@+1)A = P? because 6+1= 0 
(mod P,) but 6+ 140 (mod P2). Suppose by contradiction that P; 
is principal and let y € A such that P, = yA, then (9 +1)A = (774A), 
hence there exists an integer n such that 6+1 = +7?.e", where € is the 
fundamental unit of A computed above, that is « = —1/0. If n is even, 
say n = 2k, then 
O41 =+y%e?* = +(e")? := +(a + 00 4+ 06), 
where a,b,c € Z. 
If n is odd, say n = 2k +1, then 6+ 1 = +y7e?*+1, hence 
ait = +(ye*)? = +(a + dO + c6)?. 
Straightforward computations show that 
(a+ 00 + 06)? = a? — 2be + (—c? + 2ab — 8bc)O + (b® — 4c? + 2ac)6?. 
e case 0+1=(a+b04 c6?)?. 
In this case, we obtain the following equations 
a? —2be=1, —c*?+2ab—8be=1, b? —4c*?+2ac=0. 
The third equation shows that 2 | b, the same equation then implies 
2| ac. The first equation shows that 2 { a, hence 2 | c. The second 
equation then implies c? = —1 (mod 4) which is a contradiction. 
case 6+ 1=—(a+ 004+ c6?)?. 
Here, we obtain the following equations 
a? —2be=-1, —c?+2ab—8be=-1, 67 — 4c? + 2ac = 0. 
The last equation shows that 2 | b. The first equation then implies 
a” = —1 (mod 4) which is a contradiction. 
e case +1 = —9? -9 = (a+ 00 + c6*)?. 
We get the following equations 
a? —%e=0, -c?+2ab-—8be=-1, 0? —4c?+2ac=-1. 
The first equation shows that 2 | a. The last equation then implies 
b? = —1 (mod 4) which is a contradiction. 
e case 41 = —§? 9 = —(a + b0 + c6?)?. 
Here we get the following equations 
a? —2be=0, —c?+2ab-—8be=1, b? —4c?+2ac=1. 
The first equation shows that 2 | a and then 2 | bc. The second 
equation implies gcd(b,c) = gcd(a,c) = 1. We deduce that 2 { c, 
2|aand 2| b. These conditions contradict the third equation. 


We conclude that P is not principal and h( Kk) = 2. 
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Exercise 10.51. 
Let K be a number field of degree n > 2 and A be its ring of integers. 
Suppose that the following property is satisfied. 

(P) There exist a prime number p and 6 € A such that p | 07, p? { 0? 
and p? | 6°. 


(1) Show that p is ramified in K. 

(2) Show that n # 2. 

(3) Show that (P) holds for the prime 2 in the field Q(0), where 6 is a root 
of f(x) = #3 — 12% + 12. Deduce that 2 is totally ramified in Q(6). 


Solution 10.51. 


(1) Suppose that p is not ramified in K and let P be a prime ideal of A 
lying of over pZ. Since P | 07, then P | 0, hence p | 0, which contradicts 
the hypothesis p? + 67. We conclude that p is ramified in K. 

Suppose that n = 2 and (P) holds in K for some prime p, then p 
is ramified, say pA = P?. Since P?|6?, then P | 6. Let k = vp(6). 
Since p? { 07, then P* + 07, hence k = 1. We deduce that vp(0°) = 3, 
contradicting the condition p? | 6°. 

(3) Let = 67, then it is easy to show that the minimal polynomial of 

over Q is given by 


(2 


nN 


g(a) = 2? — 8-32? + 4° -32e — 4? - 37. 


Therefore it is seen that ~/2 is an algebraic integer but not y/4. Since 
6° = 4(30 — 3), then obviously 4 | 6%. Since the property (P) holds for 
the prime 2 in K, then 2 is ramified in Kk. 

Suppose that 2A = P2P.,, where P, and P, are prime ideals of A of 
residual degree equal to 1. Since P?P; | 6?, then P; | 6 and P, | 6. 
Since P#P/? | 62, then P# + 62. Therefore vp, (9) = 1. It follows that 
vp, (6?) = 3, contradicting the fact that P#P,2 | 03. We conclude that 
2 is totally ramified in A. 


Exercise 10.52. 
Let f(x) = x — 5a —5, 0 be a root of f(x) in C, K = Q(8) and A be its 
ring of integers. 


(1) Show that f(a) is irreducible over Q. Show that Disc(f) = 5° - 3? - 41, 


Disc(K) = 5°- 41 and A = Z+ Z60 4+ Z6? + Z03 + Zw, where w = 
(04 +03 + 67 +6—-1)/3. 
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(2) Show that the characteristic polynomial over Q of w is given by h(a) = 
x — 52+ — 10x? — 10x — 3. Using the factorization of f(x) in F3[2] 
and looking at h(a), show that the splitting of the prime 3 in A has 
the form 3A = P1P,Ps, where P}, Pi are prime ideals of A of residual 
degree equal to 1 and P3 is a prime ideal of A of residual degree equal 
to 3. Show that 


P, = (3,w), P; = (3,w +1), 
P; = (3,w—1) = (3,69 -—6? +1) and 
PrP, = (3,0 —1). 
Show that P}, Pp, and P3 are principal and find for each of these ideals 
a generator. 
(4) Show 5A = P° where P is a prime ideal of A of residual degree equal 
to 1. Show that P = 6A. 
(5) Show that 2A = Q.Q93, where Q2, Q3 are prime ideals of A having 
their residual degrees equal to 2 and 3 respectively. Show that 
O,=(2,0°+8+1) and Q;= (26° +67 +1). 
(6) Show that the ideals Q2 and Qs are principal and determine for each 


of them a generator. 
(7) Determine bases over Z of Qo and Q3. 


(3 


WN 


Solution 10.52. 


(1) Eisenstein’s irreducibility theorem shows that f(a) is irreducible over 

Q. We have 
Dise(8) = Naa (f"(0)) = Nxjq(5(64—1)) = 5° Nxjq(6?—1) Nxjq(62+1). 
It is easy to see that the characteristic polynomial of 6? over Q is given 
by g(x) = 2° — 10x? + 25a — 25. Therefore 6? + 1 (resp. 0? — 1) isa 
root of g(a — 1) (resp. g(a +1)). We deduce that Nx /g(6? + 1) = 41 
and Nx g(@? — 1) = 3”. Therefore Disc(#) = 5° - 3? - 41. We have 
f(x) = x —5(a +1) and since x { x +1 in Fs[z], then by Exercise 
10.30, 5+ 1(0), thus v5(Disc(K)) = 5. We have 
f(x) = (2 — 1)?(a? — 2? +:1) +. 3(24 — 2? — 2 — 2) 

and since x — 1|r* — x? — x — 2 in F3[z], then, by Exercise 10.30, 
3 | I(0). From the identity Disc(@) = I(0)? Disc(’), we conclude that 
3 { Disc(K). From the same identity we conclude that 41 | Disc(A‘). It 
follows that Disc(K) = 5° - 41. Since 


f(x) = (2 -—1)?(a? — 2? +1) (mod 3), 
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and since x° — x? + 1 is irreducible over F3 and 3 | (A), then (@ — 
1)(0° — 6? +1) =0 (mod 38), that is ee € A. We have 
4+0+674+0-1 (0-1)(03-6?+1) 9, 
a 3 ~ 3 ney 
hence w € A. Consider the matrix M expressing the coordinates of 


1,0, 07, 0°, 04 in the basis {1, 0,67, 0?,w}. It is given by: 


1 0 0 0 41 
0 1 0 0 -!1 
M=]0 0 1 0 -!l 
0 0 0 1 -!l 
0 0 0 0 8 


Its determinant is equal to 3 and we have 
Disc(1, 0,07, 6°, 04) = Det M? Disc(1, 0, 67, 6, w), 
hence 
Disc(1, 0,07, 0°, w) = 5°. 41 = Disc(K). 
It follows that {1, 0,07, 6?,w} is an integral basis. 
(2) Let y = 3w = 04+ 63 + 6? + 6-1. Using the relation 6° = 50 +5, we 
obtain 
6y= 64 +69 4+ 6744045 

Oy = 0+ + 63 + 407 + 100 +5 

6? = 64 + 46° + 106? + 100 + 5 

64 = 464 + 106? + 106? + 100 + 5. 


This shows that 1,6,6?,6?, 04 is a non trivial solution of the following 
homogeneous system of linear equations: 


(-1l—y)ao ta, +%2+23+24=0 


5ao + (4—y)ar +22 +23+ 44 =0 


529 + 10a, + (4— y)a2 +23 +24 = 0 
5a9 + 10a, + 10%. + (4—y)a3 +24 = 0 
5x9 + 10a, + 10x2 + 10x3 + (4—y)a4 = 0. 
This implies that 


ela a 1 1 1 
5 4-y 1 1 1 
5 10° “Atay 1 |=0. 
5 10 100 4-y 1 
5 10 10 10 4-¥ 


wm 
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Standard computations on determinants show that the characteristic 
polynomial of y is given by 

hi(a) = 2° —5-3a4 — 10-322? — 10- 34a — 3°. 
It follows that the characteristic polynomial of w is equal to 


hi (3 
A(x) = G2) _ 9p 5x4 — 1022 — 10a — 3. 


We have seen in (1) that 3 | [(@) and 
f(a) = (a — 1)? (2? —a? +1) (mod 3). 


This shows that there exists one prime ideal of A lying over 3Z, having 
its residual degree equal to 3. This also shows that there exist two 
prime ideals lying over 3Z of residual degree equal to 1 or one prime 
ideal of residual degree equal to 2. But looking at h(x), we conclude 
that Nx/g(w) = 3. Therefore wA is a prime ideal lying over 3Z with 
residual degree equal to 1. We conclude that there exist two prime 
ideals lying over 3Z having their residual degree equal to 1. Therefore 
3A = P1P,P3. The congruence modulo 3, satisfied by f(x) shows that 


PiP, =(3,9—1) and P3 = (3,6°—6? +1). 
Since h(x) = x(x + 1)(a — 1)® (mod 3), we conclude that 
P3 = (3,w—1), Pi =(3,w) and P, =(3,w+1). 


We have seen above that Nxsg(w) = 3, hence P} = wA, thus P, is 
principal. Since the characteristic polynomial of w — 1 over Q is equal 
to h(x + 1), then Nx/g(w — 1) = 3°. 

Therefore P3 = (w—1)A, and then P3 is principal. Since 3A = PuPsP,, 
then Pp, is also principal. Let u be a generator of PG then 3A = 
w(w—1)uA. It follows that 3 = w(w — 1)ye, where ¢ is a unit of A, 
hence pp = weds: Since yw and ey generates the same ideal, we may 
suppose that € = 1 and then wp = nea) Using the relation 0° = 50+5, 
we find 

2 = 20+ 5H + 86" + 116 +7 


3 7 
hence 
: 64 + 403 + 76? + 100 +8 
W w= : 
3 
We deduce that 
3 9 


we—w 64+463+ 762+ 10048 
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By performing three Euclidean divisions, we may compute the gcd of 
the polynomials «° — 52 — 5 and «+ + 4a° + 7x? + 10x + 8 and then 
obtain a Bezout’s identity relating these polynomials. Substituting in 
this identity 6 for x, we obtain 


27 
64 + 463 + 762 + 1004+ 8 
It follows that 


= 64-269 +407 —50—-1 = 3w—30°+307-68. 


9 
644.463 +762 +100+8 — 


p= 6? + 67 — 20, 

thus P, = (w — 63 + 6? — 26) A. 

Since f(x) = 2° —5(a +1), then 5+ I(0) and 5 is totally ramified in A, 
that is 5A = P°, where P is a prime ideal of A of residual degree equal 
to 1. Moreover since Nx/g(9) = 5, then P = 0A, thus P is principal. 
The factorization of f(a) over F2 into a product of irreducible factors 
is given by 


— 
ey 
Sy 


— 
ol 
we 


f(z) = (a? +241)(2? +2741) (mod 2), 


hence 2A = Q2Q3, where the residual degrees of Q2 and Qs are equal 
to 2 and 3 respectively. Moreover, we have 


Qo = (2,07+6+1) and Q3=(2,6°+6? +1). 


— 
a 
eS 


We compute Nx 9 (6? +6 +1). Set B= 6? +041. Then 


68 =0 +67 +8 
8=0+04+67 

636 = 64*+6° 45045 
648 = 64 +507 + 1004+5, 


hence 1,0, 07,6, 6* is a non trivial solution of the following homoge- 
neous system of linear equations 


(1— B)ap +41 4+ 22 =0 
(1— P)a, +22+23 =0 
(1-6) 

5aq + 5a1+ (1 — B)a3 +24 =0 
529 + 10a, + 5a + (1 — B)ag = 0. 


g2+23+24=0 
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It follows that 


t8 1 0 0 
wg “4 1 0 
0 0 1-6 1 1 |=0. 
5 5 O° deg. 4 
5 10 5 ( ie 


Straightforward computations show that the characteristic polynomial 
of 6 over Q is given by 


q(x) = «° — 324 + 2473 — 11x? — 36a + 36, 
hence Nx /9(8) = —3? - 2. It follows that 
(07 +0+1)A=QoP? or 
(027 +041)A=Q.P? or 
(0? +0+1)A = QoPyPy. 


Since by (3), P, and P;, are principal then so are P?, P,? and P1P,. 
It follows that Q»2 is principal and then Qs is also principal. Moreover 
Q» is generated by one and only one of the following elements: 

(07 +041)/w?, 

(07 +041)/(w— 6° 4 6? — 20)? and 

(67 +0+1)/w(w — 6° + 6? — 26), 


according to the above possible factorizations of (0? ++0+1)A. Indeed, 
we must find among these three elements the only one which is an 
algebraic integer. We have seen that P,P, = (3,9 —1), hence P,P, | 
@—1. It follows that P?P/? | (9 —1)?. From the splitting of the prime 
3 it is seen that vp, (30) = Up! (30) = 1. Now the identity 


6° +64+1= (6-1)? +30 


shows that P? | 6?+6+1 and P,?{6?+6+1. It follows that we have 
the third possibility for the generator, namely 


(07 +641) 
Q2= 3 
w(w — 63 + 6? — 26) 


Since 2A = 0293, then 2/(1+6+w) is a generator of Q3, thus 


Ais (1b 0 wi) A, 


O03 = (-3-— 6 — + Qw)A. 
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We know that A/Q2 is isomorphic to F22, so there exists a surjective 
morphism of rings @ : A — F 2 such that Kerd = Qo. To define ¢ 
it is sufficient to define ¢ on Z and also the value of ¢(@). Obviously 
for any a € Z, ¢(a) = G, where G@ denotes the class of a modulo 2. 
Since 0? +6+1=0 in A/Qo, then ¢(6? + 6 +1) = 0 in Foz, hence 
6(0)? + ¢(0) +1 = 0 in Fz, ie. (0) is a root 27 +2+1. Set p= (0). 
Let a = ap + 4)0 + a26? + 036° + aw be an element of A, then 
a € Qo & a € Ker(¢) 
0 + Tp + Wp" + Typ? + T(p* + p? +p? +p +1) =0 


&G+@+0+%4+(G%+0%+%)p=0 


Gp + @2 + G3 +44 =0 
ah (me ae 
ay ag a =0 


rm a, = ag +a4+2X 
do = a2 + a4 + a3 + 2 
where X and yu in Z. We deduce that 


a € Op Sa = (ag + a4 +03 + 2p) + (a2 + a4 + 2A)04 a0? + a30° + agw 


a = an(1+6 +67) +.43(1 + 6°) + a4(1 +6 +w) + 2y 4 (20). 
We have 


A 3 2 
nae! ° OTs ge 
_ 46% +62 44949 
i. 3 
=6°+607+6? (mod 2) 
=0 (mod P2). 


Clearly all the elements 1+6+ 67, 1+ 6%, 2, 26 and 1+6-+w belong to 
P2. Therefore they constitute a set of generators of Pz as a Z module. 
Obviously this set is free over Z. Therefore it is a basis of P2 over Z. 
We use the same method for the determination of a Z- basis of P3. Let 
y= ag +410 + a26? + 430° + aqw with a; € Z for i =0,1,...,4. Then 
y € P3 if and only if 


Go + Gar + Gat? + agr? 4 aa(r* pre 4 72474 1) =0, 


where T is a root of 2? + 2? +1 in Fys. We deduce that 


y € P3 Gp + aT + gr? + G3(77 4+: 1) +7? +1) =0 


= do +43 + a4 = 0,a; = 0,42 + a3 +44 = 0 


& a, = 2A, a2 = a3 + a4 + 2p, Ag = a3 + a4 + 2y, 
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where A, ys and v € Z. We conclude (and we omit the proof) that 
{2,20,207,1+ 67 + 67,1+67 +} 
is a Z-basis of P3. 


Exercise 10.53. 
Let K be a number field, A be its ring of integers, 


f(@) = aya" ++ +a0, g(t) = ue +--+ by and h(x) = cpa +--- = ep 


be polynomials with coefficients in K such that f(x) = g(x)h(x). Consider 
the fractional ideals of kK, 


A= (ao,.--;@n), B= (bo,...,bm) and C= (co,...,Ck). 


(1) Show that A = BC. 

(2) Deduce that if ao,...,an € A, then b;c; € A for any i € {1,...,m} and 
any 7 € {1,...,k}. 

(3) Suppose that all the coefficients a, belong to A ant that there exists 
a € A such that a | a, for h = 0,...,n. Show that bc; € A and 
a | bc; for any (#, 7). 

(4) Let F(x) be a non constant polynomial with coefficients in A and let 
a € A be its leading coefficient. Show that if F(x) is reducible in K [a] 
then aF'(x) is a product of two non constant polynomials in A[z]. 


Solution 10.53. 


(1) Let P be a prime ideal of A, e; = vp(B) and eg = vp(C). To get the 
result, it is sufficient to prove that vp(A) = e, + e2. By definition of e; 
and €2, for any i and j, vp(b;) > e1, vp(cj) = eg and there exist 9 and 
jo such that vp(b;,) = e1, vp(c;,) = €2. Moreover we may suppose that 
ig and jg are minimal. Since ap, = aan bic;, then vp(ap) > e; + e2 
and 


Vp (Ain+4o) = Vp(- cate big—1Cjo +1 + big Cio + big t1Cjo—1 eats -) =e, +e. 


— 
iw) 
NS 


Since b; € B, then b;A = BI, where IJ is an ideal of A. Similarly, 
c;A =CJ, where J is an ideal of A. From (1), we deduce that 


bicjA = BCI J = ALJ, 


hence bjc; € A. 
(3) Apply the result of (2), for the polynomials f(x)/a, g(x)/a and h(x). 
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Since F(x) is reducible in K[a], then it is so for the monic polynomial 
F(«x)/a. Let G(x) and H(x) € K[az] be monic such that F(x)/a = 
G(x)H(x). Multiplying by a”, we get aF (x) = (aG(«)) (aH(z)). Set 
G(a)=b,0™ +byoie™ 1 +++ +69 and 
H(ax) = Cee” + eee ee eg 
with b,, = cp = 1, then by (3) abjac; € A and a | abjac; for any (i, 7). 
In particular a | a”b; and a| a*c; for any i,j. We deduce that ac; € A 
and ac; € A for any i,j. This implies that aG(x) and aH (a) € Ala], 


showing that aF'(a) is a product of two non constant polynomials with 
coefficients in A. 


Remarks. (1) generalizes the classical result on the content of a product 
of polynomials with coefficients in the fraction field of a factorial domain. 
(2) is a generalization of Exercise 1.10. 


Exercise 10.54. 

Let K be a number field and A be its ring of integers. Let f(x) be a 
polynomial of degree n with integral coefficients, a, and ag be its leading 
and constant coefficients respectively. Suppose that f(a) is irreducible in 
Z|x] and ay or ao is irreducible in A. Show that f(x) is irreducible in A[z]. 


Solution 10.54. 


First case: a, irreducible. By contradiction, suppose that f(x) is 
reducible in Ala]. If f(a) = AR(x) with h(aw) € Ala] and \ a non zero 
constant and a non unit. Then A divides each coefficient a; of f(x). But 
since f(x is irreducible over Z, then f(a) is primitive, which implies, the 
existence of coefficients u; such that 5> u;a; = 1. Therefore 2 | 1, that 
is A = +1, hence a contradiction. Suppose next that f(x) = g(x)h(x), 
where g(x) and h(x) are non constant polynomials with coefficients in 
A. Let b and c be the leading coefficients of g(x) and h(x) respectively, 
then ay, = be. Since ay is irreducible in A, then b = € or c = € with 
€ = +1. We may suppose that b = «. We have 


f(x) =" g(x)eh(x) = gi(2)ha(2), 


where now gi(x) is monic. Let a be a root of gi(x), then a is integral 
over A, hence integral over Z. Since a is a root of f(a) and since 
this polynomial is irreducible over Z, then a = +1 contradicting our 
assumptions. 
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e Second case: ag irreducible. Let g(a) = x” f(1/x). The leading 


coefficient of this polynomial is equal to ag, thus irreducible in A. We 
apply for g(x), what was proved in the first case and we conclude that 
g(x) is irreducible in A[x], which in turn implies that f(x) is irreducible 
in A[z]. 


Exercise 10.55. 
Let K be a number field and A be its ring of integers. 


(1) Let hk be the class number of K and {l,...,J,} be a complete set 


(2 


Nn 


of representatives of the ideal classes. Let mo be a positive integer 
divisible by ),...,J,. For any g(x) € Als], let c(g) be the ideal of A 
generated by the coefficients of g(x). Let I(g) € {h,...,J,} such that 
c(g)I(g) is principal and let a(g) € A such that 


c(g) L(g) = a(g)A. (Eq 1) 
Let J(g) be the ideal of A such that 
moA = I(g)J(g). (Eq 2) 
(a) Let g(x) = mog(z)/a(g). Show that g(x) € Afz] and 
c(g) = J(g). (Eq 3) 


(b) Let f(x) € Ala] such that f(x) is reducible over K. Show that 
mé f(x) may be decomposed in A[x] as a product of two non con- 
stant polynomials. 


Let f(x) = 327 + 4x +3. Show that f is reducible over Q(/—5), 
but irreducible over Z[,/—5]. Show 5f(a) cannot be decomposed as a 
product of two non constant polynomials in Z[/—5][a]. 


(3) Factorize 2f (x), 3f(x) and 7f(x) in Z[V—5][z]. 
(4) For any g(x) € A[z] such that g(a) is reducible over K, let 


D(g) = {0} U{d € Z\ {0}, 
dg(x) = gi(@)g2(@) with gi(@) and gp(x) € Ala] \ A}. 


Show that, in general, D(g) is not an ideal of Z. 


(5) Let g(a) be a non constant polynomial with coefficients in A and let a 


be its leading coefficient. Show that if g(a) is reducible over K, then 
a € D(g). 
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Solution 10.55. 


(1)(a) Set g(x) = bya*® + by_1z*-!+---+ bo, where bj € A for j =0,...,k. 


Ww 


Let P be a prime ideal of A such that P® || a(g). From (Eq 1), 

P® || e(g)I(g). It follows that P™ || c(g) and P® || I(g), with 

€; + €2 =e. Since I(g) | moA, then P® | moA, hence P* | mob; for 

j=0,...,k. Thus g(x) € Ala]. 

We have c(g) = (moA)c(g)(a(g)A)~+, hence by (Eq 1) and (Eq 2), 
e(G) = (9) J(g)(a(g)A)(L(g))* (a(g)A)* = J(9). 


Let I(f), c(f), a(f) and f(x) as defined in the statement of the 


exercise. We have mo f(x) = a(f) f(x). Since f(x) is reducible over 
K, then so is f(x). Let f() = g(x)h() be anon trivial factorization 
of f(x) in K[a], then 

g(a) = gi(w)/d and h(a) = hi(x)/9, 


where d and 6 are positive integers and g(x), h(x) € Ala]. By (a), 
we have 


g(x) = a(gi)g1/mo and hy(x) = a(hi)hi/mo, 
hence 
f =g1(x)hix)/dd = a(g1)a(hi) G(x) ha (x)/mgdd = AGr(x)hi (2), 


where \ = a(g,)a(hi)/m2d6. Therefore, c(f) = (AA)c(G1)c(h1). 
Since 


moA = I(g1)F(g1) = Thi) J (ha), 
then J(gi) and J(h,) divide moA. Since 
(mo A)?e(f)(J(g1))(T(h1))* = (mo A)? AA, 
then m3 € A. We now have, 
mos (x) = moa(f) f(x) = a(f)(mor) G1 (#)ha (2), 


hence m3 f(a) is reducible in A[z]. 


(2) We have f(x) = 3(a 4 24V=5)\(g + 2=y—8) hence f(a) is reducible 
over Q(./—5). By contradiction, suppose that f(a) is reducible over 
Z[/—5]. Let f(x) = (ax + 8)(yx +45) be a factorization of f(x) in 
Ala], then ay = 3, 806 = 3 and ad + By = 4. The first two equations 
imply that 
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(i) Nxele)=1, Nxyoly) =9 or 
(ii) Nxe(@) =3, Neely) =3 or 
(iii) Nxjg(a) =9, Nxyo(y) =1 and 
(a) Nxo(8)=1, Nxye(d) =9 or 
(b) Nxyo(8) =3, Njo(d) = 3 or 

(c) Nxjo(8) =9, No(s) =1. 


Clearly 3 is not the norm of an integer of Q(/—5). Therefore we 
may exclude (ii) and (6). By symmetry we must consider only the 
combinations (¢)-(a) and (#)-(c). 

Suppose that 

> Nx/o(y)=9 and 

» Nxo(d) =9. 

Then a = «1, 6 = €2, y = 3e3 or y = €3(2 + e4/—5) and 6 = 3e5 or 
5 = €5(2 + €6/—5) where e; = +1. In any case ar + 6 = 4% + €2, SO 
that +1 is a root of f(a), which clearly is not true. Therefore f(a) is 
irreducible in Z(./—5). 

Suppose that 5f(x) = (ax + B)(yx + 6) is a factorization of f(x) in 
A{a] then ay = 15, 86 = 15 and ad + by = 20. We omit the proof that 
the splittings of 5A and 3A in A are given by 5A = P? and 3A = QQ" 
where P, QO and Q' are prime ideals of A of the first degree. The 
first two equations may be written in the form aAyA = P2Q0' and 
B5 = P2QQ'. Suppose that a = € and y = 15e with e = +1. The third 
equation gives 6 = 20¢— 156. From the second equation, we obtain the 
following: 36? — 4«6 + 3 = 0. It follows that 6 = (2e + /—5)/3, which 
is not an element of A. Thus, this possibility is excluded. Clearly by 
the same method, we may exclude the possibility 8 = € (resp. 7 = €, 
6 =). Since the equation Nx g(a + bV—5) = a? + 5b* = 3 has no 
integral solutions, then aA, GA, yA and 6A cannot be equal to Q nor 
(ag It remains to consider the following cases. 

(a) aA= QO’ and yA = V—5A or 

(b) aA = V—5A and yA = QQ 

(c) BA= QQ’ and 6A = V—5A or 

(d) BA = /—5A and 6A = QO’. 

If (a) and (b) hold, then Q divides the left hand side of the third 
equation while this ideal does not divide the right hand side. We thus 
get a contradiction. Similarly, we may reject the combination (c)-(d). 
If we have the combination (a)-(d), then —5A divides the right 
hand side of the third equation and also By but not ad, which is a 
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contradiction. Similarly, we may reject the combination (c)-(b). 
Therefore 5f(x) is not a product of two non constant polynomials in 
Af]. 

(3) Solving equations, we find the following factorizations of 2f(x), 3f(z) 
and 7 f(x) in Z[}/—5][z]: 
2f (x) = ((W—5 + 1a + (V—5 — 1)) ((-VW—5 + 1)e — (V—-5 +1), 
3f(x) = (3a + 2+ V—5) (3a + 2- V—5), 
7f(x) = ((2V—5 + lat (V—5 + 4)) ((-2V—5 + Dax — (-V—5 +4). 

(4) In (3), we have seen that 2f(x) and 3f(x) are products of non constant 
polynomials in A[z], so that 2 and 3 € D(f). If this set where an ideal, 
then f(a) would be also an element of this set, contradicting (2). Thus, 
D(f) is not an ideal of Z. 

(5) See the proof in Exercise 10.54, (4) 


Questions. (1) Let K be a number field such that h(K) > 2, A be its 
ring of integers and n > 2 be an integer. Does there exist a polynomial 
g(x) € Ala] of degree n, reducible in K [a] such that g(a) is not a product 
of two non constant polynomials in A[z]? 

(2) Let f(a) and g(x) be polynomials with coefficients in A, reducible 
in K[z]. Suppose that they cannot be written as products of non constant 
polynomials in A[x]. What could be said about the relation between D(f) 
and D(g)? 

(3) Let g(a) € Ala] be irreducible but reducible in K[a]. Let p be a 
prime number such that any of its prime ideal factors is principal. Is pf (x) 
a product of non constant polynomials in A[z]? 


Exercise 10.56. 
Let p be an odd prime number and K = Q(,/—p). Suppose that h(i) = 1. 


(1) 

(2) Let q be a prime number such that q < (p+1)/4. Show that (7) = —1. 

(3) Show that (p+ 1)/4 is prime. 

(4) Let f(X) = X2+X+(p+1)/4. Show that f(x) is a prime number 
for any x € {0,1,...,43% —1}. 


Show that p = 3 (mod 8). 


Solution 10.56. 


(1) Let A be the ring of integers of K. Suppose that p = 1 (mod 4), then 
—p = 3 (mod 4); therefore p is ramified in A. Since h(i) = 1, then 
there exist a,b € Z such that 2A = ((a+ b/=p) A)’. It follows that 


Ww 


wm 


N 
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2 = a? + pb’, which is impossible. We conclude that p = 3 (mod 4). 
Suppose that p = 7 (mod 8), then —p = 1 (mod 8). Therefore 2A = 
PP’, where P and P’ are conjugate prime ideals of A having there 
residual degree equal to 1. Since h(k) = 1, then there exist a,b € Z 
such that P = (a+ pity?) A. We deduce that 
2= (0422) (c+) ; 

2 2 
hence 8 = (2a + b)? + pb?. Since p > 7, this equation is impossible. 
Therefore p = 3 (mod 8). 
Notice that the condition q < (p+ 1)/4 implies that q 4 p. Suppose 
that (£) = 1. On the one hand, we have a) - GG): On the other 


q 
i Sg 
q pi a- 


hand, by the quadratic reciprocity law, we have ( ae = (-1)2 
Hence re = (5) = 1. It follows that q¢A is a product of two conjugate 
prime ideals of A. Therefore there exist a,b € Z such that 


Nx/o (a+s-* =) =4q 
We deduce that 4q¢ = (2a + b)? + pb? > p. Since b ¥ 0, this inequality 
contradicts our assumption. We conclude that (£) = —1. 
Suppose that the integer (p + 1)/4 is not prime and let qg be one of 
its prime factors. By (2), we have (3) = —1. Using, as previously 
the quadratic reciprocity law, we obtain (=) = —1. Therefore q is 


inert in A. Since gq | (p+ 1)/4 and (p+ 1)/4 = Lyre ive then 
q | Liye or q | ee a We deduce that there exist a,b € Z such 
that ity =q(at pitvee), From this, we obtain gb = +1, which is 
impossible. This proves that (p + 1)/4 is prime. 

Suppose that there exists x) € {0,1,..., pe — 1} such that f(xo) is 
not prime and let g be a prime factor of f(a). Clearly f(xo) is odd so 
q is odd. Let a € Z, a > 2 such that f(a) = ag. We may suppose that 


qd < f(xo) = 25 +20 + (p+ 1)/4. 


We have 


Aq? < 423 + 4a9+1+4+ p 


=8 2 
= (2%) +1)" re< (4 +1) +p 


=(p?+1)/4< Gay 
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Therefore q < (p+ 1)/4 and then, by (2), (4) = —1. We deduce that 


On the other hand, we have 4ag = (2%) +1)? +p, hence (=?) =1 which 
is a contradiction. 


Exercise 10.57. 
Let p be a prime number such that p = —1 (mod 4), 6 = e?'7/? and 
K = Q(6). 


(1) Show that AK contains one and only one quadratic subfield, namely 
F = Q(i\/p) and that Gal(K, F) is formed by the automorphisms o of 
K such that o(@) = 6" with 1 <r <p-—1 and (f) =1. 

(2) Show that —1 is not a square in K. 

(3) Suppose that p = —1 (mod 8). Show that —1 is not a sum of two 
squares in Kk. 


Solution 10.57. 


(1) It is known that K is a cyclic extension of Q of degree p— 1. The 
group G = Gal(K,Q) is formed by the automorphisms o of K such 
that o(@) = 6" for some r € {1,...,p — 1}. Let 


= {o eG, o(8) =0" (£) =i}. 


It is clear that H is the unique subgroup of G of index 2. Therefore 
K contains a unique quadratic subfield F’, namely the invariant field of 
H. We show using two different methods that F = Q(i,/p). 


e First method. Let ¢,(x) be the minimal polynomial of # over Q, 
then $,(x) = 2?~'+---+a+1. The discriminant of this polynomial 
is given by 

Dise(ty)= [] i —0))? = (-1)"F pr. 
1s<i<j<p-1 
Since p = —1 (mod 4), then (p — 1)/2 is odd and we may write the 
above identity in the form 
—p(p'?)= J] (6: -4;)?. 


1<i<j<p-1 
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We deduce that 


p=3 
+1,/pp 20> II (6; = 6;). 
1<i<j<p-1 
This implies that 1,/p €¢ K and then F = Q(i,/p). 
e Second method. We use the Gaussian sum 
s= Gl 
v=1,...,p—1 P 
[Lang (1965), Chap. 8.3]. It is known that $? = p(="), hence S? = 
p(—1)°= = —p. Therefore S = +i,/p. The proof may be completed 
by similar lines as in the preceding method. 


(2) Suppose that —1 = a? for some a € K, then a = +i, hence K contains 
the quadratic field Q(t), which contradicts the fact that K contains 
a unique quadratic subfield, namely Q(i,/p). Therefore —1 is not a 
square in K. 

(3) Let R be the set of integers r € {1,...,p — 1} such that (5) = 1. 
Suppose that —1 = a? + 6? with a and 6 € K and af 4 0. We may 
write a and @ in the form a = f(@) and 8 = g(@), where f(a) and 
g(x) are polynomials with rational coefficients of degree at most p— 1. 
Applying the automorphisms, which belong to H, to both sides of the 
identity —1 = (f(0))? + (g(0))?, we obtain 

—1= (f(6"))? + (9(6"))?, (Eq 1) 
for any r € R. Set 
ar = (f(9))", br = (g(9))" and cp = by /ap. 


We have 
[[(@ +54) = [[ « [[ (1 + c,1) 
reR reR reR 
= (Tho) (seen at-P? +9 joe 
reR 
+++ 5i+1) 
= A+ Bi, 
where 
= (11 ) (1—s2+s4—---), 
reR 


= (IL) (s1 — $3 +85 —---) 


reR 
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and s; is the elementary symmetric function of degree 7 of the cx. 
Notice that for any 7 € {1,...,(p—1)/2}, s; € Q(i,/p). For any r € R, 
denote by o, the element of H such that o(@) = 6". For any t € R, we 
have 


o4(A) =o; (11 ne") (1 — o4(82) + o4(84) — ++) 


reR 


= (Le) (1—s2+54---+) 


reR 
=A 


therefore A € Q(i,\/p). The same conclusion holds for B. Set 
A=ut+vi/p and B=w+ zip, 
with u,v, w,z € Q, then from Equation (Eq 1), we obtain 
—1=a? +b? = (a, + ib) (ap — iby), 
for any r € R. We multiply all these equations and we obtain 
(—1)?-)/? — (4+ iB)(A—iB) 


— A* + B? 
=u? +w? — p(v? + 2”) + 2in/p(uv + wz). 


Since p= 1 (mod 8), we deduce that 


pv? +27)=—-1 and uv+wz=0. 


The first of these equations implies that (v,z) 4 (0,0). Suppose that 
one of the elements v or z is zero, say v = 0, then w = O and then 
pz? =u? +1, which implies that p is a sum of two squares of integers. 
This claim contradicts the assumption p = —1 (mod 4). Therefore 
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vz #0. Now, using the preceding equations, we have 


—lt+uttw? v2? +27 4+ (uv? +27) (u? + w?) 


ve + 22 (v2 + 22)? 
7 Vv Zz 2 tu? + vw? + 22 u? + 2? w? 
~ \ 2 ) 7 (= =.) (v2 + 22)? 
= v y 2 wz? + yw? + 22y2 + 22 yw? 
= (<3 9 “ie (v2 + 22)? 

2 


UV 


2 
(ws 
2 
(eee) 
( v ( z ) v?(wz/v)? + v?w? + 27(w2z/v)? + 2?w? 
vet 22} ‘y+ 2? (we eb2 2 
( ) ( z i: w (ut + 24 + 2u22?) 
2 
: 2 


y2 v2 (v2 + z2)? 


- (ata) +(e) +O” 


This shows that p is a sum of three squares of rational numbers. Since 
p =-—1 (mod 8), then there exists (c,d,e) € Z° such that 


-l=c’+d?+e? (mod 8). 


The set of squares in the ring Z/8Z is {0,1,4}. Choosing in any way 
three elements of this set, distinct or not, and adding then, never results 
—1. Therefore the proof is complete. 


Exercise 10.58. 
Let K be a number field of degree n and A be its ring of integers. 


(1) Let P be a prime ideal of A and N(P) = |A/P|. Show that for any 
a € A, aN?) = a (mod P). 

(2) Let I be a non zero ideal of A. Show that the following conditions are 
equivalent. 


(i) For any a € A, aN) = a (mod I). 
(ii) The ideal I is square free and N(P) — 1 | N(Z) — 1 for any prime 
ideal P of A dividing I. 


[A non prime ideal of A satisfying the above equivalent conditions is 
called a Carmichael ideal.] 

Suppose that K/Q is Galois and let p be prime number, not ramified 
in K. Show that a*/0(’) = @ (mod pA). Deduce that pA is prime or 
Carmichael. 


— 
w 
Se 
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(4) Let n be a composite integer such that n > 3. Show that there exists a 
quadratic extension K of Q such that n { Disc(K/Q) and aNx/0™ 4a 
(mod nA) for some a € A. 


Solution 10.58. 


(1) Since the congruence is trivial if a = 0, we suppose that a 4 0. Since 
A/P is a field of cardinality N(P), then aN(?)-! = 1 (mod P), hence 
the result. 

(2) © (i) => (ii). Let 1 = Ph ---P> be the splitting of I as a product of 
powers of prime ideals of A, for some integer s > 1. Fixi € {1,...,s} 
and let a; such that a;+P; is a generator of the group (A/ a Since 
a =a; (mod J), then aN =a; (mod P;), hence an eal 

(mod P;). Therefore, the order of a; +P, which is equal to N(P;)—1 

divides N(I) — 1. We now show that J is square free. Suppose that 

one of the exponents h;, say hi, is at least equal to 2. We have 


\(A/P2)*| = N(P1)(N(Pi) — 1) =p @ - 1), 


where p, is a prime number and k; is a positive integer. Let a € 
A such that a + P? is of order p; in the group (A/P?)*. Since 

NI) _ N(I) _ 2 N(I)-1 _ 
a;*”’ =a, (mod J), then a; ©’ = a; (mod P7), hence a; =1 
(mod P?). Therefore, the order of a+P? in (A/P?)*, which is equal 
to p; divides N(I) — 1. Since 


N(I) = N(P*)---N(Pfs) = ppt + pts, 


then clearly p; { N(I) — 1 and we have reached a contradiction. It 
follows that hy =---=h, = 1 and I is square free. 
(it) => (i). Since (2) is trivial if a € I, we suppose that a ¢ I. It 
follows that, for any prime ideal P of A dividing I, a ¢ P. Hence 
aN(P)-1 = 1 (mod P). Therefore a¥()-! = 1 (mod P). Since TI is 
square free, then aN()-! = 1 (mod J). We conclude that aN = a 
(mod I). 
Suppose that pA is not prime and let pA = P| ---P,. be its splitting as 
a product of distinct and conjugate prime ideals of A having a common 
residual degree over pZ equal to f. Then N(P,) =... = N(P,) = pf 
and for any i € {1,...,r}, p’ —1 = N(P;) — 1 divides p"f —1 = 
N(pA) — 1. Therefore pA is Carmichael by (2). 
(4) If is not square free, then in any number field K whose ring of integers 
is A the ideal nA is not square free. Therefore, the conclusion follows 
in any quadratic field K satisfying n { Disc(K/Q). Suppose that n 


— 
w 
we 
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is square free and let p be a prime factor (necessarily odd) of n. Let 
K = Q/(-1)®-)//2p), then Disc(K/Q) = p which proves that n { 
Disc(i¢/Q). Since p is ramified in K, then nA is not square free in A 
an the conclusion follows from (2). 


Exercise 10.59. 

Let J and p be odd prime numbers, r an integer such that gcd(p,r) = 1. 
Suppose that the integer d := —(4p! — r?) is negative and square free. Let 
K = Q(Va), A be its ring of integers and h(K) be the number of ideal 
classes in kK. 


(1) Suppose that one of the prime ideal factors of pA is not principal. Show 
that 1 | h(K). 

(2) Show that the hypothesis in (1), on the prime ideal factors of pA, holds 
if we suppose that 4p is not representable in the form 4p = a? — db?. 

(3) Suppose that r = 1. Show that 4p is not representable in the form 
Ap = a? — db?. 


Solution 10.59. 


(1) We have (4) = (=) = 1, hence the splitting of pA is given by pA = 
PiP2, where P; and P2 are distinct conjugate prime ideals of A. We 
may suppose that P, is not principal. From the assumptions we see 
that r is odd and d = 1 (mod 4). An integral basis of K is given 
by {1,(1 + Vd)/2} and we have (r + Vd)/2 = "54 + 4%. Since 


Ap! = r? — d, then p! = rivd rovd hence 


es eee 


pA= A=PIPh. 


Suppose that some ideal I divides both rtvd and rovd , then 


I | (34-54) =r and 


2 2 


feos 


But since gcd(p,r) = 1, then gcd(d,r) = 1. Therefore J = A. We 
conclude that P{ = rt/d A or Pi = red A. This shows that Pj is 
principal. Let e be the order of P; in the group of the ideal classes, 
then e > 2 by assumption and e | I since P} is trivial in this group. 
Since / is prime then e = 1. On the other hand e | h(K), hence 1 | h(I). 
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(2) Suppose that 4p is not representable in the form 4p = a? — db?. In 
the proof of (1), we have seen that pA = P1P2, where P; and P2 are 
distinct conjugate prime ideals of A. We must show that P, or P2 is 
not principal. This statement is equivalent to P, is not principal. By 
contradiction, suppose that P, = atbVd 4 with a,b € Zanda=b 
(mod 2), then since d is negative, we have 


N(P1) = p = |(a — db?) /4| = (a? — ab?) /4. 


Hence 4p = a? — db”, which is a contradiction. 
(3) Suppose that 4p = a? — db? with a,b € Z, then 
Ap = a? — (1 — 4p!)b? > 4p'b? — 0, 
hence 4p + b? > 4p'b?. Dividing the two sides of this last inequality by 
Apb? leads to gz + 7, > p'—', which is impossible. 


Exercise 10.60. 
Let a € Z such that a > 2, d = (27a* + 1)/4 and 


4 
=] 
f(z) =2° x ve ata’. 
4 
(1) Show that f(x) is irreducible over Q. 
Hint. One may use the identity: 


f(a) = (w— 1/3)° — (2-4/9). 


Show that Disc(f) = a‘d?. Deduce that Gal(f,Q) ~ Z/3Z. 
[Recall that the discriminant of the polynomial g(x) = aox® + az? + 
agx + a3 is given by: 


— 
iw) 
Nene! 


Disc(g) = aja3 — 4aga3 — 4a$az — 27aZa3 + 18agaiaza3}. 


(3) Let @ be a root of f and K = Q(a). Show that f(u(x)) = 0 
(mod f(x)Q[x]), where u(x) = (a? arty Ba Oe) ia Deduce 
that the roots of f are a, 6 = u(a) andy = 1—a-—Q8. Let 
g(x) = f(u(x))/f(x). Show that this polynomial is irreducible over 
Q and compute its roots. 

Show that {1,a, 6} is a basis of K over Q and that Disc(1,a, 8) = d?. 
Suppose that d is square free. Show that no prime divisor of d is a 
factor of the index of a. Deduce that {1, a, 3} is an integral basis of 
and that Disc(K) = d?. 


A LO 
oe 
icra: 
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Solution 10.60. 


(1) Suppose that the polynomial f(z) is reducible over Q, then it has a root 


— 
iw) 


— 
w 
we 


wa 


xo € Z an this root satisfies 29 = 0 or x | at. We have f(0) = at £ 0, 
hence xp # 0 and zg | a+. We use the identity (329 — 1)? = d(9a9 — 4). 
It is clear that 9x) — 4 ¢ {0,—1,1}. Let p be a prime divisor of 9g — 4, 
then p 4 3 and p | 3%) — 1. It follows that zg = 4/9 (mod p) and 
Xo = 3/9 (mod p). Therefore 4 = 3 (mod p) which is a contradiction. 
We conclude that f(x) is irreducible over Q. 

Straightforward computations. 

We omit the verification that f(x) | f(u(x)) in Q[z]. Let g(x) € Q[a] 
such that f(u(z)) = f(x)g(x), then f(u(a)) = f(a)g(a) = 0, hence 
GB = u(a) is a root of f(x). Since a is not a root of a quadratic equation, 
then G £ a. Let y be the third root of f(x). Since a+8++¥=1, then 
y=1l-—a-—. We have 


f(u(@)) = (u(x) — a) (u(@) — B)(u(x) — 7) = f(w)g(@). 
Suppose that g(x) is reducible over Q, then it has a rational root, 
say r. This implies that u(r) = a or u(r) = 6 or u(r) = 7, which 
contradicts the irreducibility of f(a). Thus g(a) is irreducible over Q. 
Since u(a) = 8, u(8) = y and u(y) = a, then the roots of g(x) are 
given by 


(a7+1)/2-—a, (a?+1)/2—8 and (a?+1)/2-¥7. 


Since B = (a? a*tla sae fae, then it is clear that we may 
express 1, a, a” in terms of 1, a, 6, hence {1, a, 3} is a basis of K over 


Q. We have [Marcus (1977), Th. 6, Chap. 2] 
Tr(1) Tr(a) Tr(6) 
Disc(1,a,8)=|Tr(a) Tr(a?) Tr(Ba)}. 
Tr(8) Tr(a8) — Tr(6?) 
Here, Tr denotes the trace of elements of K over Q. From the minimal 
polynomial of a, it is seen that Tr(a) = Tr(8) = 1. Let = a?. Since 


then 
a(p— (9a* — 1)/4) = pa", 
hence pu(u — (9a* — 1)/4)? = (uw — a*)?. Therefore, 


p(w — (Gat — 1)/4)” - (u— a4)? = 0. 
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From this equation it is seen that 


Tr(6?) = Tr(a) = Tr(u) = (1 + 9a")/2. 


We have 
l-@ 4429? —1 
ap = a cae . a—a* | /a’, 
2 4 
hence 
1 /1-@ 3a* + 2a? —1 
Tr(a@8) = = ( 7 Tr(a?) + = (a) a‘) = (1-9a*)/4. 


It follows that 

3 1 1 2 

14+ 27a 

Disc(1,a,8)=|1 (1+9a4)/2 (1—9a*4)/4| = (+) =. 

1 (1-9a*)/4 (1+9a*)/2 

(5) Let p be a prime factor of d. Obviously, p 4 3. From the identity given 

in (1), it isseen that f(a) = (a—1/3)? (mod p) and x—-1/3 { $ (4-4/9) 
in F,[2], thus p { I(a) by Exercise 10.30. We have Z[a] C Zla, 8] C A. 
Using the values of the discriminants computed above, we obtain 


Disc(1, a, a”) = Disc(f) = atd? = I(a)? Disc(K) and 
I(a) 
(A : Z[a, B}) 


Since gcd(d, I(a)) = 1, then gced(d, aoe = 1, hence Disc(K) = d? 
and {1,a, 3} is a basis of A over Z. 


Disc(1, a, 8) = d? = (A: Za, B])? Disc(K) = ( ) Disc(K). 


Exercise 10.61. 

Let d be a cube free integer such that d > 2. Write d in the form d = ab’, 
where a,b € N, ged(a,b) = 1 and ab square free. Let a = Wd, 6 = Va2b, 
K = Q(a), and A be its ring of integers. 


(1) Show that {1, a, 8} is a basis of K over Q and that Z[a, 8] = Z+Za+ 
ZB. 

(2) Show that Disc(1,a, 3) = —27a?b? and (A : Z[a, 8]) | 3ab. 

(3) Let p be a prime divisor of ab. Show that p is totally ramified in A. 

(4) Show that 


pi Pp ifa? #b? (mod 9) 
| P2P, ifa?=b? (mod 9)’ 


where P, P, and P2 are prime ideals of A having their residual degree 
equal to 1. 
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(5) Let p be a prime divisor of ab. Show that p{ (A: Z[a, 6]). 
(6) If a? # b? (mod 9), show that A = Z+ Za+ ZB and Disc(K) = 


—27a*b?. If a? = b? (mod 9), show that A = Za + ZG + Zy and 
Disc(K) = —3a7b?, where y = (1 + aa + 68)/3. 


Solution 10.61. 


(1) We have 8 = a?/b. Since {1,a,a7} is a basis of K over Q, then so 


nN 


Ww 


N 


is {1,a, 8}. It is clear that Z+ Za+ ZB C Zla, 3]. To get the other 
inclusion it is sufficient to show that a?, 8? and a8 € Z+ Za+Zs. 
This claim is verified since a? = b8, 8? = aa and a8 = ab. 

Let j be primitive cube root of unity in C. The embeddings 01, 02, 03 
of K into C are given by 01 = Idx, o2(a) = ja and o3(a) = ja. 
Since 8 = a?/b, then o2(8) = j2a7/b = j78 and o3(8) = ja?/b = 7B. 
It follows that [Marcus (1977), Chap. 2] 


1 «a BI’ i a. gi 
Disc(1,a,8)=|1 ja j?8| =a°6?|1 gf #7 
1 ja 98 bP 3 


= 08 ((j — 1)(9? — 1)? — 3) = — 2708". 


We use the formula relating the absolute discriminant of a number field, 
the index of an order of this field and the discriminant of a Z-basis of 
this order. We obtain 


—27a"b* = Disc(1,a, 8) = (A: Zla, 6])? Disc(K), 
hence 
34a7b? = (A : Zla, ])?(—3 Disc(K)). 

It follows that —3Disc(K) is a square and (A : Zla, B])? | 37a7b?. 
Therefore (A : Z[a, §]) | 3ab. 

Suppose that p | a and let P be a prime ideal of A lying over pZ. 
Since a® = ab”, then P | a, hence P? | ab?. Since ged(a,b) = 1, then 
ab? = pe, where c € Z and p{c. We have P® | pe, hence P? | p. We 
conclude that pA = P°. If p| b, we use a similar proof on replacing a 
by 6. 

Since —3 Disc(A‘) is a squares, then 3 | Disc(A‘), therefore 3 is ramified 
in A and the splitting of 3A in A must have one of the following forms 


34 = P® or 3A = P?Po, where the ideals P;, Pz and P are of the first 
degree and P; # P2. If 3 | ab, then since ab is square free, we have 
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a? #b* (mod 9). Therefore by (3), 3 is totally ramified in A and the 
proof is complete in this case. Suppose now that 3 { ab, then a? = b? 
(mod 3). Let 6 = a —a, then @ satisfies the following equation 


6° + 3a0a + a(a? — b?) = 0. (Eq 1) 


Suppose first that 3A = P? and let s = vp(0). We show that 1 < s < 2. 
From this equation it is seen that 3 | 63, hence P | 0. Therefore s > 1. 
Suppose that 3 | 6, then 0/3 is an algebraic integer whose minimal 
polynomial over Q is given by 


22 2 Bg: SOP GCG = BP) _ 
g(a) =a Rigi acta 57 = 0. 


It follows that 3 | a, which is a contradiction. We conclude that s < 2. 
Suppose that s = 2. From the identity a® = ab”, we deduce that 
P ta. We have vp(6?) = 6, vp(3a0a) = 5, which implies, by using 
(Eq 1), vp(a? — b*) > 5. Therefore 3? | a? — b*. (Eq 1) shows the 
incompatibility of of these P-adic valuations. We conclude that s = 1 
and again, by (Eq 1), a? 4 b? (mod 9). Suppose now that 3A = P?P2, 
where the ideals P,, P2 are of the first degree and Py # Pj. From 
Equation (4) we conclude that P, | 0, hence vp, (6? + 3a0a) > 2. Using 
(Eq 1) (4), we obtain vp,(a? — 7) > 2. We conclude that a? = b? 
(mod 9). 

By contradiction, suppose that p | (A: Z[a, 6]). Then, by Lagrange’s 
Theorem, there exists w € A \ Z[la, 6] such that pw € Zia, 3]. Set 


— 
ou 
WH 


pw=x+ya+ zB (Eq 2) 


with x,y,z € Z. Since p | ab, then by (3), p is totally ramified in A. 
Let P be the unique prime ideal of A lying over pZ. Suppose that p | a. 
Since a? = ab?, then vp(a) = 1. Similarly, we have vp(8) = 2. (Eq 
2) implies p| a and then p| y and then p | z. It follows that 


w = (x/p) + (y/p)a + (2/p)B € Zla, 5}, 


which is a contradiction. Using similar arguments, one reach a contra- 
diction in the case where p | b. We conclude that p{ (A : Z[a, 6]). 
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(6) Recall that 


—27a"b* = Disc(1,a, 8) = (A: Zla, 6])? Disc(K). 


Using (5), we conclude that a?b? | Disc(K). (4) implies that 3 | 
Disc(K). We deduce that (A : Z[a,8]) = 1, Disc(K) = —27a7b? and 
then A = Z+ Za+Z6 or (A: Zla, 8]) = 3, Disc(K) = —3a7b? and 
A strictly contains Z + Za + ZB. Suppose that a? # b? (mod 9), then 
by (4), 3 is totally ramified in A. If moreover 3 | ab, then by (5), 
3{ (A: Zia, 6]). Therefore A = Zla, 6] and the proof is complete in 
this case. Now, if moreover 3 { ab, then a? = b? (mod 3). Equation 
(Eq 1) shows that P | 0 but P? +0. Let w € A. We want to show that 
weEZ4+Za+ZB. Since 3w € Z+Za+ZB, set 3w=x+ya+ 28 with 
x,y,z © Z. We have 


3bw = bx + by(@ +a) + 2(6 +a)? 
= br + bya + za? + (by + 2za)0 + 26? 
= A+ BO+ C62, 


hence 3 | A and then 3 | B. We deduce that 3 | C. It follows that 
x =y = z= 0 (mod 8). Therefore w € Z[a, 3] and then A = Z[a, §] 
and Disc(K) = —27a?b?. 

Suppose now that a? = b? (mod 9) (which implies 3 { ab). By (4), the 
splitting of 3A is given by 3A = P?P2, where the prime ideals P; and 
P2 are distinct. (Eq 1) shows that P1P2 | @ and then P?P3 | 67, hence 
3 | 07. Since 


6 =(a—a)? 
=a? — 2aa +a? 
= 08 —2aa +a? 


= (1+aa+56) + (a? —1- 32a) 


and since 3 | a? — 1, then 1+ aa+b@ =0 (mod 8). It follows that the 
number y = (1+aa+6£)/3 is an algebraic integer and y ¢ Z+Za+ZBs. 
We have Za, 6]CZla, 8,7] C A and since (A : Zla, G]) < 3, it follows 
that this index is equal to 3, A = Zla,8,y] and Disc(K) = —3a7b?. 
It remains to show that Z[a, 6,7] = Za + ZG + Zy. Clearly the set 
appearing on the right side of this equality is contained in the other. 
To get the reverse inclusion it is sufficient to prove that the elements 
1, a?, 67,77, a8, ay, By belong to the set on the right side. It is easy to 
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show the following relations: 
1 = 3y— aa — bB 
a? = b8 
6B? =aa 


aB = ab(3y7 — aa — bB) 


1 — ab? b(1 — 
ay = 5 a OO B+ ab? 
1 —a?b? ab(1 — a? 
Pia : 3B +a°by 
>»  a(1 +b? — 2a7b?) b(1 + a? — 2a?b?) 1 + 2a7b? 
oT 9 = 9 om nt 


Clearly 1 — ab? = 0 (mod 3). It remains to prove that 


1+0*—2a7b?=0 (mod 9) and 
1+? —2a7b7=0 (mod 9). 


By symmetry it is sufficient to prove the first congruence. This follows 
easily from the following: a? = b? (mod 9) = 1 or 4 or —2 (mod 9). 


Exercise 10.62. 


(1) Let K be a number field of degree n, A be its ring of integers, 
{w1,...Wn} be an integral basis and let p be a prime number which 
is not ramified in A. Show that the following assertions are equivalent. 

(i) For any i € {1,...,n}, w? =w (mod pA). 
(ii) For any 6 € A, 6? = 0 (mod pA). 
(iii) The prime p completely (totally) splits in A. 


(2) Suppose that the preceding equivalent conditions hold and that p <n. 
Show that, for any 0 € A, p| I(@). 

(3) Let f(x) = 23-2? —- 22-8, 0€C bea root of f and E = Q(@). Show 
that 


(a) f(a) is irreducible over Q. 

(b) Disc(f) = —2? - 503. 

(c) 2| I(0) and pu := 0(0 — 1)/2 is an algebraic integer. 
Hint. One may use Exercise 10.30. 

(d) {1,0, 4} is an integral basis. 

(e) The prime 2 completely splits in E and 2 | I(@) for any algebraic 
integer 0 € EF. 
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(f) Let Pi1,P2,P3 be the prime ideals of EF lying over 2Z. Show that 
we may suppose that they are numbered in order to satisfy the 
following conditions: 


6 =0 (mod P;) yw =0 (mod P;) 
6 =0 (mod P2) and pe =1 (mod Py) 
6 =1 (mod P3) pe =1~= (mod P3) 


For each of these three prime ideals of F', determine a basis over Z. 
(g) Let 1 =0A+ pA. Show that I = Pj. 


Solution 10.62. 
(1) © (i) = (ii). Let 6 = S>"_, ajw; be an element of A, then 


P= S- aw) =O (mod p). 


e (ti) = (iti). Since the prime p is not ramified in A, its splitting in 
A has the form pA = P,---P,, where r is a positive integer and 
Pi,...P, are distinct prime ideals of A. Let j € {1,...,r}. For any 
6 € A, 6? = 6 (mod P;). This may be written in the form: for any 
6 € A/P;, 6? = 9. This implies that the field A/P; has cardinality 
equal to p. Therefore A/P; ~ F, and the residual degree of P; is 
equal to 1. 
(iti) > (4). Let pA = P ---P, be the splitting of p in A, where r is 
a positive integer and P,,...P,. are distinct prime ideals of A all of 
residual degree equal to 1. Fix? € {1,...,n}. For any j € {1,...,r}, 
we have w) =w (mod P)), hence w? =w (mod pA). 
(2) By (i), we have for any 0 € A, 0? = 6 (mod pA), hence modulo p, 6 
satisfies an algebraic equation of degree less than n. Therefore p | I(@) 
by Exercise 10.29. 
(3)(a) If f(a) where reducible over Q, then it will have a root n = 0 or 
n € Z with n | —8. The possible values of n are n = +1, +2, +4, +8. 
It is straightforward to verify that f(a) does not vanish for any of 
these values of n nor for 0. Therefore f(x) is irreducible over Q. 
(b) Let 0,0, 6” be the roots of f(x). We have 


Dise(f) = —Neyolf ()) 
= —Nzx/Q (36? — 26 — 2) 
= —(367 — 26 — 2)(30'? _ 26 — 2)(30"2 _ 96" — 2), 
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It is possible to expand this product and to express it as a polynomial 
in the elementary symmetric functions of the roots of f(a) and then 
find the value of Disc(f). We will not go further in this way. Instead 
of that, set a = 30? — 20 —2 and multiply this equation successively 
by @ and 6”. Using the equation satisfied by 0, we get the following 
equations: 


30? — 20+ (-2-—a) =0 
6? + (4—a)6+24=0 
(5 — a)? + 260+8 =0. 


This implies that 2; = 1, rz = 0, 23 = 6° is a non zero solution of 
the homogeneous system of equations 


323 — 2% +(-2-—a)r1 = 0 
@3 + (4—a)arq + 240, = 0 
(5 — a)a3 + 26x + 8x1 = 0. 


It follows that the determinant of this system is 0, that is 


3 —2 (—2—a) 
1 (4—a) 24] =0. 
(5—a) 26 8 


We get the equation a® — 7a? — 2? - 503 = 0. Therefore 
Nejo(f (8) = 2 - 503 
and Disc(f) = —2? - 503. 


(c) We may write f(x) in the form 


Na 


f(z) = 27(a — 1) — 2(@ +4) 


and we see that x | +4 in F,[a]. Therefore, by Exercise 10.30, 2 | 
I(@). Using the same method as in (2),(b), we compute the minimal 
polynomial g(a) over Q, of y and we find g(x) = x? — 2x? + 3x — 10. 
This polynomial is monic and has integral coefficients, hence p is an 
algebraic integer. 

Consider the inclusions Z/0] C Z[6,u] Cc A. By (b) and (c), the 
index of Z[@] in A is equal to 2. The index of Z[6] in Z/0,a] is 
equal to the determinant of the matrix expressing 1, 0,6? in terms of 
1,0,a. This determinant is equal to 2, hence A = ZO, a]. Therefore 
{1,6,a} is an integral basis. 
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(e) Since the rational prime 2 is not ramified, we may use (1). We have 
6? = 6+ 2, hence 6? = 6 (mod 2). Straightforward computations, 
lead to w? = —2+20+4 ps, hence py? = yw (mod 2). According to (1), 
the prime 2 completely splits in E. 

(f) From (e), we have 2A = P|P2P3, where the prime ideals P;, i = 
1,2,3 are distinct and have their residual degree equal to 1. The 
minimal polynomial f(x) of 6 over Q may be written in the form: 
f(a) = 2?(a —1)—2(a—4). According to Exercise 10.30, 2 | I(0) 
and we may suppose that 


7) 0 
6 =0 (mod P2) . (Eq 1) 
0 1 


Similarly, the minimal polynomial g(x) = 2° — 2x? + 32 — 10 of ps 
over Q, may be written in the form 


g(x) = a(a +1)? + 2(—227 +0 —5), 


pe =1 (mod Pi, ) 

hence 4 4 =1 (mod ?;,) , where the indices 71, %2,73 are distinct 
pe =0 (mod Pi, ) 

and belong to {1,2,3}. Since 


6u = 6°(0 — 1)/2 = (6 — 67) /2=0+4 


and since 6 #0 (mod P3), then 0u 4 0 (mod P3). We deduce that 
pp £0 (mod P3), thus = 1 (mod P3). Therefore, we may suppose 
that 


w=0 
#=1 (modPy) . (Eq 2) 
w=l 


We begin with the computation of a Z-basis of P,. Since A/P, is 
isomorphic to Z/2Z, then there exists a morphism of rings ¢: A > 
Z/2Z whose kernel is equal to P,. Since A = Z+ ZO + Zp, then in 
order to define @, it is sufficient to define ¢ on Z and to find explicitly 
the respective values of (0) and (4). Obviously, for any a € Z, we 
must have ¢(a) = @, where @ = 0 or G@ = 1, according to a is even 
or a is odd. From the congruences satisfied by @ and yz described 
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above, we must have 4(0) = d(u) = 0. Let y = a+ b0+ cu be an 
element of A, then 
1 Ee Pi = $(y = 0) 

ea=0 

=a=0 (mod 2) 

Sa=2X with AECZ 

2 y=2A4+ 00+ cu with AEZ. 
Thus P; is generated over Z by {2,6, u}. Obviously this set is free 
over Z, hence {2, 6, 4} is a basis of Py. 


We use a similar reasoning for P2 and keep the same notations as 
above. We have 


7 € Po © o(y = 0) 
Sa+é@= 


#&at+c=0 (mod 2) 


Sa=c+2r with AEZ 
ey=204\4+b0+c1+p) with AEZ. 


Hence P2 is generated over Z by {2,6,4 + 1}. Obviously this set 
is free over Z, hence {2,0,4+ 1} is a basis of Pz. We omit the 
computations for P3. It is seen that {2,0+1, +1} is a basis of Ps. 
From (Eq 1), and since Ng/g(9) = 8, we have 0A = Pi" P2 with 
€1,€2 > 1 and e; + eg = 3. From (Eq 2), and since Ng/g(pu) = 10, 
we have A = P)Q, where Q is a prime ideal lying over 5Z. We use 
the following identity: 


Ou =0+4+4. (Eq 3) 
It is easy to show that Ngg(9 + 4) = 5.2*. Suppose that e, = 1. 
Then vp, (04) = 2 and vp,(@ + 4) = 1, which is a contradiction to 
(Eq 3). It follows that e; = 2, e2 = 1, 0A P?P2 and pA = PQ, 
thus I = Pj. 
Remark. We may prove the same result as follows. Let 


y=at+b0+cpe A, 
then 7 = a (mod I). We have 
2 = w(10/p) — 6(8/8) = w(u? — 2u + 3) — 0(0? — 6 — 2), 


hence 2 € I. We deduce that 2Z Cc I. Let n = 2k +1 be an odd 
integer, then n = 1 (mod J). The question now reduces to does 1 
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belong to I? Or do we have the equality J = A? Since 6A C P; and 
pA C P, (see (Eq 1), (Eq 2)), then the answer is negative and 
then A/I ~ Z/2Z. It follows that J is a prime ideal lying over 2Z. 
By (Eq 1), (Eq 2) again we conclude that I =P}. 


Exercise 10.63. 
Let K be a number field of degree n, A be its ring of integers, p be a prime 
number and P be a prime ideal of A lying over pZ. For any rational integer 
m >1and any ac K, let 

S) a(a—1)---(a—(m-—1)) 


m m! 


Let 
Kp = {a € K,vp(a) > 0}. 


(1) Show that the following propositions are equivalent. 


(i) For all integers m > 1 and alla € Kp, (“) € Kp. 
(ii) The residual degree of P is equal to 1 and P? { p. 
(2) For any a € K, denote by Den(a) the denominator of a, that is the 


smallest positive integer d such that da is integral. Let 

Ky = {a € K,p{ Den(a)}. 
Show that Kp = Np|,Kp. Deduce that the following assertions are 
equivalent. 


(iii) For all integers m > 1 and all a € Ky, (“) € Ky. 
(iv) The splitting of pA as a product of prime ideals of A is given by 
pA = P1P2:--Pn, where the ideals P;, i = 1,...,r are distinct 


and of the first degree over pZ. 
Solution 10.63. 


(1) © (i) => (it). Suppose that P is of degree f > 2, then there exists 
a € AC Kp such that a # k (mod P) for k = 0,1...,p — 1. 
Therefore (°) ¢ Kp. Suppose that P is of the first degree and 
P? | p. Let a € A such that aA+ pA = P. Consider CG). The 
numerator of this fraction is divisible by P but not by P?, while the 
denominator is divisible by P?. Therefore (°) d Kp. 

e (ti) = (i). We first show that for any positive integer s > 1, the 
numbers 0,1,...,p°* — 1 form a complete residue system modulo P®. 


We have 
|A/P*| = Nxjo(P*) = P*, 
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hence it is sufficient to prove that the elements in the preceding 
list are distinct modulo P*. If not, then p* | m for some m, 1 < 
m < p*, which is a contradiction. Let a € Kp and let m > 1 
be an integer. It follows from the preceding that for any s > 1, 
the numbers a,a — 1,...,a@— (p* — 1) form a complete system of 
residues modulo P*. Consider the fraction (2) In the sequence 
a,a—1,...,@—(m-—1), there are |m/p| multiples of P, |m/p| 
multiples of P? and so on. Therefore the numerator of the fraction 
is divisible by P*, where 


k =|m/p|+|m/p?|+---. 


It is known that m! is divisible by exactly p* [Ribenboim (2001), 
Lemma 3, Chap. 17.2]. It follows that (“) € Kp. 
Let a € Kp, then a = 6/d, where 6 is an integer of K, d is the denom- 
inator of a and p{ d. It follows that for any prime ideal P lying over 
pZ, we have P { d, hence a € MNp|,Kp. We prove the reverse inclusion. 
Let @ be an element of this intersection, then vp(a) > 0 for any P | p, 
hence p{ Den(a), thus a € K,. Now the equivalence of (iii) and (iv) 


follows from (1). 


Exercise 10.64. 
Let K bea field, f(x) = 2" +@n_12"~! +-+-+-+a9 be a polynomial with 
coefficients in kK. The matrix 


0 0 soe 0 —ag 

1 0 see 0 —ay 
M=) 0 Le eases "O —ag 

0 0 soe 1 —Aan-1 


is called the companion matrix of f(a). For any matrix N € M,(K), we 
denote by y(N) the characteristic polynomial of N. 


Show that x(M) = f(a). 

Suppose that f(a) is irreducible over K and let a be a root of f(x) in 
an algebraic closure of kK. Let N € M,,(4) such that f(N) =0. Show 
that K[a] ~ K[N]. 

Show that the finite field Fg may be represented as a field of matrices 
belonging to M3(F2). Write explicitly these matrices. 

Suppose that K = Q and let f(x) = 2" + a@n_-12""1 + +++ +a9 € Z[a], 
a be a root of f(z) in C and N € M,,(Z) such that f(N) = 0. Suppose 


Integral elements, Algebraic number theory 401 


that f(x) is irreducible over Q. Let u(a) € Qla], where u(x) € QIz] 
and degu <n -—1. Show that u(q) is an algebraic integer if and only 
if x(u(N)) € Za]. 

(5) Let g(a) € Z[x] be monic, irreducible of degree n and @ be a root of 
g(x). Let F = Q(6) and A be the ring of integers of F’. Show that the 
following conditions are equivalent. 

(i) AA ZO]. 
(ii) There exist a prime number p, a positive integer k, matrices M, N € 
M,,(Z) and bo,...,0% € Z such that b, 4 0, g(M) =0 and 


bol + biM +---+b,M* = pN. 
Solution 10.64. 
(1) e First method. We have 


xv 0 0 ao 

—1 x 2 att 0 ay 
x(M) = Det(aI — M) = Det | 0 —-1.... 0 a2 

0 0 wee Tl £+4n-1 


Expanding this determinant through its first row, we obtain 


x(M) = Det(aI — M) 


xv 0 0 ay 
—1 xv 0 ag 
=xDet}] 0 -1 0 a3 
0 0 —1 L+An—1 
—1 x 0 0 
0 —1 0 0 
+(-1)"ttapDet | 0 0 0 O 
0 0 0 —1 
av 0 0 ay 
—1 x Aes 0 ag 
=aj+axDet] 0 a 0 a3 
0 0 wee Ll B+ An-1 


and the proof may be completed by induction. 
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e Second method. Let do,...,@n—1 be indeterminates algebraically 


independent over K, E = K(Go,...,Gn—1), 
fq) =2" + aya" 4 Haig 

and M be the matrix obtained from M by replacing a; by 4; for 
i=0,...,n—1. Let B = {e1,...,e,} be the canonical basis of E” 
over F and let T: E” > E” be the unique E-linear map such that 
T(e;) = e.41 fori =1,...,n—1 and T(e,) = —Gge, — +++ — Gy_1€n, 
then clearly the matrix of T relative to the basis B is equal to M. 
We first show that f(T) = 0. We proceed by induction. We have 


fT) (:y= (aoldge at Ss a,c: ) =T (Ee) =0. 
Suppose that f(T)(e;) = 0 for j =1,...,k. Then 


F(T) (eri) = F(P)(T(ex)) = T F(T) (ex)) = TO) = 0. 
It follows that f(T) = 0, hence f(M) = 0. Let P(«) be the minimal 
polynomial of M over E. On the one hand P(2) | f(«) in E[z]. Since 
f(z) is irreducible in K[ao,...,@,—1, x], then it is irreducible in E[z]. 
It follows that f(a) = P(«). On the other hand, P(x) | Det(aI—M) 
in E[x]. Since these polynomials are both monic of the same degree 
n, then 


f(x) = P(x) = Det(aI — M). 


Consider the unique morphism of rings ¢ : K[@o,...,@n—1,2] > K 
such that ¢(A) = A for any A € K, ¢(a) = x and $(@;) = a; for 
i=0,...,n2—1. Applying ¢ to the preceding identity, we obtain 


f(x) = Det(al — M) =x(M). 


(2) Consider the maps o : K[x] ~ K and 7 : K[z] > M,(K), defined 


by o(u(a)) = u(a) and r(u(z)) = u(M), then clearly o and 7 are 
morphisms of rings, 


Kero = Kert = f(2)K[z], Imo=K[a] and Imr=K[M]. 


The first isomorphism theorem implies that 


K[M] ~ K[a]/f(x)K [a] ~ K[6). 


(3) The polynomial f(x) = 2° — x +1 is irreducible over Fy. Let 6 be a 


root of f(a) in an algebraic closure of F2, then 


Fg og F.[0] = ‘> (M], 
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where M is any matrix belonging to M3(F2) such that f(M) = 0. 
We may take M to be the companion matrix of f(x), that is M = 


0 O -Il 
1 O 1 |. Then 
0 1 O 


Fg ~ {0,J,M,I+M,M?,I+ M?,M+M?,I+M+4 M7}. 


— 
ey 
Nu 


We use the isomorphism of fields 7 : Q[6] > Q[M] such that (0) = 
M. Suppose that 8 := u(@) is integral over Z, then g() = 0, where 
g(x) € Za] is the minimal polynomial of 6 over Q. Applying wv, we 
obtain g(u(NV)) = 0. Therefore g(x) is the minimal polynomial of 
u(N). Since g(a) is irreducible, then y(u(NV)) is a power of g(x), hence 
x(u(N)) € Z[a]. We prove the converse. Suppose that y(u(NV)) € Z[z], 
then y(u(N))(N) = 0 and applying ~~, we obtain x(u(N))(8) = 0, 
which implies that 6 is integral over Z. 

(5) © (¢) > (#). Let B = {uw ,...,wWn} be an integral basis of F’. Since 
A#Z/6, there exists 6 € A \ Z[6] of the form 


B = (bo + 610 + b,6*) /p, 


where p is a prime number and bo,..., 6, are integers such that b, 4 
0 (mod p). Let M be the matrix in base B of the Q-endomorphism 
mg of F such that mg(x) = 0x. Exercise 2.5 shows that 


N := (bp +b|M +---+0,M*)/p 


is the matrix representing the endomorphism multiplication by § in 
the basis B. So it has integral entries and 


bo +b; M +--+. +b, M* = pN. 
We show that g(M) = 0. We have 
x(M) (x2) = Det(al — M) = Det(xIdp — me), 
hence 
x(M)(8) = Det (61d — mo). 


Since (0[dr — mg)(1) = 0, then y()(0) = 0. Therefore g(x) | 
x(M)(a). Since these polynomials are both monic of degree n, then 
g(x) = x(M)(x), which implies that g(M) = 0. 
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e (4i) = (2). Let a prime number p, matrices M,N € M,,(Z) and 
bo,-.-,6% € Z such that bk #0 (mod p), g(M) = 0 and 


bol +b,M +---+b,M* = pN. 
Let 
u(x) = (bo + bia +--+ + byx*)/p, 


then 


x(u(M) (2) = x(N)(x) € Z[2], 


hence u(@) is an algebraic integer by (4). Moreover u(™) ¢ Z[6], 
hence A 4 Z/6]. 


Exercise 10.65. 
(1) Let A be a Dedekind domain, 6),...,6,, be ideals of A. Show that 
AFT (B; + By) = NED B; + Be. 


(2) Let a1,...,a, € A. Show that the following system of congruence 
equations x = a; (mod B;) for i = 1,...,k is solvable in A if and only 
if for any i, j,i AJ, a; =a; (mod ged(B;, B;)). 

(3) Let (a;,b;) for i = 1,...,& be distinct couples of integers such that 
0 < a; < b;. We say that this set of couples is a disjoint covering system 
if for any non negative integer n, there exists a unique 7 € {1,...,k} 
such that n = a; (mod b;). Show that (a;,b;), for 7 = 1,...,k, isa 
disjoint covering system if and only if the following conditions hold. 


O30 S1. 
(ii) For any i, j € {1,...,k},i4j, we have a; =a; (mod gcd(b,, b;)). 


(4) Let (a;,b;) for i = 1,...,k be distinct couples of integers such that 
0 < a; < bj. For i =1,...,m, let a, = 6; — a; — 1. Show that (aj, b;) 
is a disjoint covering system if and only if (a, b;) satisfies the same 
property. 

(5) Let (a;,b;) for i = 1,...,k be distinct couples of integers such that 
0 <a; < bj and let N = lem(b1,..., dg). 

(a) Show that (a;,b;), for i = 1,...,k, is a disjoint covering system if 


and only if for any integer n, 0 <n < N —1, there exists a unique 
i€ {1,...,k} such that n =a; (mod };). 
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(b) Let a € C be transcendental or algebraic over Q of degree greater 
than N. Prove the following identities. 


N-1 
a’ = (a —1)/(a—-1), 
t=0 
k N/b;-1 
Sot So ates | =S 0 at (a% —1)/(a*s - 1). 
j=1 \ s=0 j=l 
Deduce that (a;,b;), for i = 1,...,k, is a disjoint covering system 


if and only if 
a [(a® — 1) +++ Fa%/(a’* —1) = 1/(a- 1). 
Solution 10.65. 


(1) For any i=1,...,k —1, B; C B; + By, hence 
NEB: C NED (Bi + Be). 
Moreover since 6, C 6B; + By, fori =1,...,k—1, then 
By C Oiz1 (Bi + Br). 
We deduce that 
Bi + Be C NED} (B; + By). 
We prove the reverse inclusion. Let P be a prime ideal dividing 
gam (B; + B,), with a positive exponent equal to e. Then there ex- 
ists ig € {1,...,k—1} such that P* | B;, + By. It follows that P* | B;, 
and P° | B,. We deduce that P® | N*='B; and P° | B, and then the 
desired inclusion. 

(2) e Necessity of the conditions. Let 7 € A be a solution of the 
system of congruence equations and let i and j € {1,...,k} such 
that i #7, then a; = x =a; (mod ged(B;,B;)). 

e Sufficiency of the conditions. Notice that gcd(6;,6;) = 6; + B;. 
We prove the result by induction on k. Suppose first that k = 
2. Since a; = ag (mod 6; + B;), then a; — ag = u+v, where 
u € B, and v € Bg. Let x = aj —u = a2 +4, then & satisfies the 
congruence equations. Suppose that the result holds for any number 
of ideals of A smaller than k. Then, there exists c € A such that 
c=a; (mod 6;) for i=1,...,4—1. Consider the following system 
consisting of two congruence equations 

z=y (mod nz B:) 


L=an (mod Bx). 
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To use the result proved for two ideals, we must show that 
y=a, (mod n&z} B; + B,). 
For any i=1,...,4—1, we have 
y — ap = (y— ai) + (a; — ax) € B; + (B; + By) = B; + By. 
Hence by (1), we have 
y — an © ND} (Bi + Be) = NET Bi + Bx 


and this proves the verification to be done. 
(3) We begin with a remark. Let b = Icem(b1,...,b4), P; = a; + b:Z for 
i=1,...,k and A= {0,1,...,b—1}, then 


IP, Al/|Al = |{ai,ai + b,...,a% + (Gi — 1)d}1/0, 
where q; is defined by the relation b = b;g;. Hence |P; 9 A|/|A| = 1/;. 


e Necessity of the conditions. The conditions (i) follows from 
(1). Since the covering system is disjoint, then A = U%_,(P;M A) 
and this union is a disjoint one. It follows that 


k 
1=|UL, (PN A)l/|A| = (Ss1@o.a)) algo 


hence (i). 
e Sufficiency of the conditions. (ii) shows that (a;,b;) for 1 = 
1,...,k is a covering system of Z. (¢) implies that the covering 


system is disjoint on A, hence disjoint on Z. 


(4) We use the result in (3). It is clear that the condition (7) is satisfied 
by both systems or none. The second condition (ii), follows from the 
identities a, - a, = b; — b; — (a; — a;) for any i ¥ j. 

(5)(a) The necessity of the condition is obvious. We prove the sufficiency. 

Let n € Z,0 <r < N such that n =r (mod N) and let i be the 


unique integer in {1,...,4} such that r =a; (mod b;). Then 
n=r (mod N) 
=r (mod 6) 
=a; (mod 0;). 


Suppose that n = a; (mod b;) and n = a; (mod b;), then r = a; 
(mod };) and r= a,; (mod 6,), hence i = j. 
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(b) The first identity is obvious, so we omit its proof. We have 


k N/b;-1 k N/b;-1 
S(T ars] array (Oar 
j=l s=0 j=l s=0 
k 
=a (a —1)/(a% — 1), 
j=l 


which proves the second identity. 


Suppose that (a;,b;), fori = 1,...,k, is a disjoint covering system, then 
N-1 k N/b; -1 
~ a= ~ ss ats + 85 , 
t=0 j=1 \ s=0 


hence using the two identities, we get the following relation. 
a [(a® — 1) +++ Fat /(a®* — 1) = 1/(a- 1). 


Conversely suppose that this relation holds, then according to the two 
identities, we obtain 


N-1 k N/b;-1 
~ at = ™ S 7 uti +805 
t=0 j=l s=0 


This shows that a is a root of the following polynomial with integral 
coefficients 


N-1 k N/bj-1 
™~ = ~ 
f(x) = gt — 5 ti +85 
t=0 j=l s=0 


This polynomial is the zero polynomial or its degree is less than N. 
The assumptions made on a@ implies that f(a) = 0, thus 


N-1 k N/b;-1 
~ vt = e ; =~ gti + 9b; 
t=0 j=l s=0 


The polynomial on the left hand side of this identity is of degree N — 
1 and contains N non zero terms. The same must be true for the 
polynomial appearing on the right hand side. It follows that for any 
t € {0,...,N — 1}, there exists a unique 7 € {1,...,k} such that 
t =a; + sb;. 
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Exercise 10.66. 

Let K be a number field, A be its ring of integers, F, P be the sets of 
fractional ideals of K and principal fractional ideals respectively. Let H = 
F/P. For any ideal I € F, denote by [J] be its class modulo P. 


(1) Let A be a fractional ideal of K and let d be the order of [A] in H. Let 
w € K such that A? = wA, p= w!/4, E = K(p) and B be the ring of 
integers of FE. Show that 


(a) AB = pB. 
(b) If for some number field F' containing K, with ring of integers C, we 
have AC = aC, with a € F, then a = yp, where yp is an algebraic 


unit. 

(2) Let h be the class number of K and let A;,...,A,;, be a complete set 
of representatives of the classes of ideals modulo P. Let d1,...,d, be 
the respective orders of [.A;],..., [Ap]. For? =1,...,h let w; € K such 

1/d; 


that AX = w A and let pj =w;"*. Let E = K(pi,..., pn) and B be 
its ring of integers. Show that for any fractional ideal I of K, IB is 
principal. 

Let y and 7 be algebraic numbers. Show that there exists an algebraic 
number ¢ such that the following relation holds ay + bn = ¢, where a 
and 0 are algebraic integers. Show that ¢ is unique up to multiplication 
by an algebraic unit. The number ¢ will be called the gcd of y and 7. 


— 
w 
wm 


Solution 10.66. 
(1)(a) We have 
(AB)? = A‘B = wB = (pB)4, 


hence by the uniqueness of the factorization in EF into a product of 
prime ideals, we obtain AB = pB. 

(b) It is known that any fractional ideal of K may be generated by two 
elements. So let a,,a2 be elements of K such that A= a,A+a.A, 
then aC = a,C+agC, thus a = a,c, +@9C2 with c,,co € C. We have 
a, = pb, and ag = pbo, where b,, bz € B, hence a = p(byc, + bace). 
We obtain a similar relation by permuting p and a. Thus 6c, +b2c2 
is an algebraic unit. 

(2) For any 7 € {1,...,h}, let E; = K(p;) and B; be its ring of integers. 
According to (1), A;B; = p;Bi, hence A;B = p;B, that is A;B is 
principal. Since I is equivalent to some A;, say A;,, then J = A;, (aA), 
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where a € K. We deduce that 
IB=4A,,B(aB) = p;,BaB = p;,aB, 
thus IB is principal. 


Exercise 10.67. 
Let d be a non zero square free integer, K = Q(V/d) and A be the ring of 
integers of K. Recall that A = Z|w], where 


Vd if d=2,3 (mod 4) 
w= . 
(1+ Vd)/2 ifd=1 (mod 4) 
Let I be a non zero ideal of A. 


(1) Let 6 = gcd{b, there exists a € Z such that a+ bw € I}. Show that 
there exists ag € Z such that ap + dw € I. 

(2) For any a=a+bw € J, let c(a) = a+ bw — (b/d) (ao + dw). Show that 
c(a) € ZN I and I is generated over Z by ap + dw and {c(a),a € I}. 

(3) Let c = ged{c(a),a € I}. Show that I is generated over Z by c and 
ao + dw. Show that c is the smallest positive integer which belongs to 
I. 

(4) Let g and r € Z such that a9 = cq+r with 0 <r<_c. Show that I is 
generated by c and r+ dw. Show that 6|c and 6 |r. 

(5) Let P be a prime ideal of A lying over some rational prime p such that 
A/P ~F,. Show that P = (p,r+w) with O<r <p. 


Solution 10.67. 


(1) Let (a;,6;) € Z?, i=1,...,n such that a; +bjw € Z and 6 = Sy, aid; 
with x; € Z. Since 7, 2:(a; + bw) € TI, then ap + dw € I with 
ag = yes ja; 

(2) We have c(a) = a — (b/d)ao, hence c(a) € Z. Obviously c(a) € I, thus 
c(a) €INZ. Any a=a+ bw € I may be written in the form 

a = c(a) + (b/6) (ap + dw), 
hence ag + dw with the set {c(a), a € I} generate I. 

(3) The first part is obvious. Let d € I be a positive integer, then d = c(d), 
hence c | d, that is c is the smallest positive integer which belongs to J. 

(4) We have 


r+ dw = (a9 — cq) +0W =ap+dw—cqeElI and 


ao + dw =r + dw + qe, 
hence c and r+ dw generate I over Z. Since c € J and r+odw € J, then 
6 | cand 6 |r. 
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(5) Since Nxjg(P) = p, then p € P. Since 1 ¢ P, then the element c 
defined in (2) is equal to p. Hence I has the form I = (p,r+6w), with 
0<r<p. Since 6|r and 6|p, then 6 = 1. Thus J = (p,r+w). 


Chapter 11 


Derivations 


Exercise 11.1. 

Let p be a prime number, K be a perfect field of characteristic p and E be an 
extension of K. Let a,,...,@, be elements of FE such that a; = papa Cig OF, 
for i = 1,...,n, where cj; € K for any (i,j) € {1,...,n}?. Show that 


Q1,.--,Q@p, are algebraic over K. 


Solution 11.1. 


Suppose that there exists i € {1,...,} such that a; is transcendental over 
K. Let r > 1 be the transcendence degree of K(aj,...,Q@n) over K. We 
may suppose that {a1,...,a,} is a transcendence basis and a,+41,...,Qn 
are algebraic over K(aj,...,a@,). Let d: K(ai,...,@,-) > K(ai,...,Qn) 
be the K-derivation such that d(f(a1,...,a,)) = BF leper) Since I is 
perfect and K(a,,...,Q@) is algebraic and separable over K(aj,...,@;,), 
then d has one and only one extension d: K(a1,...,@,) > K(a1,...,Qn) 


[Lang (1965), Th. 7, Chap. 10.7]. Since a, = 0", c1j04, then 
1 =d(a,) = S cijpat,*d(a;) =0, 
j=l 


which is a contradiction. Therefore aj,...,@, are algebraic over K. 


Exercise 11.2. 

Let K be a field of characteristic 0, f(x,y) be an irreducible polynomial 
with coefficients in kK. Let a be an element of an algebraic closure of 
K(ax), E = K(a,a) and Ko be the algebraic closure of K in E. Let d be 
the derivation of K(x) such that d(u(«)) = u/(x) and let d be the unique 
extension of d to E. Show that Kerd = Ko. 
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Solution 11.2. 
Let 6 € Ko and let g(x) be its minimal polynomial over Kk. We have 


0 = d(g(8)) = g'(8)d(8). 


If g'(3) = 0, then g’(x) = 0, hence g(x) is a constant, which is excluded. 
It follows that d(G) = 0 which means 6 € Kerd. Let 6 € Kerd and 
let h(x,y) € K[x,y] be the unique (up to a multiplication by a non zero 
constant in K) irreducible polynomial satisfying h(x, 3) = 0. We have 

ce Oh(a, 8) FS Oh(x, 8) 


ie Le) a a a 


We deduce that Oh, 8) = 0, hence h(x, y) | AXn@.y) in K(2x)[y]. Taking 
into account of the respective degrees in y of h and gh we conclude that 


there exists c(x) € K(x) such that Oth{ew)) = ¢c(x)h(z,y). Set 
h(x, y) = hm(x)y™ +--+ + ho(x) 


and c(x) = a(x)/b(a), where ho(x),...,hm(x),a(x) and b(a) € K[a], 
hmn(x) # 0, b(a) A 0 and ged(a(x), b(a)) = 1. Using the above relation 
between h(x, y) and One , we get the equations: b(x)hj,(a) = a(x)h; (a) 
for 7 = 0,...,m. This implies that b(x) divides all the polynomials h, (zx) 
hence b(x) is a constant in K. It follows that a(x) = 0 and hj(x) = 0 for 
j =0,...,m. Since the characteristic of K is 0, we conclude that h;(x) is 


a constant in K for 7 = 0,...,m which means 6 € Ko. 


Exercise 11.3. 
Let EF be a field of characteristic 4 2. Suppose that there exists a map 
o:E= E satisfying the following conditions. 


(1) For any z,y € FE, o(a@ + y) = a(x) +a(y). 
(2) For any x € E, o(x?) = 22(0(z)). 


Show that o is a derivation of E. 


Solution 11.3. 
The proof is similar to the one given in Exercise 1.13. 


Exercise 11.4. 
Let d be the K-derivation of K[zx,y] defined by d(f) = a ot + y $e. Show 
that Kerd = K. 
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Solution 11.4. 

Let f(x,y) = an(y)x” +--+ + ao(y) be an element of Kerd with a,(y) 4 
0 and let m = dega,(y), then the coefficient of x” of d(f) is equal to 
nan(y) + ya, (y), hence nan(y) + ya, (y) = 0. Set an(y) = bmy™ ++ +++ bo, 
where b,, 4 0, then the coefficient of y’” in the equation relating a and a’ is 
equal to (n+m)bm, hence n +m = 0 which implies n = m = 0 and f € K. 


Exercise 11.5. 

Let K be a field of characteristic 0, £ = (a,...,%,) and f(Z) € K[z] 
irreducible. Let 6 be a K-derivation of K[z] such that Ker 6 contains n — 
1 algebraically independent polynomials over K. Show that there exists 
T(Z) € K[Z] such that 6(f) = Tf if and only if for any i € {1,...,n}, 
f | 6(a;) or there exists P(Z) € Ker6é such that f | P. 


Solution 11.5. 


e Necessity of the conditions. 

Suppose that there exists some i € {1,...,n}, say « = n, such that 
f { 6(a;) and let Py,...,P,-1 be algebraically independent elements 
over K of Kerd. Let A = K[z]/(f) and E the fraction field of 
A. Since the transcendence degree of E over K is equal to n — 1, 
then the elements of A: Z,,P1,...,P,—1 are algebraically dependent 
over K, hence there exists R(y1,...,Yn) € K[y1,---,Yn] such that 
R(P,,...,;Pn—1,2n) = 0. We deduce that there exists q(#) € K[z| 
such that R(Pi,...,Pn—1,U%n) = fg. We may write this identity in the 
form 


ap(Pi,.. .,Py-1)a* +- --+a1(Pi,...,Pr—1)t@n+ao(Pi,... »Pr-1) = fa, 


where k is supposed to be minimal. Suppose that k > 1, then applying 
6 to both sides of this identity, yields 


5(@n) (kag(Pi,.--,Pr—-1)ae) +--+ +a1(Pi,...,Pr-1)) = £6(q) + 96(f) 
= f(6(q) + 9). 
Since f { d(a»), then there exists g(#) € K[Z] such that 
kap(P1,...,Pp—1)0®-1 +--+ +1(Py,...,Pa—1) = fg, 


which contradicts the minimality of k. Therefore k = O and 
ao(Pi,...;Pn—1) =0 (mod f) and the proof is complete. 

e Sufficiency of the conditions. 
Suppose that f | 6(a;) fori = 1,...,n. We have 6(f) = 5L6(ai), 
hence f | 6(f) in K[z], thus 6(f) = Tf for some T € K[z]. If 
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We deduce that 


eg(£)O(f) + f(Z)d(g) = 9, 


which shows that f(Z) | 6(f) in K[Z]. Therefore, there exists T(z) € 
K[z] such that 6(f) = Tf. 


Exercise 11.6. 


(1) Let A be an integrally closed domain, d: A — A a derivation and d 
its extension to Frac(A). Show that Ker d = Frac(Ker d) if and only if 
Ker d is algebraic over Frac(Ker d). 

Let K bea field of characteristic 0, A = K[a1,..., 2], d a K-derivation 

of A and d its extension to Frac(A) = K(a1,...,an). If Kerd contains 

n—1 algebraically independent polynomials over K, show that Kerd = 

Frac(Ker d). 

(3) Let K be a field of characteristic 0, d : K[a1,22] > K[x1, 22] the 
derivation such that d = 13 + a2 52. Show that Kerd = K and 
Lq/a1 © Ker d. Conclude that the assumption on the transcendence 
degree in (2) cannot be omitted. 


(2 


nN 


Solution 11.6. 


(1) e Necessity of the condition. 
Let a € Kerd, then a = u/v, where u,v € Kerd and v 4 0, hence 
a —u/v =0 which shows that a is algebraic over Frac(Ker d). 
e Sufficiency of the condition. 
The inclusion Frac(Ker d) C Kerd is obvious. We prove the reverse 
inclusion. Let a € Ker d, then there exists a positive integer n and 
uo /Vo, U1/V1,---;Un—1/Un—1 © Frac(Ker d) such that 


a” + (Un—1/Un—-1)a" | ++++ + (uo/v9) = 0. 


Let v = v9-+-+Un_1, then v € Kerd and va is integral over A, which 
is integrally closed. Hence va € A. Set va = a € A, then d(a) = 


d(a) = 0. Therefore a = a/v € Frac(Ker d). 
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(2) We apply (1) for A = K[21,...,2,]. Here A is a unique factorization 
domain, hence integrally closed. From the assumptions, we conclude 
that the transcendence degree of Ker d over K is equal to n or n—1. 
In the first case, K(x1,...,2n) is algebraic separable over Ker d, hence 

d= 0. Therefore d = 0, Kerd = Klai,...,2n], Kerd = K(a1,.--,;%n) 

and the result is proved in this case. In the second case, let t be the 

transcendence degree of Frac(Ker d) over K. Since Frac(Ker d) C Ker d, 

then n—1<t<n-—1, hence t = n—1. It follows that Ker dis algebraic 

over Frac(Ker d). By (1), we conclude that Ker d = Frac(Ker d). 

Let f(a1,%2) € K[2x1, 22], 


f (£1, £2) oa S- Gessner: 


— 
w 
we 


then 
Uf) = Soi + ia)ayayp x, 
hence d(f) = 0 if and only if f € K. Therefore Kerd = K. It is easy 


to check that d(x2/x,) = 0. This shows that Ker d 4 Frac(Ker d). It is 
obvious that, in this example, the assumptions of (2) are not satisfied. 


Exercise 11.7. 

Let K be a field of characteristic p > 0, x= (a1,...%n) be an n-tuple 
of variables, y another variable such that 21,...,2%,,y are algebraically 
independent over K. Let f(X,y) € K[X,y] be irreducible and such that 


=. 


deg, f = 1 and deg,, f > 1 for i = 1,...,n. Let a € K[X] such that 
f(X,a) =0 and let E = K(X,a). Let Ko be the algebraic closure of K in 
E. If p> 0, we assume that f ¢ K[a?,...,x?,y?]. 


(1) Show that [Ko : A] | deg, f. 

(2) If f is absolutely irreducible, show that Ko = K. 

(3) Let fi(X,y) € K[X,y] be an irreducible factor of f such that 
fi(X, a) = 0. Suppose that the leading coefficient of f; for the lex- 
icographic order is equal to 1. Let Ky be the extension of K generated 
by the coefficients of fi. 


(a) If p > 0, let K? be the separable closure of K in Ky, and let 


p° = [K, : K]; = [K, : Kf]. Let k be the smallest non neg- 
a as 
ative integer such that k < e and f?P (X,y) € Ki[X,y]. Let 
- es ss 
g(X,y) = ft (X,y). 


e Show that g; is irreducible over K?. 
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ee Let d) = [Kj : K] and let o,...,0a, : K} ~ K be the 
distinct embeddings. Let g(X,y) = i coe gi (X,y). Show 
that f(X,y) =cg(X,y) for some c € K*. 
eee Deduce that k = 0, K,/K is separable and g; = fi. 
(b) In any case p = 0 or p > 0, show that Ky = Ko. 
(c) Deduce that f is absolutely irreducible if and only if Ko = K. 

(4) Let F be the separable closure of K(X) in E. Show that Ko C F. 

(5) From now on, we suppose that n = 1 and p = 0. We set a1 = & 
and we suppose that f(x,y) ¢ K[x?,y] and f(z,y) ¢ K[x,y?]. Let 
d: K(x) + K(a) be the derivation such that for any u(x) € K(x), w 
have d(u(x)) = u/(x). 

e Show that d extends, in a unique way, as a derivation d of E and 
compute d(a). | 
ee Show that Kerd = Ko. 

(6) Let m = deg, f. For any 8 € E we denote by §’ the element d(8) 
and generally 6") the k-th derivative of 6. Show that there exist 
ag(x), a1(X),..-,Qm(x) € K[z] not all 0 such that 

ag(2)a + ar(x)a’ +--+ +am(x)ah™ =0. 
(7) e Let 6 be a conjugate of a over K(x) and let 0 : E + K(x) be the 
K(a)-embedding such that o(a) = 8. Show that o(a*)) = B®, 
ee Let k<m be the smallest positive integer such that 
bo(x)a + bi(a)al +--+ + by (x)a = 0, 


where b;(x) € K[a] for i =0,...,k and 6, (a) A 0. Show that all the 
conjugates of a over K(x) satisfy this differential equation. 


Solution 11.7. 


(1) Consider the diagram. 


K(X) 


Ze™ 
NU 


Derivations 417 


Ko/K is algebraic while K(X)/K is purely transcendental, hence Ko 
and i(X) are linearly disjoint over K [Lang (1965), Pro. 3, Chap. 10.5]. 
Therefore [Ko(X) : K(X)] = [Ko : K]. It follows that 


deg, f =[E : K( 


which proves that [Ko : K] | deg, f 
(2) Suppose that f(X,y) is absolutely irreducible. We have 


=> 


[K(X,a) : Ko(X)] = deg, f = (K(X, a) : K(X)]. 


Therefore Ko(X) = K(X) and then Ky = K. 

(3)(a) e Suppose that g; is reducible over Kj, then there exists h < k such 
that f?" 6K 7 (2, y], which contradicts the minimality of k. Hence 
gi is irreducible over Ky. 

ee We have f(X,a) = 9,(X,a) = 0, the two polynomials f and g; 
have their coefficients in Ay and the second is irreducible over this 
field. Tt follows that g(X,a) | f(X,a) in K} [x,y]. Therefore, 
for any K-embedding o : K} > K, mi 7(X, a) | F(X, a) in Kile, y]. 
Since g? # gf for o # 7, then []@, of (X,y) | f(X,y) in K3[X,g]. 
The first polynomial has its coefficients in K and the second is 
irreducible over K, hence there exists c € K* such that f(X,y) = 
cg(X,y). 

eee We have 


dy dy 
f(Xy) =e] [UP Xy))™ =e] ] tre (Xy))” 


i=l i=1 


where Fis (X,y) is the polynomial obtained from oe (X,y) by 
replacing any of its coefficient a by al/P*. If k > 1 then fe 
K{at,...,v?,y”], which contradicts the assumptions. Hence k = 
0, K? = K,, K,/K is separable and g; = f,. 

(b) We have shown that if p > 0, then K,/K is separable. This claim is 
also true if p = 0. We have in any case f(X,y) = eT (A(X, y))™, 
where the product runs over the distinct K-embeddings o; : K? > 
K. We deduce that deg, f = deg, filKa : K]. Consider the dia- 


gram. 
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K,(X) 
Ky K(X) 
K 
On the one hand, we have 


[Ki(X, a) : K(X)] = [Ki(X, a) : Ki(X)|[Ki(X) : K(X)] 
xX 


= [Ki(X,a): Ki (X) [Ai : K] 
= deg, filki K 
= deg, f 


On the other hand, we have 
[Ki(X,a) : K(X)] = [Ki(X,a) : K(X, a)][K(X, a) : K(X)] 
= [Ki(X,a) : K(X,a)] deg, f. 


Hence K,(X,a) = K(X,q), which implies K, C K(X,q) and then 
Kk, C Ko. Since fi is absolutely irreducible, then by (2), we have 
K? = Ky. Since K; C Ko, then K® Cc K? = K, c K®, hence 
ky = Ko. 

We have proved, in (2), that if f is absolutely irreducible, then 
K® = K. We prove the converse. Suppose that f is not absolutely 
irreducible and let f; be an irreducible factor in K[x,y] of f. Let 
ky be the field generated by the coefficients of f; over K, then 
K ¢ Ki = Ko by (3) (b), which is a contradiction. 

(4) Let a € Ko and g(x) = Irr(a, K), then g is separable over K because 


=> 


Ko/K is separable. Since Irr(a, K(X)) = Irr(a, K), then a is separable 


= 


over K(X). Therefore a € F’. 
(5) e Suppose that an extension d exists, then since f(x,a) = 0, we have 


— 
a 
Nee? 


FE, a) + See a)d(a) = 0. 
~ of as 
Since (2,8) # 0, then d(a) = — aE Since d is completely 
By (GO 


determined by d(a), then d is unique. Moreover, this formula for 
d(a) allows one to define d(@) for any 8 € E. 
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ee It is clear that Ky C Kerd. We prove the reverse inclusion. Let 
8 € Kerd and 


g(x,y) = yt + bg-1 (xy? * +--+ + bo(x) 


be its minimal polynomial over K(x). Since g(x, 6) = 0, then 


Hence 94 (x, B) = 0. Therefore, g((x, y) 99 (x,y) in K(a)[y]. It 
follows that 89 (, y) = 0 and then b’(x) = 0 fori =0,...,q—1. We 
deduce that b(a) € K for i = 0,...,q—1, which implies that 6 is 
algebraic over K. Therefore G € Ko. 

(6) Since £ is a vector space over K(x) of dimension m, then any fam- 

ily of m+ 1 elements is linearly dependent. Therefore, there exist 


ao(x),a1(),...,am(2) € K [2] not all 0 such that 
ao(x)a + ai(x)a’ Ae aa cert Am (x)a’™ _ 0. 


(7) e It is sufficient to prove that if c(a) = 3, then o(a’) = 6’. From (5), 
we have 
_ a 
2F (ea) 
hence 


F(x ola 
lal) = EA) _ gt 


~ 2 (a, 0(a)) 


ee It is clear that the integer k satisfying the given properties exists. 
Applying ¢ to the differential equation satisfied by a: 


bo(x)a + by (x)a’ feee yt bp (xa) =0 
and using (7) e, we conclude that ( satisfies the same equation. 


Exercise 11.8. 
Let Kk be a field and A be a K-algebra without zero divisors. Let A be a 
set of K-derivations of A and 


A* = {a€ A,d(a) =0, for any d€ A}. 
Show that Frac(A4) 9 A= A4. 
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Solution 11.8. 
Let 


A = {6, derivation of Frac(A) extending some derivation of A} 
and 
Frac(A)* = {x € Frac(A),6(a) =0, for any 6 € A}. 
We have Frac(A‘) C Frac(A)4 and Frac(A)4.9 A = AS, hence 
AS C Frac(A)“ A C Frac(A)40 A = AS. 
Therefore Frac(A4) M.A = A. 


Exercise 11.9. 

Let R and S be integral domains such that S C R and let F and E be their 
respective fraction fields. Suppose that FE is a Galois extension of F', R is 
integrally closed and that RO F =S. Let D: E > E be a derivation such 
that D(F) C F and D(R) C R. Let S be the integral closure of $ in E. 


(1) Show that for any o € Gal(E, F), cDo~! is a derivation of E and the 
restrictions to F of cDo~! and D are equal. 

(2) Deduce that for any o € Gal(E, F), cDo~! = D. 

(3) Show that for any o € Gal(E, F),0(S) = S. 

(4) Show that D(S) cS. 


Solution 11.9. 


(1) Obvious. 

(2) Dp is a derivation of F and D,oDo™~' are extensions of Dr to E, 
where Dp is the restriction of D to F. Since E/F is algebraic, this 
extension is unique, hence cDo~! = D. 

(3) It is sufficient to prove that a(S) C S$ for any o € Gal(E,F). Since 
a(S) C E and o(S) is integral over S, then a(S) C S. 

(4) Let 3 € S, then its conjugates over F, o(8), o € G, belong to 9 by (3), 
hence any elementary symmetric function of these elements belongs to 
S. Since S Cc R, where R denotes the integral closure of R in E and 
since R is integrally closed, then R = R, hence all these elementary 
symmetric functions belong to R. Since they also belong to F’, they are 
elements of RN F, which is equal to S. It follows that D(§) is integral 
over S, that is D(3) € S, thus D(S) Cc S. 
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Exercise 11.10. 

Let K be a perfect field, EF be an algebraic extension of kK, d: K > K be 
a derivation and d: E > E be its unique extension. Suppose that Ker d is 
algebraically closed in E. Show that Ker d = Ker d. 


Solution 11.10. 
Obviously, we have Kerd C Kerd. For the reverse inclusion, let a € Kerd 
and let 


f(x) =Irr(a, K) = 2” + ania" * + +++ + ap. 
Since f(a) = 0, then 


n-1 
d(aj)a’ + d(a) f"(a) = 0, 
1=0 
hence 
n-1 . ; n-1 
oF d(a;)a’ = a d(a;)a* = 0 
=0 1=0 


It follows that a; € Kerd for any 7 € {0,...,2 — 1} which implies that 
a is algebraic over Kerd. Since Kerd is algebraically closed in EF, then 
a € Kerd. 


Exercise 11.11. 


(1) Let K be a field, A be a K-algebra, A be a set of K-derivations of A 
and 
AS = {a€ A,d(a) =0 for any d€ A}. 
Show that Frac(A4) c (Frac A)4, where 
A = {6 derivation of Frac A, 6 is a prolongation of some d € A}. 


(2) Show that the reverse inclusion does not hold in the following case: 
K is a field of characteristic 0, A = K[x,y], A = {d}, where d is the 
unique K-derivation of A such that d(x) = x and d(y) = y. 


Solution 11.11. 
(1) Since (Frac A)4 is a field, it is sufficient to prove that AS C (Frac A)4. 
Let a € A* and 6 € A, then a = ¢ € Frac A and 
d(a)-1—ad(1) — d(a) — ad(1) 


d(a) = 12 = 12 = 0, 


hence a € (Frac(A))4. 
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(2) We show that ¥ ¢ (Frac A)4 but = sf a It is easy to see 


that for any f(z,y) € K[z,y], d(f) = of x +8 aly. Let d be the unique 
extension of d to K(x, y) = Frac A, then 


- & d(x) — ad d(x) — «d 
rene Le eS (y) 9 
y y y 
thus  € (Frac A). Let f(x,y) € AS, then 
gee + gee =0, (Eq 1) 
oy ba 


hence xl 3f. Set 3f = g(x,y), where g(xy) € K[x,y], then sf = — 
—yg(x,y). It follows that aL fe = — $f fy, Set 


f(x,y) = an(x)y” + +++ + ay1(x)y + ao(x). 


Since y | ae, then ao(x) = 0. 
We deduce that 


7 Wrl®) y= ner ere ai(@) = —[al(x)y"* SSP es a, («)| 
L av 
an() — a! (x), Set 


Gn (2) = be + Bip te te 
with b,, # 0, then 
Nb wt + nda? +e + dy 
==mbyc™ 1 = (m= lbyiie™ 2 —- = by. 


It follows that (n+ m)bm = 0, which implies n = m = 0. Therefore, 
f(x,y) € K[x] and then from (1), of = 0 which means f(x,y) € K. 
We have proved that A“ = K, hence Frac(A*) = K and 7 eee 
follows that Frac(A4) ¢ (Frac A)“ 


Exercise 11.12. 
Let K be a field of characteristic 0 and A be a K-algebra without zero 
divisors. Let A be a set of derivations of A and 


A — {a € A,d(a) = 0 for any d€ A}. 


Show that A® is integrally closed in A. 
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Solution 11.12. 

Let B = A® and let a € A be integral over B. Then there exist 
bo, b1,...,0n ~1 € B such that a” + bp_ja"~! +--- + bo = 0 and we 
may suppose that n is minimal. We deduce that for any d € A, 


d(a) (na”~* + (n= 1)bp_1a"~? +--+ +b1) = 0, 
hence d(a) = 0, that is a € A*. Therefore, A% is integrally closed in A. 


Exercise 11.13. 

Let K be a field, n be an integer at least equal to 2, A= K[x,..., 2%] and 
B the integral closure of K[a,,x 22] in A. Show that for any non empty 
set A of derivations of A, we have B 4 A‘, where A® is the set of elements 
a € A such that d(a) = 0 for any d € A. Show that BC K[21, x2]. 


Solution 11.13. 
Suppose that there exists a non empty set A of derivations of A such that 
B= A®*. For any d€ A, we have 


d(x) => 0 = d(x122) = x d(x2), 


hence d(#z2) = 0, which implies 72 € B. We show that this leads to 
a contradiction. There exist @o,@1,..-,@m—1 © K[x1,2122] such that 
xy + mas +-+-+a9 = 0. Write the left side of this identity as 
a sum of monomials bria3. Then it is seen that the coefficient of a3" is 
equal to 1. This means that the polynomial on the left side of the identity 
is non zero, hence x1, £2 are algebraically dependent over K, which is a 
contradiction. We have K [21,7122] C K [21,22] C A, hence B C K[a1, 29], 
where K[21, X2] is the integral closure of K (21,2) in A. It is easy to show 
that K[a1, x] is integrally closed in A, hence B C K[a1, x9]. 


Exercise 11.14. 
Let K be a field of characteristic 0, d be a K-derivation of K[x1,..., 2p]. 
Suppose that d 4 0. 


(1) Show that the number of polynomials algebraically independent over 
K and belonging to Ker d is at most equal to n — 1. 
(2) Show that the condition on the characteristic of K cannot be omitted. 


Solution 11.14. 
(1) Suppose that Ker d contains n polynomials 


iy ash Uaioe pln Daca en 
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algebraically independent over K and let g(a1,...,2n) € K[a1,...,2n]}. 
Then clearly fi,...,fn,g are algebraically dependent over kK. There- 
fore, there exists O(y1,---,Yn,2) © K[y1,---,Yn, 2] such that ¢ is irre- 
ducible over K and @(f1,..-, fn, g) = 0. Set 


P(Y1, ++ +5 Yns 2) = Ya CYiyh<eg Tn ’ 


where m is a positive integer, ¢; € > elvis ..+;Yn| for i = 0,...,m and 
bm #0. | 
Since 7)" di(fi,---, fn)g* = 0, then 
i=0 i=1 
hence 


(>: ioi(fi, waa) d(g) = 0. 


i=1 
Since K is of characteristic 0, fi,..., fn are algebraically independent 
over K and ¢m(yi,---;Yn) # 0, then mém(fi,..-,; fn) 4 0, hence 
1 1bi(y1,---,yndy® | #0. Therefore >," ibi(fi,---,fndg’ 4 0 
and then d(g) = 0. 
Since g was arbitrary, then d = 0, which is a contradiction to our 
assumptions. We conclude that the number of elements of Ker d, alge- 
braically independent over K is at most equal to n — 1. 

(2) Let K be a field of characteristic p and let d: K[x] + K[a] such that 
d(f(x)) = f’(x). Then clearly d(x?) = px?~' = 0. Therefore Ker d 
contains a transcendental element over K. 


Exercise 11.15. 

Let K bea field of characteristic 0 and P(x, y) be a non constant polynomial 
with coefficients in K. Let D: K(x,y) > K(x,y) be the map such that for 
any f(x,y) € K(x, y), 


dp ap 
Ox Oy 
Dif)=|2 
Ox Oy 


(1) Show that D is a K-derivation. 
(2) Let f(a, y) € K(a,y). Show that the following propositions are equiv- 
alent. 


(i) f € KerD. 
(ii) f and P are algebraically dependent over K. 
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Solution 11.15. 


(1) Let f,g € K(az,y) and A,we K. 
Then 
op Op 
Se, oe ae ey 
ron + Hor ry Hoy 


_ Op eae Og Op 2 Og 
~ Ox \ Oy PB Oy Oy Ox © Pox 


OpOf  Opofy | Op Og Opdg 
Ox Oy OyOu rae Ox Oy Oy Ou 


= AD(f) + pD(q), 
hence D is K-linear. 
We have 


D(fg) = 


D(Af + 49) = 


Q 


op 
ess 


pal a 
ers 


nee 


(0 2) 8 
~ Ox Fay I oy 


=f Op Og Opodg 
7 Ox Oy OyOx rg 


= fD(g) + gD(f). 
Therefore D is a derivation. Obviously D(a) = 0 for any a € K, hence 
D is K-derivation. 
Remark. We may write the map D in the form D = op 2 pea eB 
therefore D is a K-derivation. 
(2) © (¢) = (ti). Suppose that f and P are algebraically independent 
over Kk. Let Q(a,y) € K(az,y)\K, then f,P and Q are alge- 
braically dependent over K. Let R(a,y,z) € K[z,y,z]\{0} such 
that R(P, f,Q) = 0. We may write this identity in the form: 
ico Ri(P, f)Q* = 0, where n > 1, Ri(z,y) € K[z,y] and 
Rn(x,y) # 0. Moreover, we may suppose that n is minimal. We 
have 


0 = D(R(P, f,Q = Sper i(P, f) ya's (oR nia") D(Q). 


t=1 


* f2 


1) 


hee ne 
Ox Oy Oy Ox 


Since D(P) = Dif) = 0, then 


D(Q) >> Ri(P, fig’ =0 


i=l 
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If n > 2, then since n is minimal, we conclude that D(Q) = 0. 

= 1, then Ri(P,Q)D(Q) = 0 and since Ri(P,Q) 4 0, we 
conclude that D(Q) = 0. In any case we obtain D(Q) = 0 for any 
Q € K[z,y|\K. Therefore D = 0. We deduce that 

0 = D(a) =-5 and 0=D(y)= = 

It follows that P(x,y) € K, a contradiction. 
(ii) => (i). Obviously if f © K, then f € KerD, hence 
we may suppose that f ¢ K. Since P(az,y) and f(x,y) 
are algebraically dependent over K, there exist a positive inte- 
ger n and ao(x),ai1(x),...,@n(@) € k[x] such that a,(x) 4 0, 
ig ai( f(x, y)) P(x, y)' = 0 and the polynomial 57), ai(x)y’ is 
irreducible over kK. We deduce that 


n 


S¢ D(ai(f))P' + D(P) S— iai(f)P** = 0. 
1=0 


i=1 
Since D(P) = 0, then 


D(f) > a(f)P* = 0. 
i=0 
Suppose that 3°" ,ai(f)P’ = 0, then 5°; a;(x)y’ divides 
yo aj (x))y’. It follows that aj(x) = 0 for i = 0,...,n, hence 
aj(z) € K for i = 0,...,n. Therefore P(x,y) € K which is a con- 
tradiction. We conclude that D(f) = 0, that is f € Ker D. 


Exercise 11.16. 

Let R and S be integral domains such that S$ C R and let EF and F be their 
fraction fields respectively. Suppose that RF is integrally closed, F is a finite 
Galois extension of F and RN F = S. Let Ro be the integral closure of S 
in E. Let d be a derivation of E such that d(F) C F and d(R) Cc R. 


(1) Show that Ro C R. 
(2) Show that d(Ro) C Ro. 


Solution 11.16. 


(1) The following diagram may be helpful. 
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E 


Give 
S 


Let R, be the integral closure of R in E. Since R is integrally closed, 
then R; = R. On the other hand, since S C R, then Ro C R1, hence 
Ro CR. 

(2) Let G = {o1,...,0n} be the Galois group of F over F and let a € Ro. 
We must show that d(a) € Ro. This is equivalent to show that the ele- 
ments Ss, := > 0;,(d(a))---0;,(d(a)), (k =1,...,n), which represent, 
up to multiplication by —1, the coefficients of the characteristic poly- 
nomial of d(@) over F’, except the leading one, belong to S = RN F. 
Obviously, they belong to F. We show that they belong to R. For 
any ¢ € G,odo—' is a derivation of E and odor = dr. Since E/F 
is algebraic and separable, then any derivation of F' has one and only 
one extension to E. It follows that ada~! = d, hence od = do. Since 
a € Ro, then o(a) € Ro and o(a) € R by (1). We conclude that 
sr ER. 


Exercise 11.17. 
Let A be an integral domain containing Q and d: Alz] > Ala] be the 
derivation defined by d(f(x)) = f’(x) for any f(x) € Ala]. 


(1) Show that d is surjective. 

(2) Let I and J be ideals of Ala] such that I Cc J. Show that J +d(J) is 
an ideal of Alz]. Show that d(Z) is not always an ideal of A[z]. 

(3) Let I be an ideal of A[z] and let c(I) be the ideal of A generated by 
all the coefficients of the polynomials f(x) € I. Show that d~!(J) isa 
subring of A[z] and Ac d7!(I) C A+c(J)A[z]. 


Solution 11.17. 


(1) Let g(x) = Sci.) ix" be an element of A[z], then 


hence d is surjective. 
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Let 91 + f{; g2 + f§ be elements of J + d(I), where fi, fo € I and qi, 
g2 € J and let h € R{[z], then 


nt fitg2+ fo = (91 +92) + (fit fo) € J +d) and 
A(gi + ft) = hor thf = (ho —h'fi) + (fh) € J+ dd), 
hence J + d(J) is an ideal of A[z]. 
Let A= Q and J = (a? +24 1)A[z], then 
d(I) = {[(@’ +a+ f(a)’, f(x) € Alz}}, 
hence [x(x?2 + x + 1)]’ € d(J), that is 3x? + 2x +1 € d(I). We show 


that «(3x27 + 2x +1) ¢ d(I) which will prove that d(Z) is not an ideal 
of Q[x]. Suppose that 2(3x2? + 2x + 1) € d(J), then 


30° + Qn? + @ = [(c? +0 +1)f(zx)]’ 
for some f(x) € Q|a]. Since 


then 


3 2 1 
(x? +a +1)f(x) = hl get 5t + a, 


where a € Q. We deduce that 2? + «+1 divides $a* + 22° + $2? +a 
in Q[z]. Performing an Euclidean division, we obtain 


oo ee ee iO oe (oe ce 
toa? + -a" +a=(a° +241) qe 77g? ~ apt) + qt tegte 
Since for any a € Q, «7 +a+1f $24 + $23 + $x? +a, then we get a 
contradiction. We conclude that x(32? + 2x +1) ¢ d(J). 

Let fi, fe € d-*{2), then 


d(fi—fa)=(fi- fe) =f- fe <1 and 
d(fi- fe) = hfe + fof € 1, 
hence fi — fz and fi fz € d~'(I). Therefore d~'(J) is a subring of A[z]. 
Let a € A, then d(a) = 0 € I, hence a € d~'(I). We deduce that 
Acd-“(1). Let f(x) € d-!(J) and let a = f(0), then d(f) = f’ € I. 
Set f(x) = 0", ai’, then a; € c(I) and 


n 


f(x) — 0) =f(e)-a=>> 


i=0 


Qi 44d 
Fae € c(1) Af]. 


Therefore 
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Exercise 11.18. 

Let A be an integral domain containing Q, K be its fraction field, R be 
a subring of some extension F of K satisfying the condition RN K = A. 
Suppose that there exist t,u € R and an A-derivation d of R such that 
RC K{u] and d(t) =1. 


(1) Show that u is transcendental over K. 

(2) Show that for any z,ye R,rye ASxeAandyEe aA. 
(3) Show that RC Kt]. 

(4) Deduce that R = Alt]. 


Solution 11.18. 


(1) The following diagram may be useful. 


Kul 
DN, 
Sly 


A 


Suppose that wu is algebraic over K and let 

f(z) =a" + ane” 1b +++ a9 
be its minimal polynomial over K. Since f(u) = 0, then f’(u)d(u) = 
0. If f’(u) = 0, then f(x)|f’(x) in K[a] and then f’(x) = 0 which 
contradicts the fact that the characteristic of K is equal to 0. Therefore 
d(u) = 0. We deduce that for any g(u) € RC K[u], we have d(g(u)) = 
g'(u)d(u) = 0, which contradicts the existence of t € R, such d(t) = 1. 
We conclude that u is transcendental over K. 
Let x,y € R such that zy € A. We may write x and y in the form x = 
fi(u)/e, and y = fo(u)/ce, where c1,c2 € A and f)(u), fo(u) € Alu]. 
We have fi(u)fo(u) = cicery € A. Since u is transcendental over K, 
then f,(u) and fo(w) € A. We deduce that  andy€ RN K = A. 
Since R C Kul], it is sufficient to show that u € K[t]. Since t € R, 
then t € K[u], hence there exist a € A\{0} and F(w) € Alu] such that 
at = F(u). Since d is an A-derivation, we deduce that 


d(at) = ad(t) = a = F’(u)d(u) € A. 


— 
i) 
ube 


— 
w 
uae 
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By (2), we conclude that F’(u) and d(u) € A. Let 6 € A such that 
F'(u) = 6, then F(u) = bu+c with c € A. We deduce that at = ie +e 
and this shows that 6 4 0. We now have a = F’(u)d(u) = bd(u), 
hence ab~! = d(u) € ROK, thus ab-! € A. We deduce that cb-! = 
ab't-ue ROK. Since RN K = A, then u = ab~!t — cb € Aft]. 
We conclude that RC K[u] C K{E]. 

The inclusion A[t] C R is obvious. We prove the reverse inclusion. 
Let « € R\{0}. Since R C K{t], then x € K/[t], hence there exists 
a € Asuch that ax € Alt]. Set ax = bot” + b)t"-1 +---+ by, where 
n is a positive integer, b9,b,...,b, € A and bb) # 0. Let d” be the 
n-th iterate of d, then d"(ax) = ad”(x) = n!bp. Since Q C A, then n! 
is a unit of A, hence a|bg in A. We complete the proof that a|b; for 
i =0,...,n by induction. Suppose that a|b; for 1 = 0,...,m for m > 1, 
then 


— 
ey 
eS 


b b 
a (: Oa cts nym) —Pegad as Ap: 
a a 
Let y= 2x bo yn ues Pun t™~™, then y € R and we have 


ad”—™—l(y) = (n—m — 1)!bm4i. 
This shows that d"~™~!(y) € KN R = A, hence a | bm4i in A and 
then x € A[t] as desired. 


Exercise 11.19. 
Let K be a field, d be a K-derivation of K(x, y) such that d(x) and d(y) € 
K[z, y]. 


(1) Show that the map 7 : K(a,y) \ {0} — K(az,y) defined by r(f) = 
d(f)/f for any f(x,y) € K(ax,y)* \ {0} is a homomorphism of the 
multiplicative group into the additive group. 

(2) Let fi, fo € Kx, y] \ {0} such that gced(fi, fo) = 1. Suppose that 


T(fifo) € K[z,y] or t(fi/fo) € K[x,y]. Show that r(fi) and r(f2) € 
K{z, y}. 


Solution 11.19. 
(1) Let fi, fe € K(a,y) iy {0}, then 


T(fife) = d(fife)/fife = fid( fo) + fod( fr) 


fife 


=T(fi) +7(f2) 
and 


rf) = o Fai = Fae SA =e, 


hence 7 is a homomorphism of groups. 
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(2) If r( fife) € K[x,y], then from the identity 


T( fife): fife = fid( fo) + fod(fr), 


we see that fi | d(fi) and fo | d(f2). Hence r(fi) € K[z,y]. If 
T(fi/fe) € K[a,y], we use the identity 


fifed(fi/ fe) = (fi) fe — d( fe) fi 


and we obtain the same conclusions as above: f; | d(fi) and fo | d(f2). 
Therefore 7(f1) € K[z,y] and r(f2) € Ka, y]. 


Exercise 11.20. 
Let K be a field of characteristic 0, d be a derivation of K and Ko be a 
subfield of K containing Ker d and satisfying the condition d(Ko) C Ko. 


(1) Let {f1, fo, fs,...} be a subset of K such that d(f;) € Ko for any i and 
let 


Tp = {Seaton Sl (eua.tyeey e rcoro"\(h| ; 

i=1 
If ToN Ko = ¢, show that 1, fi, fo,... are linearly independent over Ko. 

(2) Let F be a subfield of K such that Ko C F and d(F) C F. Let L € To 
such that 1, 2 are linearly independent over F’. 

(3) Deduce that if Ko NT) = ¢, then for any L € Tp and any integer 
n>1,1,L,...,L” are linearly independent over Ko. 

(4) Let F be as in (2) and let L € To. If \+- pL = 0, where A, w € F, show 
that d(A)u — A(w) + w?d(L) = 0. 

(5) Let Ap = Ko and A, = Ko[fi,..., fm] for any integer m > 1. Let Ki, 
be the fractions field of Ayn. 


(a) Show that d(Am) C Am and d(Ky,) C Km for any m > 0. 
(b) For any m > 1 let 


Tm = S- Ci fin =m+ 1; (Haas a Crs) € ronan] 7 
i=m4+1 

Suppose that To7 N Ko # ¢ and let L € T,, for some m > 0. Show 

that 1,L,...,£” are linearly independent over K,,, for any n > 1. 


(6) Let fi, fo,..., and Jp as in (1). Show that fi, fo, fs,... are alge- 
braically independent over Ko if and only if To 1 Ko # @. 
(7) Let F be a field of characteristic 0, K = F((x)), Ko = F(a) and d be 


the derivation of K such that d(u(x)) = 4(u(a)) for any u(x) € K. 
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(a) Let f(z) € K\Ko such that d(f) € Ko. Show that f(a) is tran- 
scendental over Ko. 

(b) Show that f(z) = OP, = ” satisfies the conditions of (a) and then 
it is transcendental over F'(x). 


(8) Let Fd, K and Ko as in (7). 


(a) For g(x) € Ko and a € F write g(x) in the form g(x) = 
ye, ai(x — a)’, where m is a non negative integer and a; € F 
for any. The coefficient a_, is called the residue of g(x) at a. Show 
that the residue of g’(x) at a is equal to 0. 

(b) Let fi (x), fo(x),... be elements of K such that d(f(x)) € Ko. Sup- 
pose that there exist a,,a2,... € F such that for any integer n > 1, 
Det(ri;), where rj; is the residue of d(fi(x)) at aj. Show that 
fi(x), fo(x),... are algebraically independent over Ko. 


(9) Let F' be a field of characteristic 0, 91 (a), go(x),... be pairwise relatively 


prime and non constant polynomials with coefficients in F’. Suppose 
that g;(0) = 1 for any i > 1. Let 


fi(x) = Log(gi(x)) = 5° = 


n=1 


Show that the g;(¢ > 1) are algebraically independent over F(z). 
Solution 11.20. 


(1) We first show that 1, f; are linearly independent over Ko. Suppose the 
contrary. Then there exist (A,) € K§\{0} such that \+ wf, = 0, 
hence A = —pf, € Ko M To, which is a contradiction. Therefore 1, f; 
are linearly independent over Ko. Let n > 2, we show by induction on 
n that 1, fi,..., fn are linearly independent over Ko. Suppose that 


do + > Afi =0, (Eq 1) 
i=1 
where A; € Ko for 7 = 0,...,n. We assume that A, # 0 and we will 
get a contradiction. ne the above identity we obtain: 


d(Xo) )+ oan Dit oval fi = =0. (Eq 2) 


Eliminating f, from the anon (1) a (2), yields to the equation: 


jo + DZ Ond(s) — d(\n)Ad) fe = 0, (Eq 3) 


New 
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where 


Ho = And(Ao) — d(An)Ao + An S- Aid( fi). 
i=1 

The assumptions on the \; and on the f; show that yo and A,d(A;) — 
d(An)A\y = 0 fori =1,...,n—1. 
These ea may be written in the form: 
fo = 0 and d(s +) = 0 fori = 1,...,n—1. We deduce that for any 
t= Lyx Syl, there exists c; € Kerd such that A; = c;A,. Notice 
that we ee have A, = CnAy with c, = 1. Replacing these values of 
the \; in the equation jz = 0 and dividing by \2, we obtain: 


dnd(Ao) ” 
wa EDAD 


hence d(<2 + YL, ci fi) = 0. This implies that there exists c € Kerd 
such that i + 1 Gti =e. 

It follows that (oo ou = afi € Ko To, which is a contradiction. 
Let n > 2 be an eceee Suppose that 


So AL" = 0, (Eq 4) 


where A; € F fori =0,...,n and A, #0. We will get a contradiction. 
Differentiating the above relation, we obtain: 


3 d(\;)L* + (>: ne) d(L) = 0. 


i=0 


We may write this identity in the form: 
ey saree Sua (i + 1)d(L)A\i41)L' = 0. (Eq 5) 


Eliminating L” from iB and (5), we get the following identity: 


n—-1 


S7 Anld(ds) + + 1)d(L)Ai41] — d(An) Az) L* = 0. 


i=0 

Notice that d(L) € F since d(f;) € Ko C F for any i so that the coeffi- 
cients of L* belong to F. Using the inductive hypothesis, we conclude 
that, in particular, 


And(An—1) — d(An)An—1 + nd(L)\2 =0 
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Dividing by \2, we get: 
And(An—1) — d(An)An-1 


that is d(*# 21 +nL)=0. 
We pas chet there exists c € Kerd such that 2"=2 +n =c. There- 


= 0, which shows that 1, D are Tseng independent 
over F 7 a contradiction. 
We apply (2) for the particular case F = Ko. For this aim, we must 
show that 1, LZ are linearly independent over Ko. Set L = S01 cfi, 
where c; € Kerd fori =1,...,n and (c1,...,¢,) #0 and suppose that 
there exist A, 1, € Ko such that \-1+yL = 0. Then A+307_, wei fi; = 0, 
hence by (1), A = 0 and pc, = 0 for i = 1,...,n. Since one of the c; is 
non zero, then \ = 1 = 0. Now the condition in (2) is fulfilled and we 
conclude that 1, L,..., 2” are linearly independent over Ko. 
(4) Differentiating the identity \ + wl = 0, we obtain 
d(X) + d(w)L + ud(L) = 0. 

We eliminate L from these two relations and we get the result. 

(5)(a) Since d(f;) € Ko for any i > 1, then 
d(Am) = d(Ko)|d(f1), area d(fm)] C Ko C Am and 


d(Km) = d(Ko)|d(fi),-+-+4(fm)] C Ko C Km: 

(b) We proceed by induction on m. If m = 0, the result follows from 
(3). Let m > 1 and suppose that the result is true for m — 1. 
According to (2) with F = K,, it is sufficient to prove that 1, L 
are linearly independent over K,, or equivalently over A,,,. Suppose 
that there exist A, € Am\{0} such that \ + wL = 0. If none of A 
and yw depends of f,,, then we may apply the inductive hypothesis 
since Ti, C Tm—1, and we get a contradiction. In the other case 
we set A = op aif, and w = 7,6: f%,, where n is an integer 
> 1,4a;,6; € Am_1 fori =0,...,n—1,a, £0 or b, 40. By (4), we 
have ae aay )+ p?d(L) =0, oe 


Yo hfa: Yate )fin- Yahi, Poa) 


1=0 


+ d(fm) is bifin Ss iaifn' - GS bila 
1=0 t=1 1=0 i=1 
Fy 2 
+ (>: bin) d(L) = 0. 
1=0 


— 
w 
Ww 


bn—2d(an) a An A(bn—2) 
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We consider this relation as an equation of the form 37°", cif, 
where ¢ € Km_-1 for i = 0,1,...,2n. Since fm € Tm-_i, then 
we apply the inductive hypothesis and conclude that c; = 0 for 
7 =0,...,n and this will lead to a contradiction. We have 


Con = bnd(an) — and(bn) + d(L) - b? = 0. 
Suppose that b,, 4 0, then 


C2n = a ( ) t d(L) = 0, 


hence d({* + L) = 0. Therefore, there exists c € Kerd such that 

etLl=c. 

Shick LETm C Tm-1 and $ 22 —c € K,,_1, this equality contradicts 

our inductive hypothesis. Thus b, = 0 and then a, 4 0. We have: 
Can+1 = bn—1d(Gn) 2 and (bn—1) — 0, 


hence d(*=!) = 0. Therefore "=" € Kerd. Thus bn—1 = ean with 
e € Kerd. Using the relations b,, = 0 and cgn_2 = 0, we obtain the 
following equation: 

bn—2d(An) — And(bp_2) 
St Dn 1d(an, 1) — an 1d(by, 1) 
+ d(fm)bn—14n + d(L)b7,_ 1 = 0. 


Substituting ea, for b,_1, we get: 


bn—2d(an) a An Ad(by_2) 
+ €4nd(An—1) — Can—1d(an) 
+ ed(fm)a2 + e?a2d(L) =0. 


Dividing by a?, we obtain: 


An d(an—1) — Gn—1d(an) 


5 +e 5 +ed(fm)+e?d(L) = 0 


an an 


hence 


bn— = 
a( Pepe 1 em +eL) =0. 


An An 
We conclude that there exists h € Kerd such that 


—bn—2 + eAn-1 


an 
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Thus 


bn—2 + edn—1 — han + €an( fm + eL) = 0. 
This equation has the form: »+ “(fm + eL) = 0, where A and 
LE Ky_1. Since fm +eL € Tm_1, the inductive hypothesis implies 
A = pw =0. Therefore ea, = 0. Since b,-1 = ean, then b,_) = 0. 
Suppose that bp = by_1 = ... = bn_(r-1) = 0, for r > 1, we show 
that b,_, = 0. We have 
Con—1 = by_,d(dn) — d(by_,)ay = 0, 
hence d( "n= ) =0. Thus b,_, = kay, for some k € Kerd. We have 


a 


Con—(r+1) = bn—(r-41)4(Gn) 

— dbp (r41) an + bp,-d(Gn—1) 

— d(bp_y)an—1 + 7d(fm)bn—ran = 0. 
We substitute ka, for b,_, and we obtain: 

bn—(r-+1) (an) _ d(bn—(r41)) Qn 
+ kand(an—1) — kan_1d(an) 
+ rka2d( fm) = 0. 
Dividing by a2, we get 

bn—(r¢1)U(an) — €(On—(r4+1))@n EE 


2 
az a 


An d(an—1) — Gn—1d(an) 


2 
n 


+rkd(fm) = 0, 


hence 


ee n— 
a(* (+1) |p. Omm1 I rkfm) =O. 


Gn Gn 
It follows that there exists | € Kerd such that 
bn—(r41) — lan + kan—1 + rkanfim = 0. 
This identity has the form A+ ufm = 0, where A, € Km -1 and 
fim € Fm_1. The inductive hypothesis implies, in particular that 
rkay, = 0. Since bj_, = ka, and since the characteristic of K is 0, 
then b,_, = 0. 

(6) Suppose that Tp NM Ko 4 ¢ and let g be an element of this intersection, 
then g € Ko, and there exist n > 1 and (c1,...,¢n) € Ker d” such that 
1 afi -— g = 0. Therefore f,,...,f, are algebraically dependent 
over Kp. Suppose that Ty M Ky 4 ¢. To conclude for the algebraic 
independence over Ko of the f;, it is sufficient to prove that for any 
m > 1 fm is transcendental over Ky~1, that is 1, fm,..., {7 are linearly 
independent over K,,-1 for any n > 1. By (5) this claim is true, hence 
the f; are algebraically independent over Ko. 
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(7)(a) Here Kerd = F and Tp = {Af (a), € F*}. We use (6). It is clear 


(b 


Sy 


that for any A € F* that Af (x) ¢ Ko since f(x) € K\Ko. Therefore 
To 1 Ko = ¢ and the conclusion follows. 
We must show that f(x) ¢ Ko and d(f(a)) € Ko. We have 


Co 
= ; gl” — 
n=0 


hence d(f(z)) € F(a). Suppose ae ) € F(a) and let 
u(x), v(x) € Fl] such that f(x) = d ged(u(x), v(a)) = 1, 
then 

7) = sate 


We deduce that 


v*(x) = (1— 2)(d(u(x))v(x) — d(v(x))u(a)). 


Suppose that there exists P(x) € f[a] such that P(x)|v(x), P(x) # 
1— 2 and P(z) is irreducible over F’, then from the above identity, 
we conclude that P(x)|d(u(a)). Denote by vp, the valuation at p 
and let e = vp(v(x)), then 


Vp[d(u(x))v(x) — d(v(x))u(@)] =e — 1. 


But vp(v?(x)) = 2e and we have reached a contradiction. From the 
identity, we see that 1 — x|v(x). Therefore v(#) = A(1 — x)° with 
» € F and e > 1. Using valuations at 1— <x as previously we obtain 
a contradiction, hence f(x) ¢ F(a). 

We may suppose that a = 0. Then g(a) has the form: 


co 
zt) = ax y bia’. 
jJ=0 


where b; € F and bp = 1 and k an integer. If k > 0, then obviously 
the residue of g/(x) at 0 is 0. If k < 0, then 


Ifk+j—1= then j = —k and a_; = (K+ j)bj =0. 
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(b) We apply (6). Suppose that for some positive integer n, there 
exist C1,C2,.--,€n € Kerd = F and g(x) € Ko = F such that 
cifi(e) = g(a), then Ted filz)) = a(g(2)). 

By (8) (a) For any j = 1,...,n the residue of d(g(x)) at a; is 


zero, hence )>;"_, cirij = 0 for j = 1,...,n. This is a homogeneous 
linearly system of equations in c,,...,¢,, whose determinant is by 
assumption, non zero. Hence cy = --: = cy, = 0. We deduce that 
To Ko = ¢ and then by (6), f1, fo,... are algebraically independent 
over F(x). 
We show that the assumptions of (8) (b) are fulfilled. We have 
d 1 d 
Fgloile)) a = Ge hile) 


hence #(f;(z)) € F(x). For any i > 1 select a root a; of gj(x) in 
F,, then the preceding computations show that a; is a simple pole of 
~ (fi(x)) and a; is not a pole of 4(f;(x)) for any j # i. Therefore the 
residue of (fj(x)) at a; is 0 if i 4 j. We show that the residue of 
~(fi(x)) at a; is equal to the multiplicity of a; as a root of g(x). Set 
gi(x) = (x — aj)’ Q(x), where m, is a positive integer, Q(x) € Fla] 
and Q(a;) 4 0. Then 


gala) = mila — 04)" Q(0) + (w— 04)™ = Q(n), 
hence 
bre coy = © ic corviec(ey — MAT) + (wa) LQ) 
lle) = Zole))/ale) = 


Therefore the value at x = a of (x — a) f;(x) is equal to m; and 

then the residue of #(f,(x)) at a; is equal to m;. It follows that 

Det(rij) 1<icn = [][j_, mi #0, and the hypotheses of (8) are satisfied. 
1<j<n 


Therefore the f;(x)(i > 1) are algebraically independent over F(x). 


ged(ay, Gn) 
Iem(a1, pf) 
a = b (mod q) 
a, f(x) 


COaAaxAONZDT 


aaa 


Notations 


a divides b 

a does not divide b 

p® is the exact power of p dividing a 

p-adic valuation of the integer a and P-adic 
valuation of the ideal I respectively 
greatest common divisor of the integers 
G1,-.-,@n 

least common multiple of the integers 
G1,..-,@n 

a is congruent to b modulo q 

class modulo an ideal of the integer a and 
class of the polynomial f(a) respectively 
binomial coefficient 

quadratic character of g modulo p 
complementary set of B in A 

supremum of the elements of A 

cardinal of the set A 

set of non negative rational integers 

set of rational integer 

set of rational numbers 

set of real numbers 

set of complex numbers 

set of algebraic numbers 

class number of the number field K 

ring of polynomials with coefficients in Kv 
field of rational functions over K 
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KE” 


Ker ¢, Im ¢, Rank ¢ 
Er~F 

Det(A) 

At 

M,(K) 


GL,(K) 
Dimx E 
Dim R 
Frac (R) 
[E: K] 
[E: K]s 
[E: K); 
Trdeg E/K 
(G: H) 
Trp/K(@) 
Ng/x (a) 


Gal(E, K), Gal(E/K) 


Inv(H) 
K(a) 
K(A) 


ELF 
deg f 
Disc(f) 
deg, f 


cont(f) 
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ring of formal power series with coefficients 
ink 

field of formal series with coefficients in Kv 
symmetric group operating on a set of n ele- 
ments 

alternating group operating on a set of n el- 
ements 

empty set 

Cartesian product of the set E with itself n 
times or set of x” when x runs in E 

kernel, image and rank of ¢ respectively 

FE is isomorphic to F’ 

determinant of A 

transpose of the matrix A 

set of all n x n matrices with coefficients in 
K 

linear group of kK” 

dimension over K of E 

Krull dimension of R 

fraction field of the integral domain R 
degree of the extension E/K 

degree of separability of the extension E'/K 
degree of inseparability of the extension E/K 
transcendence degree of E'/K 

index in G of the subgroup H 

trace of a in E/K 

norm of a in E/K 

Galois group of the extension E/K 

field or ring of invariants of the group H 
field obtained by adjoining a to kv 

field obtained by adjoining the elements of A 
to k 

composite field of F and F 

degree of the polynomial f 

discriminant of the polynomial f 

degree of the multivariate polynomial f rel- 
atively to y 

content of the polynomial f 


Res, (f(x), g(«)) 
Irr(a@, K, x) 
Char(a, K, x) 

I(a) 

Disep/« (a1, sae , Qn) 
EQ, F 
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derivative of f 

derivative of order k of f 

partial derivative relatively to x of ¢ 
resultant of the polynomials f(a) and g(a) 
minimal polynomial of a over K 
characteristic polynomial of a over K 

index of a 

discriminant of the elements of DL, a1,...,Qn 
tensor product of E and F over Kk 
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